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PREFACE 


As explained in the Introduction, this book has been compiled from 
lecture notes prepared for a special two-week summer program surveying 
the field of Structural Design for Dynamic Loads. The program was 
planned for structural engineers principally interested in civil-engineering 
structures and was presented at the 1956 Summer Session of the Massa- 
chusetts Institute of Technology. The authors wish to emphasize that 
this book is not intended to be either a reference book or a textbook but 
simply a book surveying this field. 

Blast-resistant design is one of the principal subjects covered herein. 
This material is a condensation of a portion of a manual prepared for the 
Office of Chief of Engineers, U.S. Army, under the supervision of three of 
the authors. The manual, entitled “Engineering Manual for Protective 
Construction, Part III, Design of Structures to Resist the Effects of 
Atomic Bombs,” was prepared in part by the Massachusetts Institute of 
Technology under contract DA49-129-Eng-178 with the Office of the 
Chief of Engineers, U.S. Army. 

Almost all the figures, charts, and tables in Chapters 7, 11, and 14 have 
been extracted from the manual although the text of these chapters is an 
abridgment of the manual presentation. Figures in Chapters 1 and 2 
were also taken from the manual. Chapters 10, 12, and 13 involve mate- 
rial related to the manual but not used therein. 

The authors take this opportunity to thank their friends, colleagues, 
and students who contributed in various ways to the preparation of this 
book. They are particularly indebted to Mrs. Bernice J. Donnelly and 
Misses Elizabeth P. Harris and Shirley V. Carlson, who collaborated in 
typing the final manuscript. 

Charles H. Norris 
Robert /. Hansen 
Myle J. Holley, Jr. 
John M. Biggs 
Saul Namyet 
John K. Minami 
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INTRODUCTION 


Certain civil-engineering structures are designed to carry simply their 
own dead weight plus certain superimposed loads which are immovable 
and unvarying with time, that is, certain superimposed static loads. In 
such cases, the stress analysis involves only principles of statics. More 
often the design of civil-engineering structures involves not only static 
loads but also certain superimposed loads which are either moving or 
movable and may vary with time, that is, certain superimposed dynamic 
loads. In such cases, the stress analysis properly should involve prin- 
ciples of dynamics to determine the effects of the dynamic loading. 
However, in many of these cases, experience has shown that the dynamic 
effect makes a minor contribution to the total which must be provided 
for in the design and therefore that this dynamic effect need not be evalu- 
ated precisely. In such cases, the dynamic effect may be handled by use 
of an equivalent static load, or by an impact factor, or by a modification 
of the factor of safety. 

In recent years, however, there have been a number of developments 
which have led to a growing interest in a more precise evaluation of the 
effects produced by the dynamic portion of the loading. Among these 
are the imposition of more severe live-loading conditions (that is, heavier 
machinery and vehicles running at higher speeds), the construction of 
higher towers and longer bridges involving more severe and important 
wind-loading conditions, the necessity of developing blast-resistant con- 
struction, and the desire to improve earthquake-resistant construction. 
Specific situations where it may be necessary to consider more precisely 
the response produced by the dynamic loading are typified by the 
following: 

1. When a structure must be designed to resist transient and/ or steady- 
state vibrations produced by oscillating machinery operating within 

2. When a structure must be designed to resist impact loads and 
vibrations produced by traflSic passing over the structure 

3. When a structure must be designed to resist impulsive loads pro- 
duced by blasts, wind gusts, or water waves 

4. When a structure must be designed to resist vibrations developed by 
oscillating motions of its supports, produced by earthquake shocks 

XV 
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5. When a structure must be designed to resist self-induced vibrations 
(for example, vibrations produced by forces created by the vibratory 
motion itself, as the galloping of transmission lines or of suspension 
bridges caused by aerodynamic forces produced by wind blowing on the 
structure) 

6. When a protective structure must be designed to resist the impact of 
projectile missiles 

With the growing importance of dynamic loads in structural design, 
more consideration has been given to principles of dynamics in the civil- 
engineering curriculums of a number of engineering schools, principally 
at the graduate level. In recent years, several symposia and conferences 
have been held to bring together those particularly interested in blast- 
resistant and earthquake-resistant design and construction. In the 
summer of 1956, the Structures Division of the Department of Civil and 
Sanitary Engineering at the Massachusetts Institute of Technology 
offered a two-week special summer program on Structural Design for 
Dynamic Loads. The program was planned primarily for practicing 
structural engineers who were interested in improving their competence 
in this area. Thirty lectures were presented surveying this field, and 
notes amplifying these lectures were distributed to the enrollees. 

This book has been compiled from the lecture notes. It is not pre- 
sented as a textbook nor as a reference book covering the subject. The 
twenty chapters herein survey the field of structural design for dynamic 
loading and are intended as a guide to an engineer who is studying in this 
area. Some aspects of the subject are introduced, but existing informa- 
tion concerning this subject is not completely summarized as would be 
done in a reference book. In such cases, it is expected that the reader 
will extend his coverage by studying the pertinent sources cited in the 
References. As a textbook, this treatment is notably deficient in not 
having enough illustrative examples and in having no problems for 
solution. 

Structural design, whether for static or for dynamic loading, involves 
the determination of the loads; the analysis (or computation) of the 
internal gross forces (thrust, shear, and moment), stresses, deflections, 
and reactions produced by the loads; and the proportioning and dimen- 
sioning of the members and connections so as to resist adequately these 
effects produced by the loads. The criteria used to judge whether par- 
ticular proportions will result in desired behavior reflect accumulated 
knowledge (theory, tests, and practical experience) and judgment. For 
most common civil-engineering structures such as bridges, buildings, etc., 
the usual practice is to design on the basis of a comparison of permissible 
stresses with those produced by the working loads. 
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Depending on the type of structure, the stresses computed for the 
working loads may or may not be in close agreement with the stresses in 
the structure for the actual loads. The degree of correspondence is not 
important, provided the computed stresses can be interpreted in terms of 
previous experience. By the selection of the working loads and the 
permissible stresses, a margin of safety against failure is provided. The 
selection of the magnitude of this margin depends on the degree of 
uncertainty regarding loading, materials, analysis, design and construc- 
tion, and on the consequences of failure. 

There is a growing tendency in structural design to base the design on 
the ultimate strength of the structure. This approach goes under the 
name of plastic theory in reinforced-concrete-design literature and of 
limit design in steel-design literature. It is commonly used where impor- 
tant dynamic loadings are involved in the design of the structure. When 
proportioning is done on this basis, the anticipated service loading is first 
multiplied by a suitable load factor (greater than 1), the magnitude of 
which depends upon the same considerations as enumerated above for 
the margin of safety. The structure is then proportioned so that, depend- 
ing on the governing conditions, the increased load would either (1) cause 
a fatigue failure, or (2) just produce yielding at one internal section (or 
simultaneous yielding at several sections), or (3) cause elastic-plastic dis- 
placement of the structure, or (4) cause the entire structure to be on the 
point of collapse. 

In an attempt to cover the broad field of structural design for 
dynamic loading, the ensuing presentation is divided into four parts, 
covering behavior of materials, analysis of dynamic response, definition of 
dynamic loads, etc., as well as specific proportioning and dimensioning of 
structural members, as follows: 

Part 1. Behavior of Materials under Dynamic Loading, This part is 
divided into two chapters. In Chapter 1, the behavior of steel and steel 
elements under dynamic loading is summarized. Chapter 2 is devoted 
to a similar discussion of concrete and concrete structural components. 

Part 2. Calculation of Response of Structural Systems to Dynamic 
Loading, Chapters 3 to 7 are devoted to this portion of the book. In 
Chapter 3, some of the important aspects of dynamic response are intro- 
duced by considering the response of a simple one-mass system to typical 
dynamic loadings. This approach is expanded in Chapter 4 for applica- 
tion to concentrated-mass systems of any number of degrees of freedom, 
and further expanded in Chapter 5 to distributed-mass systems. This 
method involves superimposing the contributions of the normal modes of 
vibration and is limited to linearly elastic systems. This and other 
limitations of this method of analysis are discussed in Chapter 6. Even 
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when applicable, this general theory is very laborious to apply so that 
simplified methods of analysis and design such as discussed in Chapter 7 
must be developed for practical design applications. 

Part 3. Modern Computational Techniques Applicable to Response 
Calculations. Only by using numerical methods (as discussed in Chapter 
8) and/or modern analog and digital computers (Chapter 9) is it possible 
or practicable to carry through many practical response calculations. 
These brief presentations must of course be supplemented by additional 
reading, such as the references cited. 

Part 4. Application of Structural Design and Analysis to Specific Cases 
Involving Dynamic Loading. The remainder of the book (Chapters 10 to 
20) is devoted to applications, the principal one being blast-resistant 
design, which is presented in Chapters 10 to 15. This material is a 
condensation of portions of a design manual prepared under the super- 
vision of Professors R. J. Hansen, J. M. Biggs, and S. Namyet for the 
Office of Chief of Engineers, U.S. Army. 

In Chapters 16 to 18, Professor J. K. Minami of Waseda University, 
Tokyo, has summarized some of the current thinking on earthquake- 
resistant design and compared current Japanese practice and codes with 
American codes. 

Two other important types of dynamic loading are discussed in Chap- 
ters 19 and 20, vibration of girders under moving traffic loads and dynamic 
effects of wind load, respectively. 

To the extent possible, notation and terminology are unchanged 
throughout the book. The reader will note certain departures from this 
general policy where the notation used in certain chapters is based on 
that used in the principal source material involved. In general, there- 
fore, the reader should use definitions of notation within a specific chapter 
or portion of the book rather than attempt to correlate usages throughout 
the book. 
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BEHAVIOR OF MATERIALS UNDER DYNAMIC LOADING 




CHAPTER 1 


BEHAVIOR OF STEEL AND STEEL ELEMENTS 
UNDER DYNAMIC LOADS 


1 . 1 . Introduction. Before beginning the discussion of structural design 
for dynamic loads it is desirable first to review and perhaps expand the 
reader’s knowledge of the properties of the materials involved. This 
chapter is concerned with the physical properties of steel and structural 
elements made of steel. The first consideration will be the material 
properties such as yield stress and ultimate strength for rapidly applied 
loads in contrast to static loading. The second consideration will be the 
ultimate capacity of structural elements such as beams and columns. 
Consideration of ultimate, or plastic/’ strength is of course not limited 
to dynamic design. However, many of the problems discussed in later 
chapters must be based upon ultimate strengths rather than ordinary 
working stresses. For this reason, it appears desirable to consider this 
subject at some length in this chapter. Finally, fatigue effects in struc- 
tural steel will be briefly discussed. It should be noted that at no point 
in this chapter is a factor of safety included in the strength computations. 
It is assumed that the factor of safety, if any, is included in the design 
loads. 

1.2. Design Properties. Before considering dynamic characteristics 
the ordinary static properties of steel will be considered. This discus- 
sion will be limited to ordinary structural carbon steel designated by 
ASTM Specification A 7. Figure 1.1 shows a typical stress-strain curve 
for this steel. Some of the important points are noted on the figure. 
The upper-yield-point stress is designated by fuy- Up to this point the 
stress-strain curve is an essentially straight line and the modulus of 
elasticity is the ordinary value of about 30,000,000 psi. Beyond this 
point the stress drops to the lower-yield-point value fiy. The curve is 
then essentially horizontal up to the point where strain hardening 
begins. The strain at the latter point is designated by Cs and is about 
fifteen or twenty times the limit of elastic strain ey. 

In some types of design, particularly blast design, it is desirable to 
allow for plastic deformation of the structure. Allowing the structure to 
deform plastically enables it to absorb more of the energy imposed by 

3 
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dynamic loading. The degree of plastic deformation permitted should 
depend upon the function of the structure. If the structure is required 
to withstand this loading only once in its lifetime, the designer might 
permit deformation up to the point of collapse. If, on the other hand, 
the load is to be repeated several times, a much smaller amount of defor- 
mation would be permitted. 



Strain, (percent) 

Fig. 1.1. Typical stress-strain curve for structural steel [8]. 


In de>signing for plastic deformation it is convenient to idealize the 
stress-strain curve as shown in Fig. 1.2. In this figure the upper yield 
point has been neglected and the effect of strain hardening ignored. 
The latter approximation is possible because in most cases plastic defor- 


mation into the strain-hardening 



Strain, <?, (percent) 


Fig. 1.2. Idealized stress-strain curve 
for structural steel [8]. 


range would permit excessive distor- 
tion of the geometry of the struc- 
ture. All design computations in 
the following chapters will be based 
upon this idealized stress-strain 
curve. 

Static design for structural carbon 
steel is usually based upon a yield 
vstress of 33,000 psi. It is important 
to note, however, that for practical 
reasons there is considerable varia- 
tion in this value* Figure 1.3 shows 
the results of nearly 4,000 mill tests 
representing 33,000 tons of steel [1].* 


These tests were conducted according to the ASTM Standard Testing 
Specifications. The distribution curve indicates a considerable spread 
in the yield points of rolled members as delivered from the mill. The 


largest yield stress obtained was 82 per cent greater than the smallest 
value. The average value was 40,000 psi. These values are upper- 


* Numbers in brackets refer to References at the end of each chapter. 
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yield-point stresses, which are generally about 5 per cent higher than 
the lower-yield-point stresses. Reducing the average upper yield stress 
by 5 per cent, 38,000 psi is obtained, a value which might be reasonably 
used for tension or compression in plastic design. This is the stress 
intensity which would be maintained during plastic deformation. 



Fig, 1.3. Mill tests of structural steel. Data from 3,974 tests representing 33,000 tons 
of steel used on nine projects between 1938 and 1951 by Jaokson and Ivloreland, 
Engineers, Boston [8]. 

For safety in design it might be desirable to use a yield-point value 
lower than the average mentioned above. This decision is the preroga- 
tive of the designer. 

The average ultimate strength obtained in these same tests was 66,300 
psi. This stress is not normally used for design purposes since it involves 
excessive strains. 

The static shear yield stress of structural steel is about 55 per cent of 
the tensile yield stress. An average value would therefore be 21,000 psi. 

1,3. Dynamic Properties. Figure L4 shows the effect of rate of strain 
on the stress-strain curve for A 7 steel. This information is based upon 




6 BEHAVIOR OP MATERIALS UNDER DYNAMIC LOADING [ChAP. 1 

a limited number of tests and should not be regarded as precise. As the 
rate of strain increases, the following effects take place: 

1. The yield stress increases to some dynamic value 

2. The yield-point strain Cy increases. 

3. The modulus of elasticity in the elastic range remains constant. 

4. The strain at which strain hardening begins, e«, also increases. 

5. The ultimate strength increases slightly. 



Strain, {per cent) 

Fig. 1 .4. Effect of rate of strain on stress-strain curve for structural steel [8]. 

Of these effects the increase in the yield stress is of most importance. 

In Fig. 1.5 test results are presented giving dynamic yield stress as a 
function of the time required to reach that value of stress (typ). The 
curve is an average of these test results. Strictly speaking, the dynamic 
yield stress for a given case should be determined simultaneously with 
the analysis of the structure, which would provide a value of typ. Actu- 
ally, however, this would not be justified because of the wide variation 
in the yield stress of the material. It is usually possible to use an average 
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value for the general type of structure being considered. For example^ 
in the design of building frames to resist blast loadings it is found that 
the time to reach yield stresses varies between 0.01 and 0.10 sec. An 
average value for dynamic yield stress within this range is 41,600 psi for 
ASTM A 7 steel. For other types of structures appropriate averages 
could also be determined. 



10 I 0.1 0.01 0.001 o.ooot 

Time to reoch yield point, ,(sec) 

Fig. 1.5. Effect of rate of strain on yield stress. 

The dynamic increase in yield stress is affected by any initial static 
stress that might be present. Very little test data are available on this 
subject. However, the increase depends upon the rate of strain at the 
instant when yielding begins. The effect of initial stress may be taken 
into account by computing an effective time to reach the yield point, as 
follows: 

tyj, (effective) = [typ (actual)] v (1-1) 

Jdy Ji 

where fi is the initial static stress and typ (actual) is the time obtained in 
a dynamic analysis of the structure. The effective time can then be 
used in Fig. 1.5 to obtain the dynamic yield stress. Obviously, design 
by this method requires a trial-and-error procedure. However, because 
of the approximations involved, great precision is not justified. 

The shear yield stress probably increases above the static value when 
dynamic loads are applied. However, the lack of data on this subject 
makes estimates of the dynamic shear yield stress questionable. For 
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this reason it is recommended that no dynamic increase be allowed when 
designing for shear. 

1.4. Strength of Beam Sections, a. Bending Strength. In order to 
design for plastic deformation it is necessary to estimate the ultimate, 
or plastic, bending capacity of beam sections. Figure 1.6 shows the 
moment-curvature relationship for an I or WF steel beam laterally 
supported against buckling. Curvature is defined as the angle change 
per unit length. At the point where a plastic hinge forms, the curvature 



Fig. 1.6. Moment-curvature relationship for I or WF beams [8]. 


lorW^ shape 














{o) ih) [c] 

Fig. 1.7. Bending-stress distributions [8]. 


NA 


becomes very large, as shown in Fig. 1.6. The beam bends elastically 
until the yield moment My is reached. The curvature then increases 
rapidly as the moment approaches the ultimate capacity M'^. During 
this process the stress distribution on the cross section changes as indi- 
cated in Fig. 1.7. In Fig. 1.7a the assumed elastic-stress distribution is 
shown, and if the stress on the extreme fiber is equal to the yield stress, 
the bending resistance is the yield moment My. As the moment is 
increased, the distribution goes through stage b and eventually approaches 
stage c, the latter representing the ultimate moment 

The presence of residual stresses in the beam may appreciably reduce 
the yield moment. Tests indicate that this is generally true. However, 
residual stresses have no effect on the ultimate-moment capacity and 
therefore need not be considered in ultimate design. 

Considerable curvature is required for the section to reach its ultimate 
capacity, and excessive distortion of the structure would probably 
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result. For this reason it is recommended that a reduced capacity be 
used for design purposes. A reasonable value would be the average of 
My and which is designated by ilfp. It is further recommended 
that the moment-curvature relationship be idealized as two straight lines 
as indicated in Fig. 1.6. 

The design-ultimate-moment capacity may be computed as follows: 


M, = y2iM, + m ;) 

( 1 . 2 ) 

My =fayS 

( 1 . 3 ) 

M'^ = UZ 

( 1 . 4 ) 


where fdy = dynamic yield stress 

S = section modulus of beam 
Z = plastic modulus of the section 

Z is equal to twice the static moment about the centroidal axis of the 
cross-section area above or below the same axis. This quantity can be 
conveniently computed from the properties of T sections cut from the 
I or WF beam being considered. 

The relationship between S and Z for the various standard I or WF 
beams does not vary appreciably. For this reason the design-ultimate- 
moment capacity may be approximated by 

= 1.05/d^S (1.5) 

For rectangular cross sections the equation becomes 

Mp = L25/,p^ (1.6) 

5. Shear Strength. Shear yield of a beam occurs when the average 
shear stress in the web equals the shear yield stress. Thus for an I sec- 
tion the total shear causing yield is 

F Vdy-^v) (1*^) 

where Vdy — shear yield stress (21,000 psi) 

Aw = area of web 

When shear exists at the cross section of moment yielding, the ultil- 
mate-moment capacity is reduced. This may be taken into account in 
the computation of Z by removing from the web the area required to 
carry the shear force at the shear yield stress. This area, which should 
be symmetrical about the centroidal axis, is given by V/vdyj where Y is 
the actual shear force. The ultimate-moment capacity ilfp is then given 
by where Z^ is the plastic modulus of the remaining area. 

The presence of direct stress also reduces the ultimate-moment capac- 
ity. This is discussed in a later section. 

c. Local Buckling. For the lighter standard rolled sections the web or 
flange may buckle soon after the yield stress is reached in compression. 
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As a result, the ultimate design, moment cannot be maintained through 

any appreciable plastic deforma- 
tion. If such deformation is de- 
sired, the cross-section proportions 
must be such as to prevent local 
buckling. 

The criteria given below were 
derived for static-loading condi- 
tions and are probably conserva- 
tive [9]. This approximation is 
necessary because very few data 
on dynamic buckling are available. 

The following minimum propor- 
tions are recommended to prevent 

local buckling (Fig. 1.8) in I beams: 

Compression flange h/tf not to exceed 17 

Web a/tvi not to exceed 70 

Load-bearing stiffeners ha/U not to exceed 8 

Longitudinal web stiffeners ha/ta not to exceed 7 

These criteria must be satisfied if plastic-bending deformation of the 
beam is contemplated. If the stresses remain in the elastic range, con- 
ventional design criteria for width-thickness ratios may be used. 

It will be noted that the above criteria are more severe than those used 
in conventional design. This is true because in conventional elastic 
design buckling is permitted as soon as the stress reaches the yield point. 

If the web of the beam does not meet the above criteria, longitudinal 
stiffeners as shown in Fig. 1.8 may be added to prevent local buckling. 
These stiffeners should be placed inside the compression flange a distance 
equal to one-third the depth of the web. 

d. Lateral Buckling, If a beam is to undergo plastic deformation, 
lateral support must be provided to prevent lateral-torsional buckling 
during this process. In order to prevent such buckling, it is recom- 
mended that the quantity K'Ld/btf should not exceed 100. The nota- 
tions df bj and tf are defined in Fig. 1.8. L is the unsupported length of 
the compression flange, and K' is a length-reduction factor which depends 
on the conditions of loading and support. 

Several values of K' are given in Table LI [3]. For example, in the 
case of a uniformly loaded simply supported beam with restraint against 
rotation about the longitudinal axis but not about the vertical or hori- 
zontal axes at both ends, case 5a would apply, giving a value of 0,89 for 
K', For a beam with stringers framing into the web at a spacing of L 
such that the bending moment is essentially constant through any such 
length, case 7a applies and if' is 1.00. 



Fig. 1.8. Notation for beam cross 
tions [8], 



Table 1.1. Equivalent Length Coefficients for Laterally Unsupported Beams [3, 8] 



11 


Table 1.1. Equivalent Length Coefficients fob Latebally Unshppobted Beams [3, 8] (Continued) 



12 


* Rotation restraint at A about ZaZb and position restraint at A in Fa, and Za. directions is assumed in all cases. 
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The quantities shown in parentheses are estimated for design purposes 
after qualitative consideration of restraint and load conditions and are 
probably conservative. 

If the lateral support for a beam does not satisfy the above criteria^ 
plastic deformation cannot be permitted in design. Beams for which 
K%d/htf exceeds 100 should be designed for the dynamic stress at which 
buckling occurs. In such cases it is recommended that the following 
design stress be permitted [4, 8] : 

^ (32) (10*^) . _ 

Jh == gQQ exceed U (1.8) 

in which /& is the critical buckling stress. The maximum permissible 
design moment would then be (/b)(S). 

e. Bending Resistance of I Beams in the Weah Direction, WF or I 
beams bent in the weak direction are not generally susceptible to lateral- 
torsional buckling. The recommended ultimate design moment is there- 
fore given by 

- fay{S + Z)M (1*9) 

which may be approximated by 

= l25UyS ( 1 . 10 ) 

1.6. Strength of Axially Loaded Columns, a. Local Buckling, If a 
column is expected to develop its ultimate strength in compression, the 
width-thickness ratios of the web and flange must be such as to prevent 
local buckling. Using the notation of Fig. 1.8, the following minimum 
ratios are recommended : 


Flange h/tf not to exceed 17 

Web not to exceed 43 


Most standard column sections satisfy these requirements. 

h. Lateral Buckling. If a column is required to develop its full ultimate 
compressive strength, lateral buckling must also be prevented. The 
recommended criterion in this case is 

-j- not greater than 15 

where L == unsupported length 

r = least radius of gyration 

jK" == a length-reduction factor which depends upon end conditions 
Values of JT'' are given in Table 1.2. These values are obtained from the 
classical elastic-buckling theory. 

If the column satisfies the above criteria, the ultimate compressive 
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Table 1.2. Column-length Factobs [8] 


Type 

of 

restraint 

Buckled 

form 

Condition at U 

Condition at L 

Length 

factor 

K" 

; Rotation 

Lateral 

position 

Rotation 

Lateral 

position 

1 

I 

Free 

Fixed 

Free 

Fixed 

1.0 

2 

£ 

Free 

Fixed 

Fixed 

Fixed 

0.7 

3 

r 

Fixed 

Fixed 

Fixed 

Fixed 

0.5 

4 

Z^U 

dpA 

Fixed 

Free 

Fixed 

Fixed 

1.0 

5 

r 

Free 

Free 

Fixed 

Fixed 

2.0 

6 


Elastic 

restraint 

Free 

Free 

Fixed 

2.0- 00 


strength may be computed as 

Pp=^fdvA ( 1 . 11 ) 


where A — total cross-section area. 

If the reduced slenderness ratio K"Lfr exceeds 15, the design capacity 
of the column may be computed by 


where 


P 


fa = 44,600 -- 200 




( 1 . 12 ) 


r 


psi, not to exceed fdy 


(1.13) 
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This expression for critical stress is empirical and differs from the con- 
ventional working stress in that no factor of safety is included. In this 
case no plastic deformation of the column is possible. 

1.6. Strength of Beam-columns. A member subjected to combined 
bending and direct stress is called a beam-column. Such members are 
probably more common than columns carrying direct compression only. 

a. Capacity of Laterally Supported Beam-columns. The interaction 
curve shown in Fig. 1.9 is recommended for estimating the combined 
capacity of WF sections in direct compression and bending. The lowest 
of the three curves indicates values of direct stress and bending which in 
combination would cause a jdeld stress on the extreme fiber. Pp is equal 

to fdyAj and My is equal to fdyS. 
The upper curve is the theoretical 
ultimate capacity. Because of 
the excessive curvatures which are 

H — 



a 

i 




1 - 775 !^ 



fdy 


T 

d/2> 




Fig. 1.9, Interaction curve for WF beam- 
columns [8]. 


Fig. 1.10. Stress distribution for Mi and 

[8]. 


required to reach points on the latter curve it should generally not be 
used for most design purposes. The intermediate empirical curve is 
therefore recommended. This design curve consists of two straight lines 
and is based upon test results [5, 6]. The intersection point of the two 
straight lines corresponds to the stress distribution shown in Fig. 1.10 
and is defined by the quantities 


Ml 




i^btf^ A- tw'^ 


htf{Sd^ 

- 2tjA 


6dtf + 4^/^) 


The equations for the design curve are 


Mb = Mx Pd > Px 

Md = Mj,-^ (M^ - Ml) Pd < Px 


(1.14) 

(1.15) 

(1.16) 
(1.17) 
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where Pp and Mp are defined by Eqs. (1.11) and (1.2), respectively. 
Mj) and Pd are the bending moment and direct thrust, which in combina- 
tion represent the ultimate capacity of the member. 

For a given WF section the design curve described above can be easily 
constructed. In the usual case of dynamic design the direct stress Pd is 
given and the designer is required to compute the bending capacity Mb 
of the section. 

h. Lateral Buckling of Beam-columns. In order to develop the full 
plastic-bending and direct-stress capacity of the member, lateral-torsional 
buckling must be prevented. Criteria for bending and direct stress 
applied separately have been previously presented. In the combined 
case the following empirical criterion is recommended: 


Mb fK'Ld\ 

Mp \100btf) 


+ 


/K"L\ 

\ \ IS?' / 


< 1 


(1.18) 


in which the notation is as previously defined. Equation (1.18) should 
be applied after Pd and Mb have been determined for a given section. 
If the equation is satisfied, plastic deformation can take place without 
danger of lateral-torsional buckling. 

When obtaining values of and if" from Tables 1.1 and 1.2 it is 
important to note that it is the condition of restraint rather than loading 
which determines these factors. For example, a column may be bent in 
double curvature by the applied end moments, which might falsely 
indicate a value of if" equal to 0.5. Actually, however, the column 
might be pin-ended, in which case if" should be taken as 1.0. 

If the column does not satisfy Eq. (1.18), its capacity is limited by 
buckling considerations, and plastic deformation cannot be permitted. 
In this case it is recommended that the capacity be determined by the 
interaction formula 


fad 1 fhd ^ 


1 


(1.19) 


where fed = average axial stress at design level = Pdf A 
fa = allowable axial stress by Eq. (1.13) 
fb = allowable bending stress by Eq. (1.8) 

fbd = bending stress including effect of axial load acting on deflec- 
tion 

In the computation of fu any rational method may be applied. As an 
approximation the following equation might be used : 

M 1 

psi (1.20) 


fu = 


S 


U 




(296) (10) « 

where all terms are computed for the plane of bending. 
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1.7. Connections, a. Welds. Static tests show that arc welds on 
structural-steel members develop a strength greater than that of the base 
metal. When butt welds are used the base metal controls the strength 
of the connection, and the ultimate design stresses previously given for 
structural steel should be used. When fillet welds are employed in shear, 
failure may occur at the throat. The shear yield stress on this section 
may be taken as 29,000 psi. 

The above recommendations do not take into account conditions 
involving fatigue failures. 

h. Rivets. Ultimate design stresses for structural rivet steel (ASTM 
Specification A 141) may be taken as follows: 


Psi 

Tension 40,000 

Shear 30,000 

Bearing 60 , 000 (single shear) 

80 , 000 (double shear) 


G. Bolts. The recommended ultimate design stresses for standard 
bolts (ASTM A 307) are as follows: 



Psi 

Tension 

. ... 48,000 

Shear 

. ... 26,000 

Bearing 

. ... 60,000 


High-strength bolts (such as ASTM A 325) are advantageous in con- 
ventional design because slipping is eliminated under static loads. Under 
dynamic loads this advantage is questionable, and it is recommended that 
design be based upon the strength of the bolt alone. Following current 
practice, which is conservative, a high-strength bolt may be considered 
equivalent to a rivet of the same diameter. 

Under repeated loading high-strength bolts reduce the possibility of 
fatigue failure provided that the oscillating stress is not large enough to 
cause slipping [10]. 

1.8. Fatigue. Structures subject to repeated or oscillating stresses 
deserve special consideration since there is the possibility that failure 
may occur because of fatigue at stresses lower than those previously 
given. The maximum allowable stress in such cases depends upon the 
number of cycles of oscillation and the value of initial stress on which 
the oscillation is superimposed. It is also affected by stress concentra- 
tions which may be present. 

Test results indicate that there is no reduction in strength if the number 
of cycles of repeated stress is less than about 10^ [7]. The strength 
decreases, however, as the number of cycles increases. This decrease 
continues up to about 10^ cycles. Beyond that point the strength is 
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essentially constant for any number of cycles. The latter stress level is 
known as the endurance limit. For structural carbon steel subjected to 
bending with complete stress reversal the endurance limit is approxi- 
mately 27,000 psi. If the material is subjected to direct stress, the 
endurance limit is about 85 per cent of that for bending. If the stress is 
pure shear, the value is about one-half of that for bending. 

If there is an initial static stress, the maximum allowable stress intensity 
is somewhat larger but the permissible amplitude of the oscillating stress 
is smaller. This may be approximately expressed by the empirical 
formula 

( 1 . 21 ) 

where fe = endurance limit 
fi = initial stress 
fv = yield stress 

The presence of stress concentrations due to any cause decreases the 
endurance limit. These may result from sudden changes in cross 
section, from surface roughness, from residual stress, or from any condi- 
tion which causes nonuniform stress distribution. When designing for 
repeated stress every attempt should be made to avoid these stress 
raisers. 

Information on the fatigue strength of connections is inconclusive. 
Most tests indicate greater reductions in strength due to repeated loading 
in connections than in the base material. This is true of welded, bolted, 
and riveted connections. However, the greater reduction is due to the 
stress raisers in the base material inherent in the connection detail rather 
than a weakness of the connecting material. For this reason connections 
should be detailed so as to minimize sudden changes in stress distribution 
and stress concentration. Even if such precautions are taken, however, 
connections and the surrounding base material should be designed more 
conservatively than the member itself. 

If a member is subjected to repeated plastic deformation, failure occurs 
at a relatively small number of cycles. Such deformation should not be 
permitted in a structure subjected to repeated or oscillating loads. 
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CHAPTER 2 


BEHAVIOR OF CONCRETE AND CONCRETE STRUCTURAL 
COMPONENTS UNDER DYNAMIC LOADING 


2.1. Introduction. Concrete and reinforced-concrete structures may 
be proportioned either on the basis of permissible unit stresses at work- 
ing loads or on the basis of ultimate strengths for working loads increased 
by load factors. The choice of suitable permissible stresses in the first 
method and the choice of suitable load factors in the second method 
imply a knowledge of the strength behavior of concrete and reinforced- 
concrete structural members of various kinds under a variety of loadings. 

More often than not members which have been proportioned to carry 
loads with a proper margin of safety will obviously be so stiff that deflec- 
tions cannot be critical. In some cases, however, members proportioned 
for strength must be checked by an analysis of deflections. Occasionally 
deflections obviously are of predominant importance, and proportions 
may be selected directly on the basis of stiffness, possibly with a subse- 
quent check of strength. In addition to the foregoing considerations of 
stiffness in relation to the proportioning of structural elements, a knowl- 
edge of the stiffness of concrete and reinforced concrete is required for 
the analysis of response to dynamic loading. 

It is the purpose of this chapter to discuss some of the ways in which 
dynamic conditions may alter the static-strength properties of concrete, 
reinforcing steel, and the structural members comprised of these mate- 
rials. As a basis for discussion of these modifications it will be necessary 
first to review the static properties of the basic materials and the static 
strength of concrete and reinforced-concrete structural elements. 

Before discussing specific properties of materials and behavior of 
members it may be helpful to point out that dynamic loading can modify 
the static strength of materials in only two ways. First, failure of 
material can occur because of the action of a repeated cycle of stress of 
lesser magnitude than would cause failure in a single loading. This 
phenomenon, which is called fatigue^ may occur in concrete and in steel 
used for reinforcement. It should be noted that the important factor in 
fatigue is stress repetition, not rate of strain. Thus, failures of this kind 
might occur under static loading (of cyclic nature) as well as under 

20 
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dynamic loading. It is somewhat rare, however, for statically applied 
loadings to be repeated sufficiently often within the service life to pro- 
duce fatigue failure. In contrast, dynamic loadings, of the oscillating 
kind, can easily produce millions of cycles of stress within the service life. 

The second way in which dynamic loading may modify strength 
properties of materials is related to rate of strain. When concrete is 
strained at a very rapid rate its ultimate strength during that process is 
significantly higher than it would be at slower strain rates. Similarly, 
the yield stress of reinforcing steel, during extremely rapid straining, is 
significantly higher than for slow strain rates. This modification of 
strength properties obviously is important in structures proportioned to 
resist one (or a few) applications of high-intensity impulsive loading. 

It should be understood that the experimental data bearing on the 
dynamic-strength properties of concrete are very limited, indeed. Con- 
sequently, there are important gaps in our knowledge of this subject, and 
such information as we do possess is subject to modification as additional 
data are accumulated. Still, it is believed that presently available 
information warrants the modifications of static properties for dynamic 
effects as indicated in later sections of this chapter. 

2.2, Compressive Stress-Strain Properties of Plain Concrete. Con- 
crete is a material comprised of fine- and coarse-stone aggregate cemented 
together by a paste of portland cement and water. Its physical proper- 
ties depend upon a great many factors such as the properties of cement 
and aggregate, proportions of each, quantity of mixing water, thorough- 
ness of mixing, care in placement (freedom from voids and segregation), 
curing conditions (temperature, humidity), and age. Since the degree 
of control of these factors is variable from job to job, and even within a 
single job, it is not surprising that strength properties in the concrete 
of a completed construction may differ from values assumed for purposes 
of design. Indeed, they may vary appreciably from one point to another 
within a single structure. Eegardless of this variability the designer 
must assume a specific strength quality, and control measures should be 
established to assure that very little, if any, of the concrete placed fails 
to meet the specified strength. 

a. Static Behavior. Strength quality of concrete usually is specified in 
terms of the unit compressive strength fi as determined from tests of 
standard cylinders. Concrete gains strength with increasing age, though 
at a decreasing rate, and it usually is specified that the cylinders shall be 
tested at 28 days, or at such earlier age as it is anticipated the actual 
structure will be subjected to the design loading. Testing machines do 
not apply a truly static loading but rather a slow steady stress increase 
(in the range 20 to 200 psi/sec from half load to failure). Since the 
entire test lasts only a few minutes, at most, what is determined is the 
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short-time strength, and under long-sustained static loadings lower 
strengths have been obtained. Nevertheless, it is customary to desig- 
nate as static compressive strength those values obtained in the short- 
time tests. 

Figure 2.1 shows a typical stress-strain curve as obtained from a 
standard ASTM compression test on a 6- by 12-in. plain concrete cylinder. 
For concretes commonly employed in construction, cylinder tests give 

values of /' in the range 3,000 to 

5.000 psi. It will be noted in Fig. 

2.1 that the slope of the rising por- 
tion of the stress-strain curve is 
continuously decreasing; that is, 
there is no constant modulus of 
elasticity. The slope obtained 
from the test on any one specimen 
is sensitive to the rate of loading, 
becoming flatter as the loading rate 
is decreased. Nevertheless, a vari- 
ety of expressions have been proposed to relate the tangent of the initial 
slope to/'. For example, Lyse's equation (2.1) gives 

Ec = 1,800,000 + 460/: psi (2.1) 

From the standpoint of practical design, an effective, or secant, modulus 
of elasticity would be more useful. In most instances it is sufficient to 
approximate the effective modulus by 

E, - 1 , 000 /: ( 2 . 2 ) 

Tests of concentrically loaded short columns show somewhat lower 
ultimate strengths than those obtained from cylinder tests of the same 
concrete. Based on such comparisons it is thought that the compressive 
strength of concrete in actual structures should be assumed equal to 
0.85/:. 

The strain at which /: is reached is dependent upon the concrete itself 
and upon the rate of loading. For practical purposes, however, this may 
be taken at a constant value of 0.2 per cent. 

In so far as test cylinders are concerned, the shape and extent of the 
descending portion of the stress-strain curve are uncertain and very 
difficult to measure. This may be explained partly by a uniform strain 
distribution which minimizes any possible stress redistribution and partly 
by the tendency of testing machines to release stored elastic energy. 
There is reason to believe, however, that the descending portion does exist, 
at least for stresses which are not sustained for long periods. In particu- 
lar, for sections subjected to strain-depth gradients (including all cases of 



Fig. 2.1. Typical compression stress- 
strain diagram for concrete [Chap. 1, 
Ref. 8]. 
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reinforced concrete in flexure) it appears that the extreme fibers do 
indeed experience the descending stress-strain relation, to a maximum 
strain of approximately 0.4 per cent. At this strain, or a little less, com- 
plete failure of the concrete is to be expected. Although the descending 
portion of the stress-strain diagram is shown curved in Fig. 2.1, the actual 
shape is so uncertain that it could as well be taken as a straight line. 
Hognestad [2] suggests that the stress at failure be assumed to be 85 per 
cent of the ultimate strength. 

b. BeJidviov uudcT HGpcated Loddiug. When each cycle ranges from a 
minimum compression stress that is essentially zero to a maximum com- 
pression stress it appears that the 
maximum stress, repeated for 1 or 2 
million cycles, is hmited to be be- 
tween 50 and 65 per cent of the 
static ultimate strength. For any 
number of cycles in excess of 1 mil- 
lion it should be safe to assume a 
range from 0 to 50 per cent of static 
ultimate in each cycle. 

As the minimum stress per cycle 
is increased, the maximum stress per 
cycle also is increased, but the toler- 
able range of stress decreases. For 
practical purposes, the . variation 
shown in Fig. 2.2 is suggested as a conservative approximation. 

Although it is certain that the tolerable range of cyclic stress increases 
with decreasing number of cycles, the available data seem insufficient to 
warrant proposing any mathematical relationship between these two 
variables at the present time. 

Static tests to failure, after any number of cycles of stress below the 
endurance limits indicated by Fig. 2.2, show ultimate strengths as great 
as (or slightly greater than) those obtained from companion specimens 
not subjected to repeated loading. 

c. Behavior under Rapid Straining Rates. Watstein [5] tested 3- by 
6-in. cylinders in compression at rates of strain varying from lO”® to 
10 in./(in.)(sec). Two concretes of widely different nominal compres- 
sive strengths, namely, 2,500 and 6,500 psi, were studied. 

Figure 2.3, based on results reported by Watstein [5], is a curve of 
DIF {dynamic increase factor = dynamic /' divided by static vs. rate 
of strain. It will be noted that, for very high rates of strain, the dynamic 
ultimate strength can be very much greater than the static ultimate 
strength. 

The tests referred to above also indicated increasing values of strain 



Fig, 2.2. Concrete compressive strength 
(>1 million cycles) as ratio of static 
strength. 
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at ultimate stress with increasing rates of strain. Each of these effects 
was substantially smaller than the effect on ultimate strength. 

2.3. Tensile Stress-Strain Properties of Concrete. There is no 
standard test for axial tension. A variety of test specimens (cylinders 
and briquettes) have been used for direct tension loading, but the results 
obtained have varied widely. More commonly, tensile strength has 
been measured indirectly by the ASTM Standard Method of Test for 
Flexural Strength of Concrete. This test involves third-point loading 



Average rate of strain, (in./in./sec) 

Fig. 2.3. Effect of rate of strain on concrete ultimate compression stress [Chap. 1, 
Ref. 8]. 

on plain concrete beams. End result is a modulus of rupture (stress in 
extreme fibers) computed on the assumption of a linear stress distribution. 
Generally speaking, tensile strengths thus computed are substantially 
larger than those obtained by tests of axial-tension specimens. The 
difference may be explained partly by the fact that the distribution of 
stress in the beam specimens probably is not linear. It may also be due 
in part to the fact that only a portion of the beam cross section is subject 
to maximum stress while the entire section of a tension specimen is sub- 
ject to high stress. If tension failure is initiated at points of local weak- 
ness, the coincidence of points of weakness and high nominal stress is 
more probable in axial-tension specimens than in beam specimens. 

a. Static Behavior, It is known that ultimate tensile strength of con- 
crete does not increase in direct proportion to compressive strength. A 
number of expressions relating these two properties have been proposed. 
Perhaps as simple as any are the relations 

ft = 10 


For uniform tension. 
For modulus of rupture. 


(2.3) 

(2.4) 
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It should perhaps be noted that tensile strengths (and maximum tensile 
strain) are very small. Moreover, tensile failures are abrupt. 

For practical design purposes the tensile modulus of elasticity may be 
assumed equal to the value of the compression modulus of elasticity. 

b. Behavior under Repeated Loading. Tests on plain concrete beams, 
involving repeated stresses varying from zero to maximum, indicate that 
tensile rupture moduli for a great many cycles of loading are about 50 
per cent of the corresponding static values. 

c. Behavior under Rapid Straining Rates. In view of the scarcity of 
data for tensile strength under rapid strain rates, no modification of 
static values appears to be justified at this time. 

2.4. Shear Strength of Concrete. The strength of concrete in pure 
shear cannot be directly determined because a state of pure shear implies 
the existence of principal tensile stress of the same magnitude as the 
shear stress. Since concrete is weaker in tension than in shear, a speci- 
men in pure shear always fails in tension. 

An indirect indication of pure-shear strength can be obtained by 
biaxial and triaxial stress tests. These tests [6, 7] permit one to draw 
the Mohr^s envelope defining all possible failure states of combined stress. 
This approach has indicated a theoretical ultimate strength in pure shear 
equal to about 20 per cent of the compressive ultimate strength. 

In view of the impossibility of developing a state of pure shear of mag- 
nitude equal to the theoretical ultimate, it would be meaningless to 
attempt any modification for dynamic loading. 

2.6. Stress-Strain Properties of Reinforcing Steel. The behavior of 
reinforced-concrete structural members is, of course, strongly dependent 
upon the amount, location, and characteristics of the steel bars used for 
reinforcement. 

a. Static Behavior. Figure 2.4 shows typical stress-strain curves for 
structural-, intermediate-, and hard-grade steel bars as obtained from 
tests at standard testing-machine speeds. For stresses up to the yield 
point all grades have essentially the same modulus of elasticity E, which 
for practical purposes can be taken as 30,000,000 psi. For structural and 
intermediate grades there is a large zone of substantially constant stress 
between the point of yielding and the point at which strain hardening 
begins. For hard-grade steels the zone of constant stress is smaller, and 
for some hard steels the yield point may not be as pronounced as indicated 
in Fig. 2.4. Nevertheless, even in hard-grade steel, there is a very sub- 
stantial region of plastic strain between the point where linear stress- 
strain behavior stops and the point of rupture. This region of plastic 
strain is much larger than the region of linear behavior. 

Whereas the guaranteed minimum yield stresses are 33,000, 40,000, 
and 50,000 psi for structural-, intermediate-, and hard-grade bars, respec- 
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tively, mill tests indicate that average values actually are 40,000, 47,500, 
and 65,000 psi. 

b. Behavior under Repeated Loading. Under repeated stress with a 
minimum value of zero per cycle the upper limit (endurance limit) for 
structural-grade steel is approximately equal to the yield value. Conse- 
quently, under these conditions it can be said that repeated loading has 
little or no effect on the useful strength of structural-grade steel. Under 
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Fig. 2.4. Typical stress-strain curves for reinforcing steel. 


reversed stressing (equal tension and compression maximums per cycle) 
the endurance limit may be as low as 60 to 70 per cent of the yield value. 

As the hardness of a steel is increased, the ratio of endurance limit to 
yield stress tends to decrease. If one excepts those steels in which high 
yield is obtained by cold working, the ratio of endurance limit to yield 
(zero stress to maximum each cycle) might be estimated at approximately 
75 per cent. In those cases where cold working is utilized to increase 
yield stress there is relatively little gain in endurance limit, and conse- 
quently the latter may be a small fraction (less than 50 per cent) of the 
yield value. 

It must be noted that relatively little of the controlled fatigue testing 
of steels has been performed on reinforcing bars as rolled, that is, with 
their surface deformations. It is known that such deformations have a 
stress-concentrating effect which tends to reduce the fatigue resistance. 
Further, surface deformations should be more harmful in the harder 
grades of steel, particularly in steels which achieve hardness through 
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cold working. On the other hand, most reinforcing-steel bars used in the 
United States are not cold-worked. While service failures definitely 
attributable to fatigue of reinforcing bars may indeed have taken place, 
no cases of this kind are known to the authors. This would seem to 
imply that the margins of safety conventionally chosen for working 
stresses with respect to static yield automatically provide adequate 
margins of safety with respect to fatigue. 

c. Behavior under Rapid Straining Rates. The principal effect of rapid 
strain rates is to increase the yield stress above values obtained in static 
loading. This is illustrated by Fig. 2.5, which presents curves of dynamic 
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Fig. 2.5. Effect of rate of strain on yield stress in steel [Chap. 1, Ref. 8]. 

yield stress vs. time to reach yield for structural- and intermediate-grade 
steels. It will be observed that significant increases in yield stress occur 
at rapid rates of strain. 

The ultimate (breaking) strength is not appreciably modified by speed 
of loading. 

2.6. Flexural Behavior of Reinforced Concrete. Having discussed, 
briefly, certain aspects of the strength properties of concrete and steel, we 
proceed now to the more common structural elements. Our concern is 
primarily with possible modifications of behavior due to dynamic loading, 
but it seems necessary, first, to describe the major aspects of static 
behavior. 

For a great variety of structures and structural elements, proportions 
(dimensions, amount and distribution of steel) are governed by internal 
moments. For this reason we start with flexural behavior, that is, the 
behavior of members in bending. 

a. Static Behavior of Flexural Sections. At small values of moment the 
entire section may be uncracked, because stresses in the extreme tensile 
fibers are small. At a relatively low moment cracking does occur, and 
as the moment is further increased the contribution of concrete tensile 
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stresses must be neglected. In this “cracked state” the internal bending 
couple is comprised of equal and opposite compressive-concrete force and 
tensile-steel force. Figure 2.6 illustrates this condition. Tests indicate 
that, even after cracking, strain varies in an essentially linear manner 
from maximum compressive strain at one side to maximum tensile strain 
at the other. In the conventional worldng-stress method of proportion- 
ing, the further assumption of constant concrete modulus of elasticity 
leads to a linear distribution of concrete stress. This is illustrated in 
Fig. 2.6c. 



(j) [t] (c) (^) 

Fig. 2,6. Strain and stress in singly reinforced concrete flexural element, (a) 
Cracked’^ state; (6) strain; (c) linear stress; (d) nonlinear stress. 


Although strains can be measured witTi no great difficulty, it is extremely 
difficult to measure stresses. Consequently, only a few attempts have 
been made to measure, directly, the distribution of stress in the com- 
pression zone. Experimental data on this point are not yet sufficiently 
numerous to justify positive conclusions. Based on indirect evidence, 
however, it is generally believed that the compressive-stress distribution 
is essentially linear under normal working conditions (say, fa < 0.5/0. 
At higher stress levels it is believed that the distribution is nonlinear, as 
in Fig. 2.6d!. Indeed, some investigators think it probable that stress- 
strain variation in the compression zone of a flexure member would be of 
the same form as a portion of the cylinder-test stress-strain curve. 

The mode of flexural failure depends upon the value of the reinforcing 
index q: 

Q = ^ (2.5) 

where = static yield stress for reinforcing steel 
/' = static ultimate stress for concrete 
p = ratio of tension-steel area to concrete area defined by bd 
A member is said to be overreinforced or underreinforced depending on 
whether q is greater or less than a critical value of about 0.45. Over- 
reinforced members fail by crushing of the compression concrete without 
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yielding of the tension steel. Such failures occur with little or no warning 
and obviously are not desirable. In practice, however, the use of over- 
reinforced members is very rare. If proportioning is on the basis of 
working stresses, the specified permissible stresses and/« generally have 
such values as to render uneconomical the use of excessive steel per- 
centages. The latest ACI Code revision permits proportioning on the 
basis of ultimate strength, but specifically limits g to a maximum of 0.4. 

Virtually all flexural members are underreinforced and exhibit the 
following stages of moment-distortion behavior. First, there exists the 
uncracked stage, in which the entire 
concrete section is effective and distor- 
tion is directly proportionate to mo- 
ment. The uncracked state terminates 
at a value of bending moment, which c 
is only a fraction of the working-load g 
value. Second, there occurs the ^ 
cracked, elastic stage, in which the 
steel stress is below yield value, and 
distortion increases approximately in 
proportion to moment but at a greater Anguior distortion 

rate than in stage 1. Third, the plas- 2;7. Idealized moment-distor- 

tic stage, which starts when the steel singly reinforced flexural section, 
begins to yield, is marked by progres- 
sive movement of the neutral axis toward the compression face with con- 
sequent reduction of the compressive zone and is terminated by crushing 
of the concrete when the extreme fiber strain reaches a limiting value of 
perhaps 0.4 per cent. During the third stage the force in the steel is 
essentially constant (= f^/As), and since the internal arm varies but 
slightly, the moment is likewise practically constant. Figure 2.7 indi- 
cates the three stages of moment-distortion behavior in idealized form. 

When it is necessary to supply larger moment capacity than can be 
obtained with a singly reinforced section of low index g, the designer may 
use a doubly reinforced section, that is, a section having compression 
reinforcement as well as tension reinforcement. As indicated in Fig. 2.8, 
the total moment on such a section is the sum of two couples, one involving 
the compressive-concrete force and a portion, Ti, of the tensile-steel 
force, the other involving the compressive-steel force and the remainder, 
T 2 f of the tensile-steel force. 

It has been determined, in tests, that the stress in compression steel is 
increased by shrinkage and creep strains in the concrete (time-dependent 
strain under sustained loading) to values substantially greater than those 
computed on the basis of linear strain distribution and short-term modulus 
of elasticity. Tests also have demonstrated that compressive steel 
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develops its yield stress when the section is loaded to failure. For these 
reasons most codes permit the working stress in compression steel to be 
assumed equal to twice the value computed on the basis of short-term 
modulus of elasticity. 

For doubly reinforced sections the reinforcing index q is given by 


^ ip - v')Sv 


( 2 . 6 ) 


where p' = ratio of compression-steel area to concrete area, hd. As 
for singly reinforced sections, an index of approximately 0.45 divides 



Fig. 2.8. Internal forces for doubly reinforced concrete flexural element. 


underreinforced (ductile-behavior) sections from overreinforced (brittle- 
behavior) sections. It is apparent that the use of compression reinforce- 
ment permits retention of a low reinforcing index while using an amount 
of tension steel (to which moment capacity is proportionate) limited only 
by the practicalities of fabrication. The idealized moment-distortion 
behavior for a doubly reinforced section proceeds through the same stages 
as were described for the singly reinforced section. 

Most specifications require that compression reinforcement shall be 
adequately secured by stirrups or ties, to prevent these bars from buckling 
outward. Such buckling is unlikely to occur prior to the plastic stage. 
However, once crushing of the concrete commences, effective ties are 
needed to delay buckling of the compression bars and to ensure that 
buckling, when it does occur, will be local rather than general. Well-tied 
compression steel greatly extends the range of plastic strain beyond that 
which can be developed by an otherwise similar section lacking com- 
pression steel, 

A number of different expressions have been proposed for the yield 
moment of flexural sections, and these expressions owe their differences 
to different assumptions regarding the distribution of the concrete com- 
pressive stresses. For underreinforced sections numerous tests have 
indicated that the yield moment is not sensitive to assumed compressive- 
stress distribution. Recognizing this fact, Whitney and others have 
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suggested simple expressions for yield moment My based on a (fictitious) 
uniform distribution of compression stress. For rectangular sections, 
singly reinforced, one can use the following: 

My^ A4yd(l- (2.7) 

My = M2 (2.8) 

and for doubly reinforced rectangular section: 

My = A'jyd’ + ( 4 . - A',)fyd 1 - 

My = M2 f + (7> - v')fy 1 - - j (2-10) 

where .dg = area of tension steel 

J.' = area of compression steel 
h = width of rectangular section 
d = depth of rectangular section to tension steel 
d! = distance between tension and compression steel 
p = AM) V' = AM 
fy = static yield stress for steel 

= static ultimate stress for concrete 
5. Static Behavior of Flexural Members. The foregoing section (2.6a) 
of this chapter relates to the moment-distortion behavior of individual 
sections of flexure elements. In a complete flexural member the bending 
moment generally varies from section to section along the span. In 
addition, the steel percentage (and sometimes the section dimensions) 
may vary along the span. These factors, plus uncertainty regarding the 
concrete modulus of elasticity, make precise deflection computations 
quite impractical. If the bending moments are relatively small at all 
sections, so that there is little or no tensile cracking, deflection computa- 
tions can be based on moment of inertia of gross concrete section. If 
bending moments are relatively large, there will be regions of numerous 
tensile cracks and it may be better to use a moment of inertia which is the 
average of the value for the gross concrete section and the value for the 
transformed section (compression concrete plus ti times the reinforcing 

Up to the start of cracking, the load-deflection curve for a flexure 
member is essentially a straight line. As successive cracks form and 
spread, the effective stiffness of the member is gradually reduced, causing 
the slope of the load-deflection curve to become smaller. After the major 
crack pattern has formed, the load-deflection curve proceeds at an 
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approximately constant (though steadily decreasing) slope up to the 
point of yielding. If the member is statically determinate, yielding at 
the section of maximum moment will convert the member to a mechanism, 
and the load-deflection curve will be essentially horizontal from the point 
of yielding to final collapse. If the member is statically indeterminate, 
yielding at a section will in effect remove one restraint, causing a sharp 
decrease in the slope of the load-deflection curve. Yielding of successive 
sections will cause successive reductions in load-deflection shape until the 
member becomes a mechanism, after which the load-deflection curve will 
be essentially horizontal to the point of collapse. 

c. Flexural Behavior under Repeated Loading, It was pointed out in 
Sec. 2.26 that concrete under repeated compressive stress has an endur- 
ance limit which may be as low as 50 per cent of the static ultimate stress. 
In considering the possible significance of this figure it must be kept in 
mind that flexural sections subject to repeated loading usually are pro- 
portioned for working stresses in extreme compression fibers not to exceed 
0.4/'. As one proceeds toward the neutral axis, from the extreme fiber, 
stress intensities are progressively less. Thus if extreme fibers did, in 
fact, sustain cumulative strain because of repeated cycles of stress, a 
redistribution of stress might be expected to increase the share of resistance 
provided by zones closer to the neutral axis. 

In statically indeterminate members the division of moments between 
different sections may be very different from that assumed in the design, 
either through an erroneous evaluation of relative stiffnesses, through an 
unanticipated settlement of supports, or because of some other factor. 
This might lead to moments on one section much greater (and on another 
section much less) than assumed and, in consequence, to extreme com- 
pression-fiber stresses at one section much greater than the endurance 
limit. Although cumulative strain at the overloaded section might lead 
to favorable redistribution of moments, the possibility of fatigue failure 
under the assumed set of circumstances appears to be real. This suggests 
that elastic analysis of indeterminate structures to determine internal 
gross forces may be more important for repeated loading. 

A number of investigators [4, 21-25] have tested reinforced-concrete 
beams under repeated loading. In some cases steel percentages very 
different from conventional values were used to exaggerate a particular 
mode of failure. For example, LeCamus [25] used very low steel per- 
centages in beams designed to fail by fatigue of the steel and very high 
percentages in beams designed to fail by fatigue of the concrete. For 
these beams he obtained endurance limits of 60 to 65 per cent of static 
strength. Other investigators [23, 24], using conventional percentages 
of steel, have obtained higher values; for example, for beams with 0.9 
per cent steel Lea obtained a 1 million cycle endurance limit of 80 per 
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cent of static strength and a 10 million cycle endurance limit of 70 per 
cent of static strength. 

It should be noted that many of the reported tests were made with 
bars which were, from the standpoint of bond, inferior to those currently 
used in this country. Where structural-grade steel was used failure was 
not by fracture of the bars, but accumulated strain in the bars and 
accumulated slip were factors in final failure of the concrete. Accord- 
ingly, the superior bond characteristics of bars in current use might be 
reflected in higher beam-endurance limits. 

In tests employing high-tensile bars it is reported that failure under 
repeated loading usually occurred by fracture of the bars, at stresses well 
below the yield stress. It should be noted, however, that the endurance 
limit of these steels rises with increasing values of the minimum stress 
per cycle. In cases involving substantial dead/live load ratio the fatigue 
performance of such steels might be very much better than in the zero- 
to-maximum cyclic loadings reported. 

All evidence indicates that flexure members subjected to many cycles 
of loading within the usual working-stress range suffer no loss of ultimate 
strength in subsequent static loading. 

In summary, the evidence indicates that conventional margins of safety 
with respect to static ultimate strength guarantee adequate safety with 
respect to the effects of the most common cases of repeated loading. It 
should be kept in mind, however, that most cases of repeated loading do 
not involve the full value of design working load in every cycle. For 
example, a bridge structure may experience several million cycles of 
loading of which only a few thousand cycles produce design values of 
working stress. Consequently, in any application involving a high live/ 
dead ratio and for which it is known that the full live loading will be 
repeated many times, the level of permissible working stresses should be 
chosen with some caution. In these circumstances, it may be advisable 
to use somewhat lower stresses than are conventionally used for static 
loading. 

d. Flexural Behavior at Rapid Bates of Strain, As was noted in Secs. 
2.2c and 2.5c, very rapid straining rates have the effects of increasing the 
compression ultimate stress for concrete and the yield stress for rein- 
forcing steel. Tests of beams at rapid rates of strain [26'"29, 33] indicate 
that these effects are reflected in corresponding increases of the yield 
moment for flexural sections. If the dynamic values of /' and fy are 
denoted by f^c and fdy, respectively, the expressions for dynamic yield 
moment of an underreinforced flexural section become, for singly rein- 
forced section, 

My = bd ^ ^ Pf,y ^1 - 


( 2 . 11 ) 
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and, for doubly reinforced section, 


My = 


P'fdp ■J+ (P- P')fdv 


(P — P')fdv '\ \ 

1-7/ic Jj 


( 2 . 12 ) 


It is likewise possible to write expressions for the dynamic moment 
strength of overreinforced flexural sections. Since a ductile mode of 
failure is even more important for dynamic loading than for static load- 
ing, overreinforced sections are to be avoided; consequently, expressions 
for strength of overreinforced sections are purposely omitted. 

2.7. Shear Behavior of Reinforced Concrete, a. Static Behavior. 
In Sec. 2.6 attention was focused on the behavior of flexural sections only, 
but members subject to bending are almost always subject to transverse 
shear as well. Our knowledge of shear behavior under static loading is 
very incomplete, and recent widely publicized shear failures in reinforced- 
concrete rigid frames testify that our design criteria for shear reinforce- 
ment are not completely satisfactory. Reports based on a continuing 
series of investigations at the University of Illinois [34-39] have shed 
considerable light on the mechanism of shear failure under static loading. 
No comparable studies have been undertaken for dynamic loading. 

Shear failure, or shear-compression failure as it is more accurately called, 
involves two distinct stages. The first stage is the development of 
diagonal tension cracking characterized by the sudden appearance of an 
inclined crack (or cracks) of major importance. It is wider than any of 
the inclined flexure cracks, although part of its length may coincide with 
a previously existing crack of this kind. It starts horizontally at the 
level of the tension steel and extends weU into the compression zone. 
The second stage involves the sudden failure of the compression zone at 
the head of a diagonal tension crack, and this failure apparently is due to 
a reduction of the depth of the compression zone by progression of the 
diagonal crack. 

It will be clear from the foregoing that shear failure can occur if the 
principal tension stresses, associated with shear and moment, and the 
prior pattern of flexure cracking are such as to cause a true diagonal ten- 
sion crack and if, in addition, the bending moment at the head of this 
crack equals some critical value. After the formation of diagonal ten- 
sion cracks the beam may fail either in shear compression at the head of 
one of these cracks or in a flexure mode at some other section, where 
bending moment is maximum. Which of these failure modes is experi- 
enced will depend on the distribution of bending moment along the span, 
in relation to the relative moment strengths of the beam sections in shear 
compression and in flexure. 

Because the shear-compression mode is sudden (that is, with little or 
no ductility) it is desirable to proportion members so that the flexure 
mode of failure can be developed, that is, to prevent a prior shear-corn- 
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prossion failure. To achieve this objective one must be able to predict, 
first, whether diagonal tension cracks will occur, and second, whether the 
formation of such cracks will result in shear-compression failure. In 
Ref. 37 a rational expression is derived for the moment strength ikfg when 
failure is in the shear-compression mode. A function only of the con- 
crete strength and the properties of the section, this expression is, for 
rectangular beams, 


where 


M, = hd^ [/'(fc + nv') (o.57 - j psi 
h = + p')f + 2n 


- , 10,000 

n = 5 H ^ psi 

J e 


(p+p'-p'j) 


n(p + p') 


(2.13) 

(2.14) 

(2.15) 


If web reinforcement is present, the shear-moment capacity of the sec- 
tion Mew is given by 

where Ms — moment strength, as given by Eq. (2.13) 

Av, = area of web reinforcement 
fyw — yield stress in web reinforcement 
b = width of section 
s = spacing of web reinforcement 

a = angle of inclination of web reinforcement with respect to 
beam axis 

In addition to the above. Ref. 37 presents modified expressions applica- 
ble to T beams as well as expressions applicable to restrained beams when 
the mode of failure involves redistribution of internal forces because of 
local bond failure. To include these expressions in the present chapter 
would be to extend its scope beyond that which was intended. The 
reader faced with an application involving possible shear-compression 
failure in a restrained beam is advised to consult Ref. 37 because the 
modified expression for this case gives lower values of Mu than does 
Eq. (2.13) above. 

Except in certain special cases of concentrated loads, it is difficult to 
predict whether diagonal tension cracks will occur and where they will 
occur. This difficulty applies to static loading, and it would become 
even more pronounced in cases of dynamic loading. However, it is 
shown in Ref. 37 that only moderate quantities of shear reinforcement 
are required to make the shear-moment capacity [Eq. (2.16)] equal to the 
flexure-moment capacity [Eqs. (2.9) and (2.10)]. This would appear to 
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be a logical and conservative method for guaranteeing flexural-failure 
inodes for beams. It should be noted, however, that the shear-moment 
capacity [Eq. (2.16)] is directly dependent upon /', whereas the flexure 
capacity for underreinforced sections is almost independent of In 
view of the variability of /' and in view of the undesirability of the shear- 
compression mode of failure, it seems advisable to supply enough web 
reinforcement to make the computed shear-moment capacity somewhat 
larger than the flexure capacity. 

For certain cases, such as slabs, additional test data will be required to « 
establish the criteria for shear strength and to determine whether the 
shear-moment concept is applicable. For the present, it can only be 
recommended that ultimate unit shear stress in such elements be based 
on relatively simple expressions which were originally suggested for 
beams. One such expression, proposed by Moretto [34], is' 

= 0.10/' + 5,000p + Krfy psi (2.17) 

where Vu = average unit shear stress ( = F /hjd) when web reinforcement 
begins to yield 

p = longitudinal steel ratio == As/bd 
Krjy = shear strength of web reinforcement computed on basis of a 
truss analogy 

Z>. Dynamic Behavior, It might well be argued that the procedure sug- 
gested for beams in the above section can be too conservative in some 
cases. This is apparent from the recognized fact that for some beam 
proportions and static-load configurations, diagonal cracks do not develop. 
Thus, the above procedure would, in such cases, result in the use of web 
reinforcement where it clearly is not needed. In proportioning members 
for dynamic loading, however, several factors suggest the desirability 
of conservatism with respect to web reinforcement. First, only meager 
data are available on dynamic shear behavior (for either cyclic loading 
or impact loading). Second, some investigators [25] have observed rela- 
tively low shear-endurance values under repeated loading. Third, for 
impulsive and impactive loadings the higher modes of vibratory response, 
which contribute little to bending moments, may cause relatively large 
transient shears, and thereby cause diagonal cracking. Fourth, several 
investigators have found that beams subject to impact loading must have 
adequate stirrups to develop their full plastic flexure capacities. 

In view of the above factors it is recommended for beam members sub- 
ject to heavy repeated loading, and for beam members subject to impul- 
sive and impactive loadings, that web reinforcement be supplied in 
accordance with the method indicated in the next-to-last paragraph of 
the preceding section. In view of the relative uncertainties in shear- 
compression failure modes it would be well to use /' rather than /^^ in all 
applications of Eqs. (2.13), (2.16), and (2.17). 
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Web reinforcement can be bent-up bars, inclined stirrups, or vertical 
stirrups. For members subject to reversible shear and bending moment 
(including, particularly, the effects of impulsive or impactive loadings) 
it is advisable to use vertical stirrups. 

2.8. Behavior of Reinforced-concrete Columns, a. Behavior under 
Static Axial Load. The majority of practical reinforced-concrete col- 
umns have such small slenderness ratios that failure by buckling does 
not have to be considered. Slender columns have been used, of course, 
and they may be used more extensively in the future. Consequently, 
although slender columns will not be discussed in the present outline, 
Ref. 40 is included for those who may wish to pursue studies of such 
members. 

There have been many tests of short columns under axial and eccentric 
static loading, and the literature on the behavior of such members has 
been widely published. In the present treatment it seems unnecessary 
to do any more than review a few of the major points of interest. 

It has long been recognized that the unit stresses in axially loaded col- 
umns are as much dependent on the effects of shrinkage and creep as upon 
the immediate elastic strains due to load. For this reason it is customary 
to proportion columns on a modified ultimate-strength basis. At failure 
both the concrete and the reinforcing steel are fully developed, and the 
column ultimate strength can be expressed as 

= 0.85/:Ae+/A (2A8) 


where Ac = area of concrete 

As = total area of reinforcing steel 

As a safe working (axial) load many of the codes (see Art. 1103 of ACI 
Code, Ref. 20) give the following expressions: 

For spirally reinforced columns, 

P = 0.225/:i„ + 0.4/,A, (2.19) 


For tied columns, 


P = 0.18/'A, + 0.32/„A, 


( 2 . 20 ) 


where Ag = area of gross column section. A comparison of Eqs. (2.19) 
and (2.20) with Eq. (2.18) shows a greater factor of safety with respect 
to concrete compressive strength than with respect to steel yield stress. 
This is consistent with the fact that the risk of obtaining substrength con- 
crete is greater than the risk of obtaining steel yield values below the 
guaranteed minimums for particular grades. It wall be noted also that 
the allowable working load on tied columias is only 80 per cent of the 
allowable load on spirally reinforced columns. This is based on the 
fact that spiral reinforcement restrains the concrete at failure and results 
in a more ductile mode of failure, whereas in tied columns failure is 
abrupt It is of interest to note that in the latest revision of the AOi 
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Code (318-56) ultimate-strength proportioning is permitted on an 
optional basis, and in this optional method, Eq. (2,18) is used directly, 
that is, without separate factors of safety for concrete and steel. 

&. Behavior under Static Eccentric Loads. Although it has been com- 
mon to compute axial-working-load capacities on a modified-ultimate- 
strength basis, eccentric working loads have been computed on the basis 
of permissible working stresses, assuming a linear distribution of com- 
pression stress and zero tension stress. This approach is retained in the 
latest ACI Code revision [20], but an optional ultimate-strength method 
is introduced. For an excellent historical review of ultimate-strength 
theories, as well as a comparison between theory and a comprehensive 
series of tests, the student is referred to a paper by Hognestad [2]. 

Just as for members subject to flexure only, it is possible to distin- 
guish between tension and compression modes of failure in eccentrically 
loaded column sections. In a tension-failure case the tension reinforce- 
ment yields first, causing the neutral axis to move toward the compression 
face with a consequent reduction of the compression zone and, finally, 
crushing of the concrete. In a compression-failure case the concrete fails 
in compression without yielding of the tension steel. The expressions 
given in Ref. 20 for ultimate eccentric-load capacity of a rectangular 
column section are as follows (modified slightly for notation differences) : 

Tension-failure case: 


Pu - 0.85/'M 


Compression-failure case: 


> ^sSv _i_ htfc 

“ e/d^ + M + i.ig 


( 2 . 22 ) 


where Ai = area of compression reinforcement 

p = As/hd 

p' = Ai/bd 
b = width of section 

d = depth of section from compression face to tension steel 
d' = distance between tension and compression steel 
t - over-all depth of section 
e = eccentricity of loading 

fc = ultimate (cylinder) strength of concrete 
fv == yield stress of steel 
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By utilizing Eqs. (2.21) and (2.22) one can plot a diagram of versus 
which defines all possible combinations of ultimate load and ultimate 
moment that can be carried by any given section. However, diagrams 
of this kind are more useful if they are plotted in the dimensionless 
variables Pu/fM versus Mu/fcbt^. Figure 2.9 illustrates the typical shape 
of such a diagram. 

■ c. Column Behavior under Repeated Loadings. Theoretically, a rein- 
forced-concrete column could suffer fatigue failure of the concrete or 
steel because of the effect of large numbers of cycles of loadings. When 



Fig. 2.9. Dimensionless diagram for static ultimate strength of column section. 

the load eccentricity is large a condition of pure flexure is approached, 
and the previous discussion of fatigue of flexural members would apply. 
However, most columns are reinforced on the compression side as well 
as on the tension side. Thus under large loading eccentricities, their 
behavior should approximate that of a doubly reinforced rather than a 
singly reinforced flexure section and doubly reinforced sections should 
be more resistant to fatigue failure of the compression zone. Under 
small loading eccentricities the factors of safety implied by conventional 
working stresses [and by Eqs. (2.19) and (2.20)] are sufficiently large so 
that fatigue failure seems most unlikely. Finally, it might be noted that 
many columns carry a fairly high ratio of dead/live loading. In such 
members the range of cyclic stress is small; therefore the upper limit of 
stress to cause fatigue failure is increased. In short, it appears that 
fatigue failure need not be considered in reinforced-concrete columns, 
with the possible exception of cases in which the eccentricity is so large 
that the member might properly be classified as a beam. Even in the 
latter event fatigue need be considered only for the special circumstances 
noted in Sec. 2.6c. 
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2.9. Columji Behavior under Rapid Strain Rates. As has been noted 
elsewhere, rapid strain rates have the effect of increasing /' and fy to 
dynamic values of f^c and fdy, where the increase depends upon the rate of 
strain. In practical problems involving very high rates of strain it is 
necessary not only that the column attain the ultimate load assumed in 
proportioning but that it also be able to sustain this load for a finite 
(though often brief) time, without buckling. For this reason it is 
recommended that the dynamic ultimate axial-load capacity be defined 
by the following expression : 

Pu = 0.9(0.85/^,)Ac + fdyAs (2.23) 

It will be noted that Eqs. (2.18) and (2.23) are similar, but the latter 
contains the dynamic properties of the materials plus the factor 0.9 in 
the first term. At 0.9 of the ultimate concrete strength the slope of the 
stress-strain curve (that is, tangent modulus of elasticity) is sufiicient 
to prevent buckling of columns of typical proportions. The same 
analysis which led to the factor 0.9 in Eq. (2.23) led also to the following 
expressions for limiting the slenderness ratio L/d to avoid buckling* 


For rectangular sections: 



- < 
d - ^ 

1 230 

(2.24) 

For circular sections: 

\jl.Upm + 1.0 


T' 

VI 

1 172 

(2.25) 

where m = fdjO.SSfi, 

P = A-a/ A-c 

V 1.11pm + 1.0 


As = total area of steel 

Ac = total area of concrete gross concrete area 
To obtain a diagram defining all combinations of dynamic ultimate 
load and dynamic ultimate moment one needs, in addition to Eq. (2.23), 
the following two expressions, which are obtained by substituting f^c 
and fdy in Eqs. (2.21) and (2.22) : 


Pu = OMfdobd 


(•\/(‘ - 2 + 1 f y + + «) -‘>1 

+0 “I +o) 


Pu = 


^'sfdu 


■ + 


(2.27) 


e/d' + 34"^ Bte/d^ + 1.18 

2.10. Behavior of Reinforced-concrete Shear Walls and Deep Beams. 
In buildings designed to resist large lateral forces (wind, earthquake, 
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blast) the shear wall is an effective element for transmitting shear 
between successive floors. Such walls usually are integral with floor 
slabs, columns, and/or similar walls oriented at 90° to the shear walls. 
These other elements contribute to the strength and stiffness of shear 
walls. 

Because of their unusual proportions, and because they must be 
assumed to function in a cracked state, shear-wall behavior cannot be 
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Fig. 2.10. Load-deflection behavior of shear walls [42; Chap. 1, Ref. 8]. 

predicted on the basis of theory derived for deep, homogeneous beams. 
Static tests upon scaled shear-wall models have been performed at 
Massachusetts Institute of Technology [41] and at Stanford University 
[42], Recommendations which follow are based on the Stanford test 
series, which was the more extensive of the two investigations. 

a. Static Behavior of Shear Walls. Figure 2.10 shows a simplified shear 
wall and characteristic static-load-deflection curves. It should be noted 
that the framing members used in the test walls correspond to integral 
beams or floor slabs, and columns or normal walls, in a prototype shear- 
wall construction. The shear wall proper is reinforced with equal per- 
centages of vertical and horizontal steel bars, and additional longitudinal 
steel is placed in the perimeter members. After cracking, at point A in 
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Fig. 2.10, the curve is a function of the proportions of the wall and the 
relative proportions of reinforcing steel in the shear panel and in the 
perimeter members. In general, walls having a small ratio of length to 
height (L/il « 1) sustain an ultimate load greater than the cracking 
load. For large-ratio L/H (> 2) ultimate load is approximately equal 
to the cracking load. The ratio of ultimate to cracking load is, however, 
subject to modification according to the amount of steel in columns and 
wall panel. 

The static shear load Rc for first cracking is given by 

R, = Qlfjbt (2.28) 


where L — wall length center to center of columns 
t = thickness of shear panel 

The ultimate static shear load Ru is a function of P, the compression- 
column influence factor, and C, the panel influence factor, where P and C 
are given by 


P 

C 


■ fyPt{H -f L) 


Asfi 


15 + 1.9 



(2.29) 

(2.30) 


where H = wall height to center of top beam 

p = steel ratio in each direction (assumed equal) 

A, = area of column steel in column on compression edge of panel 
The ratio Ru/C, which defines Ru, can be expressed as follows, for a single- 
story wall: 


P« _ 0.1 2.1 /P\ 

c P/C + 0.1 P/C + 0.6 


(2.31) 


For walls of two or more stories, the second term in Eq. (2.31) should be 
multiplied by 1.33. 

The Stanford tests indicated that the presence of vertical load on the 
wall had little effect on Ru except when vertical load was greater than Ru] 
therefore the effect of vertical load has been neglected. 

Taking into account both shear deformation and flexural deformation, 
the expression for deflection at first cracking is 


^ ^ 1 \ 
E \3/ ’2.2Lt) 


(2.32) 


where E = modulus of elasticity of concrete 

/ = moment of inertia of gross horizontal section through shear 
wall and edge members 
The ultimate deflection 8u is given by 


= 24 ^ 5 . 


(2.33) 
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It should be noted that the above expressions are based on tests in 
which the parameters were varied within the following limits. Applica- 
bility of the given relations to situations outside these limits is uncertain. 

Column steel ratio 0.01 to 0.033 

Column steel encased in concrete 

/' from 2,000 to 4,000 psi 

LjE from 0.9 to 3.0 

P/C from 0 to 3.26 

jy from 42 to 62 ksi 

Shear panel p from 0 to 0.015 

6. Dynamic Behavior of Shear Walls. No tests of shear walls under 
either repeated loading or high rates of strain have thus far been performed. 

It seems inconceivable that fatigue failure could be a consideration in 
shear walls. 

It is recommended that the effect of rapidly applied strain be taken 
into account by replacing /' and fy by the dynamic values and fdy in 
Eqs. (2.28) to (2.31); these then become 


Rao = 

Pd = fdypt(H + L) 


Cd ^ ^sfdc 


15 + 1.9 



Rdu _ 0.1 2.1 

Cd Pd/Cd + 0.1 ^ Pd/Cd + 0.6 



(2.34) 

(2.35) 

(2.36) 

(2.37) 


Figure 2.11 consists of plots of Cd/Rdu and Pa! Rdu versus PdlCa. These 
plots may be used in computing the required reinforcement in panel and 
columns to resist a given-value dynamic ultimate shear load. 

c. Shear-wall Openings. When there must be openings (as for corri- 
dors) it is recommended that the wall on each side of an opening be 
treated as an individual shear panel. These individual panels may be 
assumed to divide the shear load in proportion to their relative stiffnesses. 
At top and bottom (and if feasible along the vertical sides) of the opening, 
edge beams integral with the shear panel should be provided. 

d. Strength of Deep Beams. Deep beams, as here considered, are 
structural elements loaded as beams but having very large ratios of web 
depth to thickness and having span/depth ratios less than 2 or 3. Roof 
slabs and floor slabs under horizontal load, and wall slabs under vertical 
load, are examples of this kind of element. Portions of intersecting 
elements act as flanges, preventing buckling and supplying strength and 
stiffness. Data obtained in shear-wall tests have applicability to deep 
beams of this kind. 

In blast-resistant constructions those elements which may function 
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as deep beams usually must also carry loads normal to their surfaces. 
Consequently, it seems advisable to limit their deep-beam action to 
elastic behavior. 

It is recommended that the maximum allowable shear, under dynamic 
loading, be taken as 

(2.38) 

The above expression assumes that the ratio of steel in each direction is 



at least 0.0025; generally the amount of steel required for loads normal 
to the web will exceed this minimum. 

Since deep beams are almost always designed to take reversible loading, 
equal positive and negative bending reinforcement would be provided 
in the edges. The relation between maximum dynamic-moment capacity 
and area of steel in each edge, As, is 

Afm = Asfdydf (2.39) 

where d' = distance between tension and compression steel. 

2.11. Bond between Reinforcing Bars and Concrete. The successful 
composite action of concrete and steel, in reinforced-concrete members, 
depends directly upon adequate bond between the two materials. In 
the majority of reinforced-concrete members the internal gross forces 
(thrust, shear, moment) vary from section to section; and there is a 
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corresponding variation of reinforcing-bar force, from section to section 
along the bar. Increments of bar force (from section to section) can only 
be provided by bond. Thus we may write 


4 if A.) = u(0) 


(2.40) 


where x — distance along a reinforcing bar 

fsAs = axial force in bar, varying with position 
u = intensity of bond stress along interface 
(0) = bar perimeter 

Significant variations in bar force from section to section occur, par- 
ticularly, in flexure members. Denoting the moment hy M and the 
internal moment arm by jd, the tension-steel force at any section is 
given by 

T = fA. = ^ (2.41) 


For the common case of a member of constant effective depth d, jd may 
also be assumed constant, and substitution of Eq. (2.41) into Eq. (2.40) 
gives 


= _iL 

jd'LO dx jdW 


(2.42) 


where 2)0 = total perimeter of all tension bars in a section 
V = transverse shear force 

In order for reinforcement to perform its function in a flexure member 
the bar surfaces must be able to develop bond-stress intensities in 
accordance with Eq. (2.42) and do so without significant slip. The 
harmful effect of slip is to cause cracks in the concrete to widen beyond 
the amounts associated with longitudinal strain in the bars. As the 
cracks widen they spread upward, reducing the depth of the compression 
concrete zone, which can lead to premature crushing of the compression 
concrete. 

In addition to its function in reinforced-concrete flexure members, 
bond is utilized to anchor reinforcing bars which join one member to 
another (beam to column, wall to footing, etc.) and to effect a (lap) 
splice from one bar to another. In such cases if u is the average bond 
stress along the anchored bar, d is the bar diameter, is the bar stress to 
be anchored, and L is the embedment length, we may write 


u 


_fsd 

4:L 


(2.43) 


Again, satisfactory behavior requires that the bar surfaces be able to 
develop the average bond stress given by Eq. (2.43) without excessive slip. 
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A series of research studies undertaken in the early 1940s culminated 
in ASTM Specification A 305-53T covering size and spacing of ribs and 
lugs on reinforcing bars. All bars now in use in this country meet the 
requirements of A 305-53T, and their bond performance is markedly 
superior to that of many of the bars in use prior to the drafting of 
A 305-53T. In consequence the ACI Code [20] a few years ago revised 
upward the permissible unit bond stress at working load and decreased 
the requirements with respect to extension of bars beyond theoretical 
cutoff points. There is a rough proportionality between bond strength 
and /' for low values of but bond strength is essentially independent of 

in the stronger concretes. For this reason, permissible bond stresses 
at working load generally are given as ratios of but with ceiling values. 
In addition, it has been found that top bars which cannot follow settle- 
ment of fresh concrete develop pockets of entrapped water and air 
beneath their lower surfaces. This condition causes poorer bond strength 
for top bars, and the ACI Code [20] reduces the permissible bond stress 
if there is more than 12 in. of concrete below a bar. The permissible 
values of u are 

For top bars (more than 12 in. of concrete below), 

u = 0.07/c with ceiling of 245 psi 

For other bars, 

u = 0.10/c with ceiling of 350 psi 

Based on repeated load pull-out tests by Muhlenbruch [43] involving 
old-style bars, Gilkey [44] concludes that bond fatigue should not be a 
serious problem provided the cyclic bond stress does not exceed 40 per 
cent of the static strength. It would appear that the ACI Code values 
provide adequate margin of safety for most common cases of repeated 
load. If each cycle involves practically a complete range of stress from 
zero to maximum, however, it would seem good judgment to use lower 
values. 

For rapid strain rates to loads in the vicinity of ultimate (as in struc- 
tures subject to blast) it is recommended that the limiting values of bond 
stress be taken as 0.15/'. This value may not seem very high in com- 
parison with the working-stress values specified in the ACI Code, but 
lack of data plus the harmful secondary effects of bond failure or excessive 
slip dictates a conservative attitude. 
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PART 2 


CALCULATION OF RESPONSE OF STRUCTURAL SYSTEMS 
TO DYNAMIC LOADING 




CHAPTER 3 


DYNAMIC RESPONSE OF SYSTEMS HAVING ONE DEGREE 

OF FREEDOM 


3.1. Scope and Limitations of Application of Theory. The response 
of a structure to dynamic loading depends upon the definition of the 
loading, the resistance of the structure to deflection, and, since accelera- 
tion is involved, the mass of the structure. Of course, if the supports of 
the structure are not immovable, their motion must also be defined in 
terms of time. 

In general, at every point on the structure the definition of the loading 
must specify both the direction and the magnitude (including both the 
numerical value and sense) of the load at each and every instant of time. 
Most often, the effective load causing the response can be defined with 
sufficient accuracy independent of the motion or position of the struc- 
ture. In other cases, the response of the structure is caused by the 
interacting force between it and some other body or bodies (for example, 
the bending of a beam when struck by a falling weight) . The definition of 
this interacting force is then dependent on both the motion of the struc- 
ture and the other body or bodies, and the solution of such problems 
becomes very tedious. In the flutter of airplane wings, or the “self- 
induced” vibration of suspension bridges, the aerodynamic loading is 
likewise a function of the vibratory motion of the structure. However j 
in this and Chaps, 4, 6 , and 6, it will be assumed that the dynamic loading 
producing the response of the structure is completely defined. 

The resistance of a structure to deflection can be defined more or less 
satisfactorily. Of course, a structure composed of a few simple elements? 
made of a homogeneous, isotropic, and linearly elastic material like 
steel (with no strains exceeding the proportional limit) and subjected to 
small displacements which involve no significant change in geometry of 
the structure, behaves very much like its mathematical idealization, and 
its stiffness properties can be estimated quite accurately. On the other 
hand, a complicated assemblage of structural elements made of a non- 
homogeneous, nonisotropic, and nonlinearly elastic material like con- 
crete exhibits a behavior which is difficult to estimate. Even for the 
simple structure mentioned first, if the response produces strains beyond 
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the proportional limit and perhaps into the plastic region in excess of the 
yield pointy computation of the stiffness becomes more difficult and more 
inaccurate. In this and Chaps. 4 and 5, it will he assumed that the material 
exhibits Unearhj elastic stress-strain properties and that no strains exceed 
the proportional limit of the material. In Chap. 6, consideration will he 
given to computation of the response beyond the linearly elastic region and 
into the plastic region. 

Of course, the weight (and mass) distribution of a structure is easily 
defined. However, it would be very tedious and cumbersome to include 
in the computations the exact distribution of the weight. As a result, 
to simplify computations, structural members usually are considered as 
weightless and the weights of their particles grouped together and con- 
sidered as concentrated rigid masses attached to the structure at certain dis- 
crete mass points. In Chaps. 3 and 4, weights of the structure will be 
handled in this manner. In Chap. 5, however j the general theory will he 
developed to consider the actual distribution of the mass of the structure. 

Typical civil-engineering structures involve truss, beam, frame, slab, 
and shell elements. As a result, the deflection of such structures might 
involve the typical axial deformation of a truss member or the bending 
and shear deformation of a beam (and predominantly this type of defor- 
mation in a frame), or perhaps even the more complicated slab or shell 
behavior. The dynamic response of any of these structures could be 
handled by the same general approach, but the detailed computations 
for the various types are different. To simplify the presentation of the 
general theory, beams, the most common structural elements, will be 
depicted in the derivations and used in the applications. The extension 
of these ideas to another type of structure requires only a proper change 
in the evaluation of the resistance to deformation of that type of struc- 
ture. Even a beam may be subjected to axial deformation and torsion 
in addition to bending in any longitudinal plane. In general, three dis- 
placements and three rotations may be involved at each cross section. 
Therefore, to further simplify the discussion (but not restrict the generality 
of the approach) it will be assumed that the beam members depicted undergo 
bending and shearing deformation in the plane of the paper, and masses will 
be considered to undergo no rotation hut simply translation in the plane of 
the paper. 

3.2. Certain Fundamental Definitions. To study the dynamic 
behavior of a structure, one must be able to define its position at any 
instant. If this is possible, not only can the deflection of the structure 
from its normal (that is, reference) position be determined, but also it is 
possible to evaluate the manner in which its strains, and hence stresses, 
vary with time. 

If, at any instant, the position of a structure can be defined by one 
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number, or one coordinate, the structure is said to have one degree of 
freedom. Such a case is shown in Fig. 3.1a. This sketch represents a 
rigid* weight W attached to a spring, the mass of which is so small that 
it can be neglected when compared with W. Two rigid weights Wi and 
W 2 as shown in Fig. 3.16 represent a structure with two degrees of freedom 
since the position of the weights can be defined by the two distances xi 
and X 2 . A member, such as the beam shown in Fig. 3.1c, has an infinite 
number of degrees of freedom, because the definition of its position requires 



id) 

Fig. 3.1. Degree of freedom of typical systems. 


enumerating the vertical ordinate of the deflection curve for every point 
on the beam, of which there are an infinite number. 

Consider the elastic rigid frame shown in Fig, 3. Id, which is constrained 
to deflect in the plane of the paper. Assume that the weights of the 
members are small in comparison with the concentrated weights shown. 
Assume, therefore, that the weights of a member can be concentrated 
with the large mass located at mid-length of the member and that, hence- 
forth, the elastic frame can be considered as a weightless spring. Further, 
assume that the axial deformations contribute little to the deflections, 
and therefore that only bending deflections need to be considered. On 
this assumption, there would be no vertical deflection of masses 4 and 2 
and no horizontal deflection of mass 3. Thus, five deflections (horizontal 
deflections of masses 1, 2, and 4 and vertical deflections of masses 1 and 
3) completely define the configuration of the frame, and therefore the 
structure is said to have fixe degrees of freedom. Note that rotation of 
the masses in the plane of the paper is neglected, as mentioned in the 
previous article. 

If the motion of a body is reciprocating or oscillating in character, it is 

* A rigid body is one in which there is no relative movement between any two par- 
ticles of the body. 
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called a vibration. If the vibration of an elastic structure takes place in 
the absence of any external impressed force but in the presence of external 
and internal frictional forces, the motion is referred to as damped free 
vibration. In the hypothetical case where it is assumed that the fric- 
tional forces are also absent, the motion is called an undamped free 
vibration. The undamped motion is defined simply by the elastic 
resistances and the inertial forces of the system, by the initial conditions 
of the state of motion, and by the boundary conditions of the structure. 

For many civil-engineering purposes, the response for the hypothetical 
undamped vibration is an adequate approximation of the actual damped 
vibration experienced by real structures, which always have more or less 
internal friction. This is very fortunate because results for the undamped 
vibration may be computed much more readily than for the damped case. 

If a disturbing force is impressed on a structure, the resulting motion is 
called a forced vibration. If frictional effects are also included, the motion 
is called a damped forced vibration. For the hypothetical case where the 
effect of friction is neglected, the motion is called an undamped forced 
vibration. 

Dynamic loadings applied to structures are of many different types. 
An unbalanced machine running at constant speed may apply a dynamic 
load which varies sinusoidally with time; such a load is called a periodic 
loadj which undergoes a complete cycle (after which it repeats itseff) 
regularly in a certain time interval called the period of the load. On the 
other hand, a group of looms — running at different speeds, some in 
phase, some out of phase, some starting up, and some slowing down — may 
in the aggregate apply to the structure a nonperiodic loading, which 
varies erratically with time and never repeats itself. 

In Sec. 3.1, it was pointed out that sometimes the dynamic load could 
be defined as varying with time in a certain manner, completely inde- 
pendent of the motion of the structure, and that, in other cases, such as 
the impact of a falling weight on a beam, the effective dynamic loading 
on the structure is an interacting force which depends upon the motion 
of the structure and the striking body. It is convenient to distinguish 
between these two general types of loading. Herein, the first type will be 
called an impulsive dynamic loading^ and the second type, an impactive 
dynamic loading. It should be pointed out that these definitions are not 
used consistently in the literature, and a reader should be careful to 
identify each author’s definition. 

One other general definition should be emphasized. A dynamic load 
applied to a structure produces a certain motion and associated with it 
certain stresses, strains, reactions, etc. Sometimes we use the term 
response to denote in the aggregate the over-all general effect produced 
by the load on the structure; the title of this chapter is an example of such 
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usage. Usually, however, we use the term response more specifically to 
denote the deflections produced by the dynamic load. 

3.3. Undamped Free Vibration of One-degree System. Consider the 
simple idealized system shown in Fig. 3.2. This system is constrained so 
that the body can move only in a vertical direction in the plane of the 
paper and therefore has one degree of freedom. This rigid body of 
weight W is supported by a linearly elastic spring of 
stiffness fc, where the stiffness factor k is equal to the 
force required to stretch the spring a unit distance. 

Under simply the dead weight TV, the system is in static 
equilibrium in the position shown by the solid lines. 

Further, it will be assumed that there are neither ex- 
ternal nor internal frictional forces present. 

Suppose the body were displaced from this static 
position and then released. It would then undergo an 
undamped free vibration about the static position as 
defined below by Eq. (3.4). Similar free vibration 
such as given by Eq. (3.5) could be produced by the 
sudden application and removal of a force which 
thereby imparted an initial velocity to the body. 

The dynamic displacement of the body undergoing 
such an undamped free vibration may be derived from 
the differential equation of motion [Eq. (3.1)], by pro- 
ceeding in the following manner. Suppose at some time t the body is 
in the dashed-line position shown in Fig. 3.2. This position is defined 
by the coordinate x, which denotes the dynamic displacement of the body 
from the static-equilibrium position of the system under the dead weight 
TF; X is considered plus when measured downward from this position.* 

If in accordance with d^Alembert^s principle the inertia force xW/g is 
applied to the body, the condition for dynamic equilibrium, = 0, 
for the isolated body is 

F - (TT + fca:) - y * = 0 

Rearranging terms, the above equation may be written as follows and in 
this new form is referred to as the differential equation of motion: 



free vibration. 


Letting 







(3.1) 

(3.2) 


* dx/dtj the velocity of the body, is sometimes denoted by x) d'^xldi^^ the accelera- 
tion, by X, 
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the solution to Eq. (3.1) may be written 

X ~ Cl sin oit + C 2 cos 


(3.3) 


The arbitrary constants Ci and C 2 may be obtained from the initial 
conditions of the state of motion. For example, 

( dx\ 

0 ~ 

then (7i = 0 and C 2 = ojo, and x xq cos oit (3.4) 

/dx\ 

If, when t == 0, {x)t=.o = 0 and ^ 

then Cl — ^ and C 2 = 0, and x = ^sin cx)t (3.5) 

CjO w 


For either case, the motion is periodic and repeats itself after the time 
interval T. Since coT = 2t, then 


T = (3.6) 

CO \ Kg 

This time interval T is called the period (or natural period) of the 
undamped free vibration. The number of times that the motion repeats 
itself in one second is called the frequenmj of the vibration /, and 

The parameter co can now be given a physical significance, since 

CO = y = M (3.8) 


and is called the circular frequency of the vibration. 

It is important to note that the constants Ci and C 2 in Eq. (3.3) would 
both have values if both an initial displacement and an initial velocity 
were imposed on the system. However, the resulting response would 
still be a periodic free vibration of the same frequency and period as 
noted above. 

Note also that the period and frequency depend only on the weight W 
and the spring stiffness fe. The displacement at a particular time t and 
the amplitude of the vibration depend on the initial displacement 
and velocity, but these initial quantities do not affect the period and 
frequency. 

3.4. Undamped Forced Vibration of One-degree System. Still 
neglecting frictional effects, consider again the simple one-degree system 
used in Sec. 3.3. This time, however, suppose that a sinusoidal dynamic 
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load P is applied to the system as shown in Fig. 3.3. The value of the 
dynamic load P at any time t is given by 


P = Pi sin Qi 


(3.9) 


This sinusoidally varying load attains the maximum and minimum 
values of Fi. The circular frequency of this periodic 
load is 0, and the period of the load, Fp, is equal to 

27r/ ^2. 

Proceeding in exactly the same manner as in Sec. 

3.3, the differential equation of motion in this case may 
be derived from the condition of dynamic equilibrium 
for the isolated body: 

W 


W + Fi sin Qt - (W + kx) 


and becomes 


d^x , kg PiQ . 

dP” F ^ “ Tf 


(3.10) 



Defining &> as in Eq. (3.2), the homogeneous solution 
of Eq. (3.10) is given by Eq. (3.3). Adding to this the 
particular solution leads to the following general solution of Eq. (3.10): 


X 


Cl sin coi + Ci cos cot -t- 


Pig 

lF(w2 - 02) 


sin Qi 


(3.11) 


The first two terms of this solution are referred to as the free part of the 
solution, being vibrations with the natural period T and the circular 
frequency co, but the third term is called the forced part of the solution 
since it represents a vibration having the same frequency and period as 
the ‘sinusoidal load. 

The arbitrary constants Pi and Ci may, of course, be determined from 
the initial conditions of the problem. For example, at i = 0, suppose the 
rigid body is at rest, that is, has no displacement (xo = 0) and no velocity 
(xo = 0) ; then 


Pi<?n 

C0lF(w2 _ Q2) 


and Cs — 0 


Thus, the dynamic displacement of the body is given by 

X = ■ T i fsin — - sin ui) (3.12) 

1 — (il/co)2 \ w / 


w kg k “ 


(3.13) 


Note, however, that 
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where x,t = static deflection produced by Pi (maximum value of sinus- 
oidal load) if it were applied as a static load. Hence, 


X = Xst 


sin Qt — (0/ co) sin 
1 - (n/o>)^ 


(3.14) 


Thus, X (the dynamic displacement at any time 1) is equal to Xst (the 
static displacement produced by Pi applied as a static load) multiplied 
by a factor which varies with time. 

Knowing the dynamic displacement at any time tj Fd) the dynamic 
spring force, is easily computed: 


Fd — kx ^ kxst 


sin Oi — (0/co) sin o)t 

1 - (0/co)2 


Note, however, that kx^ == Pi = spring force produced by Pi if it were 
applied as a static load. Hence, 


Pd = Pi 


sin Qit — (0/co) sin cd 

1 - (0/co) 2 


(3.15) 


Thus, similar to the dynamic displacement, Fa (the dynamic spring force 
at any time t) is equal to Pi (the spring force produced by Pi applied as a 
static load) multiplied by the same time factor as is used to obtain the 
dynamic displacement. 

The time factor common to both Eqs. (3.14) and (3.15) is called the 
dynamic-load factor (denoted by DLT) and is a function of time (that is, 
it varies with time).* Note that, in Eq. (3.16), 


DLP 


sin Oi — (0/co) sin 

1 -- (0/co)2 


(3.16) 


the first term in the numerator has the same frequency as the load and is 
called the forced part; and the second term has the same frequency as the 
natural frequency of the system and is called the free part. Now using 
Eq. (3.16), Eqs. (3.14) and (3.15) may be written more conveniently as 


X - (DLF)Xh 17 ^ 

Fd - (DLF)Pi ^ ^ 

Thus, dynamic-load factor could very evidently be defined as the factor 
by which the static deflection (or spring force) produced by Pi applied 
as a static load should be multiplied in order to obtain the dynamic dis- 
placement (or dynamic spring force). 


* Perhaps, to emphasize that dynamic-load factor is a factor which varies with time 
it should be denoted by DLF(i). However, for simplicity it will be denoted as DLF. 
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Dynamic-load factor represents an important concept which should 
be discussed in detail. This will be done for the dynamic loading just 
considered in Sec. 3.6. The discussion will be extended to other loadings 
in Sec. 3.7. 

3.6. Damped Forced Vibration of One-degree System. This case is 
discussed in detail in standard textbooks [l'-'3] on vibration of machinery 
and will be discussed only in an abbreviated manner 
herein. Only so-called viscous damping will be con- 
sidered. This is the type of resisting force obtained 
when a body is moving through a viscous fluid with a 
small velocity, or if a piston forces a fluid through 
narrow passages, as in the case of dashpots. In the 
case of viscous damping, the resistance to motion 
by damping is assumed to be proportional to the 
numerical magnitude of the velocity and to act op- 
posite to the sense of the velocity. 

It is true, of course, that the damping provided by 
external and internal friction in structural systems 
is not exactly of the viscous type. However, for 
purposes of investigating the approximate effect of 
damping, it is adequate to assume that the effect 
of frictional resistance is equivalent to viscous 
damping. 

Consider a simple one-degree system such as discussed in Secs. 3.3 and 
3.4 and as shown in Fig. 3.4. Assume that a sinusoidal dynamic load 
such as defined by Eq. (3.9) is applied to the system. Assume that the 
damping force which opposes the velocity is proportional to it, the pro- 
portionality constant being c, the damping coefficient; that is, the damping 
force equals —err. By proceeding in exactly the same manner as in 
Sec. 3.4, the differential equation of motion in this case may be derived 
from the condition of dynamic equilibrium for the isolated body: 



jfiV 


Fig. 3.4. Damped 
forced vibration. 


W + Pi sin Qt — {W + kx) — — cx ^ 0 
and if = -^ 

and 2/3 = ^ (3.18) 

it becomes ^ ^ ~ ™ ^ (3.19) 


If w® is less than /3^ the solution of this differential equation no longer 
represents a vibratory motion and is of no interest in the present discus- 
sion. When 0 )=* is greater than /3^ the solution represents the damped 
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vibratory motion typical of the response of structural systems. The 
general solution of Eq, (3.19) may be obtained in the usual manner by 
superimposing the homogeneous and the particular solutions. If the 
arbitrary constants are determined on the assumption that the body is 
at rest when t = 0, the solution for the dynamic displacement x and the 
dynamic spring force Fd may be expressed in the same form as Eq. (3.17), 
except that in this case the dynamic-load factor is expressed by the fol- 
lowing complicated expression: 



(3.20) 


Note that this DLF expression is similar to Eq. (3.16) in that the first 
bracketed expression in the numerator has the same frequency as the 
load and therefore is called the forced part, while the second bracketed 
expression has the same frequency as the natural frequency of the system 
and is therefore called the free part. Note further that the free part has 
the multiplier and therefore gradually dies out. 

The homogeneous solution of Eq. (3.19), that is, the solution for this 
equation when the right-hand side is equal to zero, represents the solution 
for the damped free vibration of this one-degree system and is found to be 


X — e~^\Ci sin \/o>^ — t+C 2 cos \/o)^ — (3^ t) (3.21) 

The term in brackets is in the same form as Eq. (3.3), the solution 
obtained for the undamped free vibration. In this present case, how- 
ever, this term represents a periodic motion with the following period: 


/yr _ ^ 1 

^ Vi - 


(3.22) 


Comparison of this with the period of the undamped free vibration 
shows that damping of the amount present in the usual structure increases 
the period slightly. The factor in Eq. (3.21) gradually decreases with 
time, and therefore the free vibration is gradually damped out. 

The DLF given by Eq. (3.20) may be studied in the same manner as 
the expression given by Eq. (3.16). This will not be done in detail. 
Por present purposes, it is sufficient to note that the following conclusions 
could be drawn from such a study: 

1. The effect of damping is to decrease DLF for all values of 0/co. 
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2. As iS/w increases, DLF decreases. 

3. For the usual amounts of damping present in structures, the decrease 
is not marked except in the vicinity of fi/w from 0.5 to 1.5, being greatest 
when fl/w = 1, in which case DLF is reduced to a finite but still a large 
value. 

4. Only the forced part persists; the free part is transient and gradu- 
ally disappears. 

It is interesting to note that as the damping approaches zero (that is, 
as |8 0) the expression for DLF in Eq. (3.20) approaches the value 

given in Eq. (3.16). 

3.6. Dynamic-load Factor — Undamped One-degree System — Sinus- 
oidal Dynamic Loading. The expression for DLF given in Eq. (3.16) 
was derived for an undamped one-degree system subjected to the 
sinusoidal loading represented by Eq. (3.9). It is of interest to consider 
in detail how DLF varies with time for several typical cases such as the 
following: 

Case I, 0 = ^; Case II, fl = 2co 


The variation of the load and DLF with time for these two cases is 
sketched in Fig. 3.5. Note that in each case the forced and free parts of 
DLF are plotted separately and then superimposed to show DLF itself. 
These two cases are plotted on the assumption that the system is the 
same in both cases, but in one case the frequency of the load is lower than 
that of the system, and in the other case it is higher. 

Whereas these plots of DLF vs. time are of interest in order to develop 
a better appreciation of dynamic response, simply the peak values of 
these curves are of major interest to a structural designer. Applying 
the usual calculus procedures to Eq. (3.16), maxima, minima, or saddle 
points of the DLF curve are found to occur at the following times: 


^ _ i:2irn 

0 CO 

where n = an integer, 1, 2, 3, ... . The maximum and minimum 
values of DLF are given by the following: 


i27r7i 
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(3.23) 




Fig. 3.5. Dynamic-load factors for sinusoidal loading. 


where the value of n which gives the maximum or minimum values has 
to be obtained by trial. Values of DLF^x obtained from Eq. (3.23) are 
plotted versus S)/co as shown by the dashed line in Fig. 3.6. 

It is interesting to compare the response of the undamped and damped 
systems under the sinusoidal loading. While the value of for a typical 
real structure is small, it still has an appreciable effect, which can be 
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studied by retaining only the significant parts of Eq. (3.20) when 13 is 
small, or 


sin Qt — — sin cot 

OJ 


(3.24) 


Except for the multiplier on the free* part of this expression, it is 
identical with Eq. (3.16). Because of this multiplier the free part 
gradually disappears with increasing time. 

In an actual structure, the free part of the response seldom persists for 
more than 10 or 16 times the natural period of the system. This means 
that in actual structures the peak values of the DLP shown in Fig. 3.5 
could be realized during the initial stages of the response; but after 10 
or 15 times the natural period, the peak values of the damped response 
are simply the peaks shown on the curve for the forced part. 

The first stage of the response before the free part is damped out is 
called the transient state; the subsequent stage after the free part has 
been damped out is called the steady state. More often than not, struc- 
tural engineers are interested in the peak values attained early in the 
transient state which are affected very little by damping. Of course, in 
cases where the design is controlled by fatigue conditions, the peak 
values in the steady state are of major interest. 

Often the response of the damped one-degree system is approximated 
by retaining only the forced part of Eq. (3.16) ; that is. 


sin 

1 - (^2/co)2 


(3.25) 


The maximum and minimum values of this expression are, obviously, 


Values of DLF^ax obtained from this last expression are shown by the 
solid-line curve in Fig. 3.6. 

It should be pointed out that the dashed-line curve in Fig. 3.6 is not 
completely correct. The values of plotted for rational values of 

0/co are correct. For irrational values of 0/co the value of n at which 
DLF is a maximum is laborious to find. The true DLF in such cases is 
not appreciably different from those indicated by this curve, and it is 
therefore adequate for practical purposes. Further, some of the maxi- 
mum values indicated by this curve can never be attained because the 
free part of the response has already been damped out in actual struc- 
tures. In such cases, however, the forced part is making the major 
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contribution to DLF, so that the values indicated by the curve are not 
much in error. 

The solid- and dashed-line curves in Fig. 3.6 indicate the well-known 
resonance phenomena when i2/co = 1. In the discussion so far, it has 
been implied that the solid curve gives a good approximation of DLFinax 
in the steady state of the response after the free part has been damped 
out. Actually, this is true for the usual damping found in structures, 
except in the vicinity of resonance where the proper inclusion of damping 
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3 


^2 


1 


0 

0 0.5 i.O 1,5 2.0 2.5 3.0 

^/co 

Fig. 3.6. Maximum dynamic-load factor for sinusoidal loading. 

into the solution would give values of DLF„iax of the order indicated by 
the dot-dash modification of the solid-line curve. 

3 , 7 . Dynamic-load Factor — Undamped One-degree System — Various 
Typical Impulsive Loadings. Instead of setting up the solution for the 
one-degree undamped system shown in Fig. 3.3 for a sinusoidal dynamic 
loading as was done in Sec. 3.4, the solution could be set up in terms of 
any given impulsive load P. This general loading could be expressed as 
follows : 

P = Pifit) (3.27) 

where Pi = maximum value attained by dynamic load. For convenience 
in the following derivation, let 

By proceeding as in Sec. 3.4, the differential equation may be written as 
follows: 

^ = qf{f) (b) 

If both sides of this equation are multiplied by sin at, and if w cos ut dx/dt 
is added and subtracted on the left-hand side, Eq. (&) becomes 
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^sin 0 ) 1 -^ + CO cos coi — ^ sin oit — oi cos o)t = qf(t) sin cot 

d { . dx\ . d / \ s . 

or ^ f sin 1 + ^ “ Q'/CO sin coi 

Integrate both sides with respect to t between limits of to and t: 

j^sin cof — — cos qf{t') sin coi' c?i' 

where f = any intermediate values of t between and L If the body is 
known to have a displacement xo and a velocity 3 Po at the starting time to^ 
then 


= Xq 


and 


So 


/dx\ 


(c) 


dx f ^ 

sin (ot~^ — Xo sin coto — xco cos cot + xqco cos coU = / qf{t') sin cot' di‘ 

In a similar manner, but by multiplying both sides of Eq. (5) by cos cot, 
and by then adding and subtracting co sin cot dx/dt on the left side, the 
following equation is obtained: 


dx . • 

cos ~ ^0 cos co^o + xco sin cot — rcoco sin coto 


Ju 


qf{f) coscof df (d) 


By multiplying Eq. (c) by cos cot and Eq. (d) by sin cot and then sub- 
tracting Eq. (c) from Eq. (d), the following equation is obtained: 


X = Xo cos co(t — io) + ~ sin (o(t — U) + 


- [ f(t') sin 0 ) 


{i ~ iO df 


(3.28) 

However, q/co^ == Pi/k = Xst = static deflection of spring produced by 
Pi if it were applied as a static load. 

Hence, Eq. (3.28) may be expressed as 


X = Xo cos co{t — to) sin co(t — to) + Xst 

CO 


CO f(t') sin (oit — f) dj{' j 
(3.29) 


From Eq. (3.29) it is apparent that the total dynamic displacement is 
simply the superposition of three separate contributions: 

1. The free vibration, xo cos (o(t — to), which would result if, at ;{ = to, 
the system were displaced Xq but had no initial velocity and subsequently 
were not acted upon by an impressed load P. Note that this contribution 
is identical with the free vibration given by Eq, (3.4) if to = 0 . 

2. The free vibration, (xq/co) sin co{t — U), which would result if, at 
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t = ^ 0 ; the system were subjected to an initial velocity cco but had no 
initial displacement and subsequently were not acted upon by an impressed 
load P. Note that this contribution is consistent with the free vibration 
given by Eq. (3.5). 

3. The dynamic response which would be produced by the dynamic 
load P applied to a system which had neither a displacement nor a velocity 
at time U, This contribution could be expressed as 

(DLF)aJsi 

where DLF = co N{t') sin co(i - f) dt' (3.30) 

In other words, Eq. (3.29) demonstrates that the dynamic response 
produced by a given dynamic load is independent of the initial motion of 
the system when the load is applied. The response produced simply by 
the given load can therefore be computed as if the system were initially 
at rest, and this response can then be superimposed on the free vibration 
caused simply by the initial displacement xq^ and on that caused simply 
by the initial velocity xo, to get the total dynamic displacement of a 
system which already has a displacement and velocity when subjected to 
this dynamic load. 

The free vibrations associated with the initial displacement Xq and 
the initial velocity xo are easily computed from Eqs. (3.4) and (3.5), 
respectively. It is now of interest, however, to study the dynamic 
response produced by some typical dynamic loading applied to a system 
which is initially at rest. If a;o = 0 and Xq = 0, the dynamic response 
produced by the loading Pijit) may be expressed as follows by applying 
Eq. (3.29): 

rc = x,t(DLF) (3.31) 

where DLF may be computed using Eq. (3.30). 

The results of applying Eq. (3.30) to four typical dynamic loadings are 
summarized below: 

a. Suddenly Applied Load 

0 < i p = Pi /(O = 1 ^ 

DLF = 1 — cos o)t DLF „„ = 2 ~l 



Fig. 3.7. Dynamic-load factor for suddenly applied load. 
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d. Triangular Pulse Load 



Fig. 3.10. Dynamic-load factor for triangular pulse load. 


The solutions for these four cases contain a great deal of interesting and 
significant information and should be studied carefully. Case a con- 
firms the well-known conclusion from elementary mechanics that a sud- 
denly applied load produces twice the response of static load of the same 
magnitude. Note that the free part (that is, the term cos cot) of the 
expression for DLF does not persist indefinitely in an actual structure 
when damping is present. In other words, if damping were considered, 
the amplitude of the oscillating curve for DLF would gradually decrease 
and the curve would become a substantially straight horizontal line at a 
value of DLF = 1, It would require 10 to 15 cycles (that is, 10 to 15 
times the natural period T) for this damping process to occur, however. 
If one were interested in the maximum response, damping has no practical 
effect since the maximum DLF of 2 is first obtained during the first cycle. 

Case b is also very interesting. If the rise time h is equal to or greater 
than the natural period, there is no appreciable dynamic effect (that is, 
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DLFmax is little greater than 1). On the other hand, if the rise time is 
less than one-quarter or so of the natural period, is substantially 

equal to 2 (in other words, in such cases, the maximum response is sub- 
stantially the same as if the load were truly suddenly applied). Here 
again, note that damping has little influence on the important effects 
involved. 

Case c is very important background to persons studying response to 
short violent explosive blasts or wind gusts. Note that, if the duration 
of a pulse is half the natural period or more, the maximum response of 
the system is the same as if the loadP were applied 
to the structure for an indefinite time. On the 
other hand, if the duration ti of the pulse is less 
than approximately O.lfiP, the ]}esponse is less 
than the effects produced by Pi applied as a static 
load. 

The reader should con;Lpare cases c and d care- 
fully and also develop and include in the compari- 
son the solution for a suddenly applied triangular 
pulse, this pulse being one where the load increases 
suddenly (in zero time) to its maximum value Pi 
and then decays linearly to zero in the time h. 

3.8. Response Produced by Support Vibrations 
of Undamped One-degree System. As back- 
ground for subsequent discussion of the effect of 
earthquakes on structures, it is of interest to con- 
sider the response of an undamped one-degree 
system caused by a vibratory motion of the 
supports. For purposes of this discussion, consider the system dis- 
cussed previously in Sec. 3.3 and shown in Fig. 3.11. 

Assume that the support undergoes a sinusoidal displacement 

Xs = ao sin (3.32) 

As a result the extension of the spring is x — and the condition for 
dynamic equilibrium of the isolated body is 

W 

[W + k(x - Xs)] - 0 

g 

leading to the following differential equation of motion: 

§ + = w=ao sin W (3.33) 


mmik 



^IV+Aix-Xs) 



Fig. 3.11. Effect of sup- 
port movement. 


The solution of this equation is 

Uoct)^ . ^ , 

X ^ Cl sin + C 2 cos o)t H — rr — sin ihi 

(X)- — Us 


(3.34) 
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Thus, 


01= - 


a: = ao- 


aowQa 
0)2 - “( 2 ? 
sin ^st 


and C 2 — 0 
(12s/co) sin o)t 


1 - (Qs/ojy- 


(3.35) 


The time factor in this equation is identical with the DLF for a sinusoidal 
load except that Qs has replaced 12. 

The dynamic spring force is Fd, likewise easily computed: 


Hence, 


Fd = h{x — .Ta) 

„ , (12s/co)^ sin — (&/^) 

td — Uq/C 


(3.36) 


There are certain features regarding this time factor which require 
further discussion, but this will be deferred until the next chapter, in 

connection with the effect of support 
motions of a multimass system. 

At this time there are certain con- 
clusions which should be noted re- 
garding Eqs. (3.35) and (3,36); 

1. When &/aj is equal to 1.0, res- 
onance occurs. 

2. When approaches zero 

(that is, when the spring stiffness 
approaches infinity), the displace- 
ment of the mass becomes identical 
with the displacement of the support 
and the stress in the spring ap- 
proaches XaW/g, 

3. When 9>g/oi approaches infinity (that is, when the spring stiffness 
approaches zero), the mass stands still and the stress in the spring 
approaches ka^. 

3.9. Computation of Response Using Step-by-step Procedures. In all 

the cases considered previously in this chapter, the system has deflected 
in a linearly elastic manner. Moreover, only the simplest types of load- 
ing have been considered. In such cases, the mathematical detail 
involved in the application of dynamic-response theory could be handled 
without difficulty. Many practical situations, however, involve inelastic 
behavior and very complicated loadings for which the detail of applying 
formal mathematical solutions becomes either impractical or, perhaps, 
impossible. Under these circumstances integration of the equations of 
motion can be performed by step-by-step numerical procedures which 
are designed to utilize modern computational techniques and machines. 







Fig. 3.12, Notation for step-by-step 
example. 
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Consider the undamped response of a one-degree system to a known 
dynamic load P. For purposes of this step-by-step solution, the spring 
force kx will be designated as R, as shown in Fig. 3.12. If, at any time toj 
the displacement were known, thereby defining the value of the spring 



Fig. 3.13. Step-by-step analysis of response of one-degree system to suddenly applied 
load. 


force J?o, the net accelerating force acting on the mass would be P — Ro, 
and the acceleration Xq at this instant would therefore be 


P - Po 
W/g 


(3.37) 


If the velocity io at time were also known and if, during the following 
short interval of time A^, the acceleration were assumed to remain constant 
at the value xo, the velocity xi at the end of this interval (that is, at time 
to -f- At) would be 


xi = xo + xo At 


(3.38) 
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In addition, the displacement a^i at the end of the interval would be 

(At)^ 

xi = + xq At + xq - ■ (3.39) 

Knowing the displacement Xi defines a new value for the spring force Ri 
and the accelerating force P — 72i at the end of this interval. The above 
process could then be repeated for the next short time interval At to 
predict the velocity and the displacement X 2 at the time to + 2 At. 
By this step-by-step numerical process the motion of the mass could be 
tracked indefinitely. 

Obviously, the accuracy of the above procedure depends on the length 
of the time interval A^. This and other methods of approximating the 
variation of the acceleration during the time interval At will be discussed 
in Chap. 8. However, it is of interest to apply this approach in a quali- 
tative way to get a better understanding of the manner in which a system 
responds to a dynamic loading. 

Consider the undamped response of the above system to a suddenly 
applied load such as was evaluated in Sec. 3.7a. The DLF for this case 
is shown in Fig. 3.7. Suppose that, at i = 0, the system has no displace- 
ment or velocity. Consider the response for a series of intervals At, 
which are short compared with the natural period of the system. Figure 
3.13 summarizes in a qualitative way step-by-step development of the 
response of the system. There being no displacement at i = 0, the 
spring force 22 is 0 and the accelerating force during the first interval is 
Pi. As the displacement increases, R gradually builds up and the acceler- 
ating force, and hence the acceleration, decreases. When R exceeds Pi, 
the system starts decelerating. Subsequently the velocity is reduced to 
zero when the displacement reaches its maximum value of 2Pi/k. 
Then the mass starts rebounding and eventually reaches zero velocity 
and minimum deflection at its original starting position, thereby com- 
pleting one complete cycle of this periodic response. Neglecting damping, 
the response continues indefinitely, repeating the first cycle in a periodic 
fashion with a period equal to the natural period of the system. 
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CHAPTER 4 


GENERAL THEORY FOR DYNAMIC RESPONSE 
OF CONCENTRATED-MASS SYSTEMS 


4.1. General. As mentioned previously in Chap. 3, the mass of an 
actual structure is continuously distributed over the spatial extent of 
the structure, and, as a result, actual structures have an infinite number 
of degrees of freedom as far as vibrations are concerned. Often, how- 
ever, the important features of the dynamic response of an actual struc- 
ture may be adequately approximated with far less tedious computations 
by idealizing the structure. In such an idealization, the mass of the 
structure is considered to be lumped or concentrated at a certain finite 
number of mass points and the resistance of the structure to deflection is 
then represented by members or elements which are considered to be 
weightless but to have structural strength and stiffness. Methods of 
idealizing actual structures will be discussed later in Chap. 7. 

These idealized structures are said to be concentrated-mass systems or 
structures. In Chap. 3, the dynamic response of idealized one-mass 
systems was discussed. Certain additional ideas and techniques must be 
developed, however, in order to compute the response of a concentrated- 
mass system with two or more degrees of freedom. The general theory 
for evaluating the dynamic response of concentrated-mass systems with 
multiple degrees of freedom will be developed herein. This method 
involves first determining the frequencies and shapes of the normal modes 
of vibration of the system. The dynamic response of the system to a 
given dynamic load is then evaluated by superimposing proper contribu- 
tions of the various normal modes of vibration. 

The scope of this development will be limited in the following respects : 

1. Only structures which deflect in a linearly elastic manner will be 
considered, that is, structures the deflection of which is directly propor- 
tional to the magnitude of the load causing the deformation. The 
method presented herein could be extended to approximate the response 
of structures which are strained through a linearly elastic region into the 
plastic region at certain points, but the application would be very 
laborious. Such extensions of this method will be discussed in Chap. 6. 

2. Further, it will be assumed that the structures considered herein are 
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stable under static loads, though they may be either statically determi- 
nate or indeterminate. (Such structures are referred to as systems with 
static coupling in dynamics literature.) These ideas could be extended 
to structures which are unstable (that is, incompletely restrained) under 
static loads (such structures sometimes are referred to as systems with 
dynamic coupling). This extension will not be considered herein. 

3. Damping will be neglected in this chapter. This is legitimate in 
many structural-dynamics problems where maximum effects occur early 
in the transient stage of response. In addition to steady-state-response 








Fig. 4.1. System having two degrees of freedom. 


problems, there are transient-response problems where damping is impor- 
tant; for example, see Ref. 1. 

4,2. Undamped Free Vibration of Two-degree Systems. In order to 
introduce some of the new ideas involved in evaluating the response of 
multi-degree-of-freedoms ystems, consider the undamped two-degree sys- 
tem shown in Fig. 4.1. 

As in Sec. 3.3 this is an idealized system with rigid masses and linearly 
elastic springs, where the masses are assumed to be constrained to move 
only in a vertical direction in the plane of the paper. 

Assume that the system is undergoing an undamped free vibration in 
which the dynamic displacements of the mass centers are defined by the 
coordinates xi and xi, these being measured from the static-equilibrium 
position of the system under the dead weights of the rigid bodies Wi 
and IF 2 . Both xi and Xi are to be considered plus when downward from 
this position. 

If in accordance with D^Alembert’s principle the inertia forces {Wi/g)xi 
and {Wi/g)xi are applied to the isolated bodies as shown, a condition 
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of dynamic equilibrium for each of the bodies, XV = 0, may be written as 
follows: 

For body 1, 

W, 

W2 + k2{x2 - Xi) -{-Wi- -^Xi-Wx-Wi- kiXi = 0 

or ^23^2 = 0 (4*1) 

For body 2, 

TF 2 X 2 ~ Tr2 ~ A;2 (x 2 — a:i) = 0 

g , 

,7 7 ^ 

or ^ ^ ^ 2^2 ^23?! — 0 (4.2) 


These two equations are the two differential equations of motion which 
must be satisfied by any free vibration of this undamped two-degree 
system. 

Suppose that our particular interest is in investigating whether or not 
a normal mode of vibration will satisfy these equations of motion. A 
normal mode of vibration, by definition, has three characteristics, 
namely, 

1. It is an undamped free vibration. 

2. It is periodic. 

3. It is a vibration in which all points of the system vibrate in phase 
with one another (that is, at any two instants, the displaced positions of 
the system are geometrically similar). 

Mathematically, a normal mode of vibration of this two-degree system 
would be represented as follows: 


xi = aiF{t) 
xs = a2F(t) 


Then, differentiating twice with respect to time, 

d^xi d^ 

IF - 

^ - n — F ( f '\ 


(4.3) 


(4.4) 


Substitution into Eqs. (4.1) and (4.2) from Eqs. (4.3) and (4.4) yields the 
following: 

^l^ai-^Fit) + {ki + k^aiF{t) — k2a2F(t) = 0 

— 'o2|^F(0 + k2a2F{t) - k2aiF{t) = 0 
g at 
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In both of these equations, the time function F(t) and its second derivative 
are separable, and therefore these equations may be rewritten as 

{d^/dt^)F(t) _ — (hi -b Jc^ai -b M 

"7X0 (Wi/g)ai 

(d^/dt^)F(t) _ —hiai + ^281 r'i 

F(t) ~ (W2/g)a^ ^ 

The left-hand sides of these equations are identical, and in order that the 
equations be satisfied for all values of t, the right-hand sides must be 
equal to the same constant, which will be denoted as — Thus, 

{dydf^)F(t) _ 

Fit) 

or §,F(t) = -<^W(t) 


and the solution of this simple differential equation may be written as 
F(t) == Cisin oit + C 2 cos cx)t (4,7) 


Thus, the time function F(t) is found to represent a periodic motion 
having a frequency of co/27r and a period of 27r/co. The constants Ci and 
Cz could be easily found if the initial conditions of the motion at ^ = 0 
were defined. For example, if at = 0, both Xi and X 2 were zero, then 
[F(t)]t^Q would be zero, and therefore C 2 would have to be zero. If, in 
addition, the initial velocities were known, Ci could be found to corre- 
spond. These details, however, are not necessary for the present discus- 
sion since our only interest is in showing that the motion is a periodic one. 

Returning to Eqs. (4.5) and (4.6), if — is substituted for the left- 
hand sides, the equations may be rewritten as follows: 




CLj -b k2CC2 = 0 


JC2(ll 



a2 = 0 


(4.8) 

(4.9) 


In order for these equations to yield solutions for ai and a 2 different 
from zero (though the absolute values of ai and a 2 would still be inde- 
terminate), the denominator determinant must be equal to zero: 


Wi 


ki — *2 *2 

W2 


0 )"’ ^2 

Q 
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When this determinant is expanded, the following quadratic equation in 
CO 2 is obtained: 

+ ( 4 . 10 , 

This is the so-called /regwe/ic?/ equation from which for a given system the 
values of the circular frequencies, coi and co 2 , can be determined. Note 
that there are two real roots of this equation, that is, two values of co^ (and 
therefore co) for which the frequency equation is satisfied. 

To simplify the remainder of the discussion of this solution, assume 
that ki = k 2 - k and that Wi = W 2 W; then Eq. (4.10) becomes 

+ ^ = 0 (4.11) 


The two roots of this equation are 


^ ^ kg S - 
W 2 
kgZ + Vs 
W 2 


C*)2^ 


( 4 . 12 ) 


Thus, there are two frequencies for periodic normal modes of vibration 
which would satisfy Eqs. (4.1) and (4.2), the differential equations of 
motion. Of these two frequencies, coi has the smaller value and repre- 
sents the frequency of the first (or so-called fundamental) normal mode 
of vibration, whereas 0 ^ 2 , the higher value, represents the frequency of the 
second normal mode of vibration. Note also that there are two sets of 
constants for Eq. (4.7): constants Cn and C 21 corresponding to coi for 
the first mode, and constants Cu and C 22 corresponding to 0)2 for the 
second mode. These constants may be determined from the four initial 
conditions in this problem, namely, the initial displacement and the 
initial velocity for each of the masses. 

To investigate the nature of the displacements associated with each of 
these modes of vibration, substitute in turn the values of coi and 0)2 into 
Eqs. (4.8) and (4.9). First substituting wi into either of these equations 
leads to the following relation: 


an 


2 

— a2i 

Vs + 1 


(4.13) 


where the second subscript 1 of the an and an designates that these are 
the values of ai and as associated with the first normal mode. Similarly, 
substitution of the value of C 02 leads to the following relation: 


2 

— 022 

V5 - 1 


an — — 


(4.14) 
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where the second subscript 2 designates the ai and values for the sec- 
ond normal mode. 

To summarize, it has been shown that there are two normal modes of 
vibration which satisfy the differential equations of motion, each of them 

being free, and periodic vibrations 
having in addition the property 
that the masses vibrate in phase. 
The properties of these two normal 
modes are summarized in Fig. 4.2. 

Note in each of these modes of 
vibration that the masses vibrate 
about their static-dead-load posi- 
tions (shown by the solid outline) 
between the dashed-line and the 
dot-dash-line positions. In the 
first mode, both masses go down 
(or up) at the same time; in the 
second mode, when one mass is 
going down, the other is going up, 
or vice versa. The value of an, 
etc., is equal to the half amplitude 
of the vibratory displacement of 
mass point 1 in the first normal 
mode of vibration, etc. 

Several important properties of normal modes of vibration are illus- 
trated by this solution and should be noted: 

1. The absolute amplitude of a mode is arbitrary; for example, a 2 i 

could be 1 in., 12 in., or any value, but an must then be 2/(\/5 + 1) in., 
24/( V5 + 1) in., or 2/(\/5 1) X a 2 i. Whatever the amplitude, the 

frequency of the vibration must be the same, which means that the 
velocities and accelerations involved will vary directly with the amplitude. 

2. Since the absolute values of the amplitudes are arbitrary, they could 
be selected to have any convenient value. Later, it will be shown con- 
venient for each mode to have the sum for all mass points of the product 
of each mass, and the square of the corresponding half amplitudes add up 
to unity. Thus, for the first mode, 

W 

(aii^ + CL21^) = 1 


[ 3+^51 

^2 “ [ 2 J 




s/5+) 


^12 = 


L. 


^/5-r 


Fig. 4.2. Normal modes of vibration. 
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When the amplitudes have been adjusted in such a manner, they are 
said to have been normalized. After normalization, the half amplitudes 
are referred to as the normalized half amplitudes and designated by the 
symbol A n, A 21 , etc. For the second mode, the following normalized half 
amplitudes are obtained: 


(ai2^ + ^22^) = 1 


2 1 (‘v/h — 1)^ „ g 

or = 


^12 ~ Ai<i = 


and 


= - 1) iv 

Vio - 2 


2 

Vio - 2 Vs 



3. Perhaps the most important mathematical property of the ampli- 
tudes of the normal modes is the following: Note that substitution of the 
numerical values demonstrates that 


W W 

aiiai2 h ci2ic^22 — ~ 0 

Q g 

and, of course, also that 

A11A12— + A21A22 — = 0 

g g 


This is called the orthogonality property of the amplitudes for any two 
normal modes of vibration and will be seen subsequently to be the key 
to the use of normal modes of vibration. 

The discussion of the free vibrations of this undamped system could be 
expanded in considerable detail; however, it is not necessary to do so for 
purposes of the present discussion. Whereas the above solution pertains 
to the normal-mode type of free vibration, it could be shown that any 
free vibration of this undamped system could be represented by the 
algebraic addition of the proper amounts of the two normal modes of 
vibration. 

4.3. Determination of Normal Modes of Vibration of Concentrated- 
mass Systems by Deflection Equations Involving Flexibility CoeflS.cients* 
In Sec. 4.2, an undamped two-degree system was used to introduce the 
concept of a normal mode of vibration and some of its important proper- 
ties. The method being developed in this chapter for evaluating dynamic 
response involves superposition of such normal modes of vibration of the 
system. It is therefore important to develop workable methods for 
determining shapes and frequencies of the normal modes of vibration. 
Two such methods will be discussed herein. In this article, a method 
using deflection equations expressed in terms of flexibility coefficients will 
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be developed. In Sec. 4.4, an alternative method using equations of motion 
expressed in terms of stiffness coefficients will be presented. 

Whereas the flexibility-coef&cient method has extensive application, 
the ideas will be developed using as the illustrative example a simple end- 
supported beam with the three concentrated masses as shown in Fig. 4.3. 
It should be emphasized, however, that this elementary example has been 
used simply to expedite the presentation and that, thereby, the gen- 
erality of the method has not been restricted. 

Suppose that the masses are constrained to move in the plane of the 
paper. Since the horizontal and rotational displacements of the masses 
are small, they will be neglected. Only the three vertical displacements 
of the masses are needed, therefore, to define the configuration of the 



Pig. 4.3. Concentrated-mass system. 


structure at any instant. The system therefore has only three degrees 
of freedom. 

Suppose the structure is vibrating in a normal mode of vibration. The 
dynamic vertical displacements of the mass points during this vibration 
are measured from the static-equilibrium position of the masses and are 
designated as Vu, and Vu for the mass points 1, 2, and 3, respectively. 
The vertical displacements v are to be considered plus when upward from 
the static-equilibrium position. 

In accordance with D^Alembert^s principle, the inertia forces shown 
in Fig. 4.3 are applied at the mass points. In this free vibration, the 
only forces causing dynamic displacements of the beam from the static- 
equilibrium position of the structure are the inertia forces. The dynamic 
displacements may therefore be expressed as follows: 
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(4.15) 

Vzt — 

— ^ vudzi — 

— vnds'i — 

Wz 

— ^ Vztdzz 



g 

9 
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where the d terms are called flexibility coefficients and are designated in 
accordance with the usual notation used in statically indeterminate struc- 
tural analysis, namely, 

dij = upward vertical displacement of mass points i per unit upward 
load at mass point j, with units of distance per unit force 

Assume that the initial conditions of this normal mode of vibration 
are that at ;( == 0, Vu — v^t = = 0. Then, as was found in Sec. 4.2, 

the displacements in this normal mode of vibration could be expressed as 

= ax sin oji 

= a 2 sin oit (4.16) 

Vzt = az sin coi 

where ai, a 2 , and az = half amplitude of vibration at mass points 1, 2, and 
3, respectively. Then the accelerations of the mass points are as follows : 

= — aio)^ sin coi 

V 2 t = sin ict (4.17) 

Vzt = —Usco® sin wt 

When the values from Eqs. (4.16) and (4.17) are substituted into Eqs, 
(4.15), sin o)t will be common to all terms and, not necessarily being equal 
to zero, may be canceled out. Then the resulting equations may be 
written as 

ax == W xdxiax + W ^dx^a^ + W zdxzaz 

(i2 = W xdixo^i 4“ W ^d^^a^ 4" 11 ^ 3 ^ 23^3 (4.18) 

co^ 

(X3 = W xdziax 4" W 2^320^2 4“ W zdzza>z 



(4.19) 
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These are three simultaneous equations from which the values of ai, a 2 , 
and az could be determined. If there is to be any vibration, however 
(that is, if ai, a 2 , and az are to have values different from zero), the 
denominator determinant of these equations must be equal to zero. 
Setting this determinant equal to zero would result in a frequency equa- 
tion [analogous to Eq. (4.10)] from which three roots of could be 
determined, thereby indicating that there are three different frequencies 
at which normal modes of vibration could occur and satisfy Eqs. (4.15). 
(Note that there are as many normal modes as there are degrees of 
freedom.) Then, by substituting each of these roots in turn back into 
Eqs. (4.19), the relative values of ai, a 2 , and az corresponding to each 
value of 0)2 could be determined. (Note that only the relative values 
can be determined; the absolute values are arbitrary, as was also found 
for the two-degree system in Sec. 4.2.) Thus, in this way, the fre- 
quency and shape of each of the three normal modes of vibration could 
be found. 

Note that, since in a normal mode of vibration the masses vibrate in 
phase with one another, the shape of the deflection curve of the structure 
at any instant is geometrically similar to the shape in the extreme dis- 
placed position, which is, of course, defined by the values of the half 
amplitudes ai, and az for that particular normal mode of vibration. 
The deflection curve of a normal mode in its extreme position as defined 
by the a values is usually referred to as the characteristic shape of that 
mode. 

The procedure just outlined, while straightforward, is laborious, and 
the computations may be greatly expedited by solving Eqs. (4.18) for the 
shapes and frequencies by a convergent iterative procedure known as 
Stodola^s procedure (see Refs. 1-3 in Chap. 3). This procedure will be 
explained and illustrated by a numerical example which is given in 
Sec. 4.6. 

The three values of co for which normal modes of vibration could occur 
are arranged in order of ascending frequencies and designated as wi, C 02 , 
and CO 8 , denoting the frequency of the first, second, and third normal 
modes of vibration, respectively. There is a separate set of values of 
ai, a 2 , and as corresponding to each of these normal modes. .These 
values of a are denoted by a double-subscript notation where the first sub- 
script denotes the mass point and the second subscript the mode. Thus, 

For first mode, frequency = cci, and shape is defined by an, a 2 i, and 
a 31. 

For second mode, frequency = C 02 , and shape is defined by an, a 22 , 
and a 32. 

For third mode, frequency = ws, and shape is defined by ai 3 , a 23 , and 
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4.4. Determination of Normal Modes of Vibration of Concentrated- 
mass Systems by Equations of Motion Involving StilSness Coefficients. 
The evaluation of flexibility coefficients is particularly easy for statically 
determinate structures, and the deflection-equation method described 
in Sec. 4.3 is therefore particularly useful for such structures. For 
many indeterminate structures, this procedure is not so straightforward, 
however. Consider the three-story planar rigid frame shown in Fig. 4.4. 
Assume that the members of the frame are weightless but that large 
concentrated masses are supported by the 

frame at the locations shown. Assume also f ^ 

that the vertical deflections and rotations 
of the masses are small and can be neg- 
lected. This frame is therefore a three- 
degree system involving only the horizontal 
displacements of the mass points. To 
evaluate dn, d 2 i, and dgi, for example, a 
stress analysis of the frame must be carried 
out for a unit horizontal load at mass point ThreeXy rigid fraZ. 

1 (using moment distribution, this involves 

three sidesway solutions), and then the horizontal deflections at mass 
points 1, 2, and 3 may be computed. 

For such an indeterminate structure, however, in order to determine 
the frequencies and shapes of the normal modes of vibration, it is much 
easier to set up equations of motion for each of the mass points [instead 




3 H — 


.. 




^1 




Fig. 4.5. Free-body sketches for setting up equations of motion. 


of the deflection equations (4.15)]. Each of these equations of motion is 
simply a statement that, in a free undamped vibration, each mass is in 
dynamic equilibrium horizontally under the action of its inertia force 
and the interacting spring force between it and the structure. Con- 
sidering the displacement u, and therefore the velocities and accelera- 
tions, plus when to the right and the interacting spring forces F plus 
when as shown in Fig. 4.5, the equations of motion may be written as 
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^ Uii -Fi = 0 
9 

^ uj, - 7^2 = 0 

9 

— ' u,, - Fa = 0 
9 


(4.20) 


The interacting spring forces F are uniquely determined by the deflected 
shape of the structure, that is, by Uu^ and uzt^ and could be expressed 
as follows: 

^1 = ^iiUu + kuU2t + kizUzt 

p2 = k2lUu “b k22U2t “f" k2dV'3t (4.21) 

Fz = kziUit + kz2U2t + kzzUzt 


where the coefficients k are called stiffness coefficients and, for example, 
kij is defined as the interacting spring force at mass point i per unit dis- 
placement {uj = 1) at mass point all other displacements being zero. 

If the structure is vibrating in a normal mode of vibration, the dis- 
placements and accelerations may be expressed in the same way as in 
Eqs. (4.16) and (4.17): 

Uit — ai sin cot Uu = — aico^ sin cot 

U 2 i = a 2 sin cot and Uzt ~ —a 20 )^ sin cot (4.22) 

Uzt = az sin cot ilzt = sin cot 

Then, by substituting in Eqs. (4.20) from Eqs. (4.21) and (4.22), the equa- 
tions of motion may be converted into the following form: 


Fi 

g 

g 


co^cXi — kiiOi 4“ ki2Ci2 4" kizdz 


0)^CL2 == k2l(li 4“ ^22^2 4~ k2zdz 


g 


co^as = kziCti 4“ kz2(i2 4” kzzdz 


(4.23) 


These equations are similar to Eqs. (4,18) and may be solved using 
Stodola^s procedure, as will be described in Sec. 4.6. The superiority of 
Eqs. (4.23) over (4.18) for indeterminate structures is due to the fact that, 
in many cases, the stiffness coefficients are more easily obtained than 
the flexibility coefficients. For example, considering this frame, the 
stiffness coefficients, as noted in Fig. 4.6, are simply the pulling and 
holding forces involved in the moment-distribution-sidesway solutions, 
where in each case unit displacements have been introduced as noted. 

4.6. Characteristic Loads and Important Properties of Shapes of 
Normal Modes of Vibration. In Secs. 4.3 and 4.4, methods have been 
discussed for computing the frequencies and characteristic shapes of the 
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normal modes of vibration of concentrated-mass systems. Suppose that 
the characteristic shapes of the modes of a system, such as the beam shown 
in Fig. 4.3, have been computed by one of these methods. Then suppose 
that static loads were applied at mass points 1, 2, and 3, the load at any 
particular mass point i being proportional to the product of the mass 



Pig. 4.6. Stiffness coefficients for rigid franae. 


Wi/g and the half amplitude of the characteristic shape of mth nor- 
mal mode at that point. Such a static loading will be called the char- 
acteristic loading* for the mth mode of vibration, and the value of the 
characteristic load* at mass point i for mode m will be designated by 
Specifically, the characteristic loads for the mth mode will be designated 
for mass points 1, 2, and 3 by 

— ^3m (4.24) 

or, in general, for a mass point as 

4m = ^rr? ^ Clim (4.24a) 

The characteristic loading applied as static loads will produce the fol- 
lowing static deflections at mass points 1, 2, and 3: 

Vl = Amdii -T 4mdl2 H“ izmdiz 


and similarly for and v^, or 
2 

Vl = {Wldi\OLvm 4 “ W 4 ” W zdizdzrr^ = dim 

^2 = {W ld%ldim 4“ TF2d22a2m 4” W zd^zdzm) === d^m (4.25) 

9 

2 

2^3 = (Wldsidim 4“ TF2d32a2m 4~ W zdz'Sdzm) = 


* It is important in this chapter to distinguish between the terms loading and load. 
As used herein (for example, see Fig. 4.9), the group of loads £ii, £21, and <£31 are 
referred to as being 'The normalized characteristic loading for the first normal mode 
of the structure,” whereas any one of these loads, such as £ 21 , is referred to as the 
normalized characteristic load at mass point 2 for the first normal mode. 



KESPONSE OF STRUCTUEAE SYSTEMS 


86 


[Chap. 4 


if substitution for the expression in brackets is made using Eqs. (4.18). 
By virtue of Eqs. (4.25) the following statement may be made: 

The characteristic loading for the mih. mode, when applied stat- 
ically, deflects the structure into a curve which has the character- 
istic shape of the mth normal mode of vibration for the structure. 

The characteristic shapes of the normal modes of vibration have sev- 
eral important properties, which may be demonstrated by the following 
consideration. First, suppose that the characteristic loading corre- 
sponding to the nth mode is acting on the structure and then the struc- 
ture is subjected to a virtual displacement corresponding to the mth 
mode. Secondly, suppose that the characteristic loading corresponding 
to the mth mode is acting on the structure and then it is subjected to a 
virtual displacement corresponding to the nth mode. By Betties law, 
the virtual work done in the first instance is equal to the virtual work 
done in the second instance. Thus, if there are r masses, 


t = r 






but 

Therefore 

or 


W- W' 

tin = — ain and Am = — airr. 


1=1 




^ CO, ^ ^ y 

i = r 


9 


Wi 


™ 0 


f -1 


(4.26) 


Thus, it may be concluded that, in order for Eq. (4.26) to be satisfied. 
If n m, — oj 0 


Hence 


x = r 



Wi 


dimClii 


(4.27) 


This is called the orthogonality condition. 
lin = m, u>J - = 0 


Hence 



any arbitrary constant 


(4.28) 


When the absolute values of at^ are selected so that the sum in Eq. (4.28) 
is equal to unity, the characteristic shape of the ??ith normal mode is said 



BESPONSE OP CONCENTRATED-MASS SYSTEMS 


87 


Sec. 4.6] 


to have been normalized, and Eq. (4.28) is said to be the normalizing 
condition. After normalization, let the normalized characteristic shapes 
be designated by thus, 


i=zr 





if m = n 
iim 7 ^ n 


Note, of course, that 


Ulm 





3m 

^^3m 


dim 


(4.28a) 


The normalized characteristic loads corresponding to the normalized 
characteristic shapes will be designated by thus, 


= COm^ — ' Aim (4.29) 

designating the characteristic load at the ^’th mass corresponding to the 
mth mode. 

4.6. Stodola’s Procedure for Solving Equations Defining Normal 
Modes of Vibration. It was noted in Secs. 4.3 and 4,4 that Stodola^s 


w w zw 
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Fig. 4.7. Flexibility 

coefficient for three-mass beam. 


procedure was the most expeditious way of computing the frequencies 
and characteristic shapes of the normal modes of vibration from Eqs, 
(4.18) or Eqs. (4.23). This method is a convergent iterative procedure 
which is straightforward to apply and most easily described by an illus- 
trative example. 

Consider the three-mass system shown in Fig. 4.7. In order to apply 
Eqs, (4.18) (the deflection equations), the flexibility coefficients must be 
computed. These computations are not shown in detail but may be 
done easily using the moment-areas theorems to obtain the values noted 
in the figure. Substitution of these values into Eqs. (4.18) results in the 
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following equations, valid for any mode m, where = EIglo)rr?W : 

~ 162(iim “f“ 198a2ni ~t“ 252azm 
— 198aiw -f- 288a2m “t“ 396^3^ (^) 

“ 126aiwi -f' 198a2m "f* 324a3wi 

First Mode. In the first trial, assume an = 0.8, a 2 i == 1.1, asi = 1.0; 
then insert these values into the right side of Eqs. (a), and compute the 
resulting improved values of the a's: 

Xian = 129.6 + 217.8 + 252 = 599.4 
Xiasi = 158.4 + 316.8 + 396 = 871.2 
Xiasi == 100.8 + 217.8 + 324 = 642.6 let a^i = 1.0 
A Xi = 642.6 an = 0.93 aai = 1.36 

In the second trial, assume an = 0.95, a 2 i == 1.37, an = 1.0. With 
these new approximations of the a^s, the right sides of Eqs. (a) now 
become 

Xian - 154.4 + 271.26 + 252 = 677.26 
Xiasi = 188.1 + 394.56 + 396 - 978.66 
Xiasi = 119.7 + 271.26 + 324 = 714.96 let a 3 i = 1.0 
Xi = 714.96 an == 0.948 a2i = 1.367 

This process could be carried on to any desired degree of precision between 
the assumed and computed values of a. If a certain degree of precision 
is required for the higher modes, the calculations for the lower modes 
must be carried to a greater precision since some precision is lost as each 
mode is computed. For this example, however, the above agreement in 
the second trial will be considered adequate, and therefore we have the 
following: 

First Mode 

an = 0.948 

a„ = 1.367 and 

asi = 1.0 

Second Mode. Having determined the first mode, an orthogonality 
condition may be written which is valid for the first mode and any of the 
higher modes. Thus, applying Eq. (4.27), the first orthogonality con- 
dition becomes, for any mode m for m = 2, 3, 4, . . . , 

0.948aim + 1.367a2m + 2a3,» = 0 (5) 

Thus for m = we may write 

0-32 — 0.474ai2 — 0.6835a22 
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Using this relation, we may eliminate az 2 from the first two of Eqs. (a) 
and obtain the two following equations involving only an a^nd a 22 * 

X2ai2 = 42.552ai2 + 25.758a22 , x 

^2(^22 — 10 . 296 ( Xi 2 17 . 334^22 

These equations as written apply to the second mode, but they are like- 
wise valid for the third mode. They may be iterated by Stodola's pro- 
cedure to obtain the second mode in the same manner as was done above 
for the first mode. 

In the first trial, assume ai 2 ^ 1.0, ^22 = 0.2: 

X 2 ai 2 = 42.552 + 5.152 = 47.704 let ai 2 = 1.0 .% X 2 - 47.704 

5C2a22 = 10.296 + 3.467 = 13.763 a22 = 0.29 

In the second trial, assume au — 1.0, a 22 = 0.3: 

5C2ai2 = 42.552 + 7.727 = 50.279 let ai 2 = 1.0 /. OCa = 50.279 

0C2a22 = 10.296 + 5.200 = 15.496 a22 = 0.308 

In the third trial, assume an = 1.0, a 22 = 0.309: 

OCsais = 42.552 + 7.959 = 50.511 let ai 2 = 1.0 a OCa = 50.511 

aC2a22 = 10.296 + 5.356 - 15.652 a22 = 0.310 

Then az 2 = -(0.474) (1.0) - (0.6835) (0.310) == -0.686 

using the first orthogonality condition. Therefore, scaling these results 
up so that a 32 == —1.0, we may write as follows: 

Second Mode 

ai2 — '“1-1*458 
(J 22 = -|-0.452 
a32 = —1.0 

Third Mode, Now having determined the second mode, the second 
orthogonality condition becomes, for any mode m for m = 3, . . . , r 
(in this case, of course, r — 3, so this second condition is valid simply for 
the third, that is, the last, mode), 

1.458ai^ -f 0.452a2m - 2a3m = 0 (d) 

or since m = 3, 

ttss = 0.729 <Xi3 H" 0.226(X23 

But the first orthogonality condition is also valid for m = 3; 



(X33 — — 0.474<xi3 0.6835^23 
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Equating these two expressions for azz yields 

0.729ai3 + 0.226a23 = — 0.474ai3 — 0.6835a28 

1. 203018 == - 0.9095023 

Thus, if a 23 = 1.0 ttis = -0.756 

and ass = (0.729) (-0.756) + (0.226)(1.0) = -0.325 


Thus, scaling up the results, we have 


Third Mode 

dxz — —2.326 

, o Elg 
d 2 z — “{“3.077 and ws g 

ass — —1*0 

Since 

{fCsais == 42.552ai3 -f- 25.768a2s 

(JCs(- 2.326) - (42.552)(-2.326) + (25.758) (3.077) 3Cs = 8.477 

The above calculations illustrate the application of Stodola^s procedure 
to the computation of the normal modes of vibration using the deflection 



Fig. 4.8. Stiffness coefficients for the three-mass beam. 


equations expressed in terms of flexibility coefficients. In a similar 
manner, the frequencies and characteristic shapes of the normal modes 
of vibration could be computed from the equations of motion (4.23), 
expressed in terms of stiffness coefficients. For the structure under 
consideration, the stiffness coefficients could be computed by the moment- 
distribution method and the results noted in Fig. 4.8 obtained. In 
applying Eqs. (4.23) to this structure, assume that the fc^s are plus when 
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the interacting spring force acting on the beam is up. Thus the equa- 
tions of motion become, letting == (504W/BIff)co^^, 


— 23(lim. — 22(Z2m "h* 

^mO>2m 22(li^ 32ci2m 22ct^m 

2^tn^Z7n *“ 22ct2jw "h 2Sq>^^ 


Stodola’s procedure could now be applied to find the a’s and co for each of 
the modes. In this alternative solution, however, the iteration converges 
on the solution of the third, or highest, mode. After finding this mode, 
an orthogonality equation may be written and used to reduce the set of 
equations by one. Iteration of the reduced group of equations converges 
on the next lowest mode, etc. Thus the first, or fundamental, mode is 
the last one to be computed. 

Most of the points involved in applying Stodola’s procedure have been 
illustrated by the above example, but certain features of these calculations 
should be emphasized: 

1. Stodola^s procedure is applicable either to the deflection equations 
(4.18) or* to the equations of motion (4.23). However, in the first case 
the iterative procedure converges on the lowest mode involved in the 
equations, and in the second case on the highest mode [3], 

2. In the successive trials, the a values found in the previous trial may 
be assumed directly for the next trial; or, if better adjusted values can be 
anticipated, they may be used instead. Also, if an error is made in a 
given trial, this will not affect the final result (unless the error is in the 
last trial), but will affect only the rate of convergence. 

3. After a mode has been found, an orthogonality equation may be 
written and used to reduce the number of working equations by one. 
This means that each mode is easier to compute than the previous one. 
The last mode to be computed can always be computed directly without 
iteration. 

After the normal modes have been computed, the characteristic shapes 
can be normalized in accordance with Eq. (4.28a). In the case of the 
above illustrative example, the following values are obtained for the 
normalized characteristic shapes: 


First Mode 


— [(0.948)2 4. (1.367)2 4 . 2(1.0)2]Asi" -1 
Q 



0.457 

0.625 ^ 
0.433 ^ 
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Second Mode 

y 1(1.458)2 + (0.452)2 + 2(-1.0)2]A322 = 1 
Third Mode 

y [(-2.326)2 + (3.077)2 _j. 2(-1.0)2]4332 = 1 


An = -0.481 

I 

An = +0.217 
An = +0.701 





The normalized characteristic loads computed using Eq. (4.29) are as 
follows: 


First Mode 


£31 


0.00128EJ 



Second Mode 


Third Mode 


£21 = 0.000874E/ 



£11 = 0.000606E7 



£32 


-0.0191E/ 



£22 = +0.0043E/ 



£12 = +0.0139EI 



£33 = 


-0.0673EJ 



£23 = +0.0884E7 



£is 


-0.0668E7 



4.7. Use of Normalized Characteristic Loadings to Evaluate Effects 
Produced, by Static Loading. Prior to developing the theory whereby 
characteristic loading can be used to evaluate dynamic response, it is of 


1 I ^1=^ I 1 I ^1' 
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interest to show how they can be used to evaluate the effects produced by 
static loads. Very rarely would it be desirable to evaluate static effects 
in this manner, since there are much easier ways of doing static-stress 
analysis. The technique of using characteristic loadings for the static 
problem is directly applicable to the dynamic case, however, and a useful 
preliminary step to the subsequent discussion. 

Once the characteristic loadings have been computed, it is easy to use 
them to evaluate the effects produced by a given static load applied to the 
mass points of the system. Using the previous illustrative example, 


^11 *^21 ‘^31 



Fig. 4.9. Static-mode loads. 


suppose the structure shown in Fig. 4.7 is subjected to the static loads 
Pi, P2, and Pz that are shown in Fig. 4 . 9 . By taking a certain factor 
times the characteristic loading for the first mode, a factor times that 
for the second mode, and a factor pz times that for the third mode, the 
contributions may be superimposed (that is, added algebraically) so that 
the sum total is equivalent to the given loading. 

The factors ^1, ^2, and pz are called the participation factors for the 
first, second, and third modes, respectively. Once these factors have 
been found, the deflection of the structure produced by the static loads 
Pi, P2, and Pz may be obtained by superimposing the contributions from 
each of the three modes, namely, pi times the deflection produced by the 
characteristic loading for the first mode, plus p2 times that for the second 
mode, and plus pz times that for the third mode. Of course, not only 
deflection, but any effect such as bending moment, shear, etc., could be 
computed in this manner. 

If it is noted that Pi, the given static load at mass point f, is equal to the 
sum for all the modes of the portions of the characteristic loads at this 
point, or that 

m~r 

Pi ~ 

Jil 


(4.30) 
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the following simultaneous equations could be written and solved for the 
participation factors i/'i, ^ 2 , and ^ 3 : 


Pi = + ^ 2<^12 + ^ 3=^13 

P 2 = ^1'£21 + + ^3i^23 (4.31) 

Pz == + ^2^32 + 4^d<^ZZ 


This approach would be laborious for a system having a large degree of 
freedom, and it would be much easier to proceed in an alternative manner. 

Suppose that we wish to find the participation factor for the &th 
mode. Apply the given loads Pi, P 2 , and P 3 to the structure and then 
subject the structure to a virtual displacement corresponding to the 
normalized characteristic shape of &th mode. The virtual work 
done by the loads Pi, P 2 , and P 3 will then be 

i = r 

Wj = PiAji + ■P2-4sa, + P 3 A 34 = ^ PiAib (4.32) 


However, Ws could also be expressed by substituting in Eq. (4.32) from 
Eq. (4.30): 

in = r tn — r m»=r 

“Wj = j4i2> ^ ^m^lm "t" -A. 2b ^ ”1“ -^Zb ^ 

7»«=1 m=l 

However, substituting for £>im from Eq. (4.29), 

• m — r 

m= 1 




The term in parentheses [see Eqs. (4.28a)] is equal to zero except when 
m = 6, in which case it is equal to 1; thus the sum on the right-hand 
side is reduced to one term: 

Wfe - (4.33) 


Now, equating the right-hand sides of Eqs. (4.32) and (4.33), 




isar 



%b 


C06 


2 


However, what has been proved for mode 6 could be proved for any mode 
m. Thus the general formula for the participation factor yj/^ for the mth 
mode is 


i*=r 



(4.34) 
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which is very easily evaluated for a given loading once the shapes and 
frequencies of the normal modes of vibration of the system have been 
computed. 

The loading at the various mass points i represents the portion 
of the characteristic loading for mode m which must be combined with 
similar portions for all the modes to build up the given static loading. 
The loading is called the static-mode loading for mode m and, at the 
various mass points i, is designated by the symbol <Pi^. Thus 

^im ~ (4.36) 

Note that the static-mode loading for the mth mode produces deflections 
at the mass points equal to yf/mAinn since the normalized characteristic 
loading produces the deflections Aim. Thus, to summarize, the given 
load at mass point i, Pi, and the deflections that the given static loads 
produce at mass point Vij may be expressed as 



m = r 

Pi ^ ^ ^ 

w = l m=*l 

(4.36) 

and 

Vi = ^ xl/mAim 
m*=l 

(4.37) 


In the same way, bending moments, etc., produced by the static-mode 
loading could be superimposed to build up the total effect produced by 
the given static loading acting on the structure. 

To illustrate the computation of the participation factors and the 
static-mode loading, suppose the structure in Fig. 4.7 were acted upon 
by a downward static load of 10 kips at mass point 2. Thus, 

p, = 0 P2 = -10 P3 = 0 

Now the participation factors and static-mode loading for each of the 
three normal modes may be computed by using Eqs. (4.34) and (4.35), 
as shown in Fig. 4.10. The superposition of these three static-mode 
loadings is shown in Fig. 4.11, which obviously is equivalent to the 
given loading. 

4.8. Use of Normalized Characteristic Loadings to Evaluate Dynamic 
Response Produced by Dynamic Loading. The extension of the theory 
to evaluate dynamic response is straightforward now that the application 
of characteristic loading to the static-loading case has been discussed. 
Obviously, in addition to the ideas and concepts discussed in Sec. 4.7, 
the dynamic case must involve certain factors which bring the time 
variation of the dynamic loading into the solution. The following 
development will demonstrate, however, that the dynamic response of a 
concentrated-mass system or structure to a given dynamic loading may 
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be evaluated by superimposing tbe separate dynamic contributions of the 
characteristic loading corresponding to each of the normal modes of 
vibration of the system. It will be shown that this solution satisfies 

1 St Mode: 

(-10)(0.6E5vJ) 

Elg 

7l4.96(f 
-4469 



2nd Mode: 


^2 = 


H0)(a217^) 

'Sg 

50.5\W 


“1096 


• • ~ ^iZ 

2.09 



t.52 0.47 



the deflection equations which pertain and the initial conditions of the 
motion of the structure. The deflection equations involve the dynamic 
loading, the flexibility and mass characteristics of the structure, and 

the boundary conditions of the struc- 
ture. Such a solution would there- 
fore satisfy all the theoretical re- 
quirements of the dynamic-response 

Fig. 4.11. Superposition of static-mode P^^blem. ^ 

loads for three-mass beam. the following development, no 

consideration will be given to impac- 
tive loads; that is, only impulsive loadings will be considered (see Sec. 
3.2 for definitions of these loadings). Further, it will be assumed that the 
dynamic loading at all points of application varies with time in the same 
manner. In other words, if the dynamic loading involves a distributed 
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load or more than one concentrated load, it will be assumed that all the 
loading varies with time in exactly the same way. If this is not true, 
the response may still be computed by an extension of this approach, 
but the computations become very tedious. This extension will be 
discussed briefly in Chap. 6. 

Assume that the frequencies and characteristic shapes of the r nor- 
mal modes of vibration of a given concentrated-mass structure have 
already been computed (for convenience, think of this structure as being 
the beam shown in Fig. 4.3). Assume, further, that the normalized 
characteristic loading associated with each of these modes has been 
computed, and that the deflection, bending moment, shear, and other 
effects of interest produced by this loading have been computed and 
tabulated for various locations of interest on the structure. 

Now suppose that this structure is subjected to a given dynamic load- 
ing which may consist of concentrated dynamic loads varying with time 
in some manner and applied at any or all mass points of the structure; 
however, as noted above, it will be assumed that all these loads are in 
phase with one another, that is, vary with time in the same manner. 
The dynamic load at any mass point i will be called Pu and may be 
represented mathematically as 

Pit == PiKt) (4.38) 

where Pi = maximum instantaneous value attained by dynamic load Pu 
f(t) = time variation of load 

(Refer to Sec. 3.7 for a similar notation for a one-degree system.) How- 
ever, as discussed in Sec. 4.7, the maximum value Pi could be built up 
or replaced by adding up the proper static-mode loadings (Pim as is 
expressed by Eq. (4.36). If this is done, Eq, (4.38) becomes 


m — r 



m = T 


(4.39) 


The static deflection produced by the static-mode loading for any 
mode m will be \pmAim at any mass point i. Let us see if we can represent 
the dynamic deflection vu at any mass point i caused simply by the given 
dynamic loading as being the superposition of the static-mode-loading 
deflections, each multiplied by a certain time function In other 

words, let us see whether or not the dynamic deflection vu of any mass 
point i may be represented or evaluated by the following equation: 


Vit 






(4,40) 


Note that Vu represents the dynamic deflection which would be produced 
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by the loading Pa if it were applied to the structure when it was at rest 
(that is, when it had neither initial deflection nor velocity). Of course, 
the structure may already be in motion at time U when the above dynamic 
loading is applied. It will be shown subsequently, in Sec. 4.9, that the 
dynamic deflection z;,/ at any mass point i produced simply by the initial 
motion of the structure may be represented by another superposition of 
the r normalized characteristic shapes, multiplied in this case by a dif- 
ferent time function^ as follows: 

m = r 

2 S)J(t)Ai^ (4.41) 

m=l 

This new time function will be called the time factor and will be selected 
so as to satisfy the initial conditions at time to regarding the known initial 
displacements and velocities of the r masses. 

The total dynamic deflection Vit^ at any mass point i will be the alge- 
braic sum of the deflection Vi/ caused by the initial motion and the 
additional deflection Vu caused by the dynamic loading Pu^ or 

Vit'^ = Vit^ + % 
m— r 

Hence, == ^ ^nf{f)A.irn “h ^ (4.42) 

m=l m=l 

If it is possible to complete this derivation using this expression, it will 
have been demonstrated that the deflection Vu produced by the dynamic 
loading is independent of the initial motion. If this is true, it will be 
possible to compute Va and Vif separately and simply add them alge- 
braically to obtain In Chap. 3, it has already been shown that 

such a procedure is permissible for a one-degree system. 

To continue the derivation and show that this approach is permissible, 
we must next write the equations governing the dynamic deflections of 
the various mass points i [similar to Eqs. (4.15)]. Continue the use of 
the previous illustrative example. Suppose that the dynamic loads Puj 
P 2 t, and Pzt of the type represented by Eq. (4.38) act at the mass points 
1, 2, and 3, respectively, as shown in Fig. 4.12. Then, by applying 
D'Alembert's principle, the dynamic deflection of the structure from its 

* In some cases, it is desirable to combine the two series in Eq. (4.42) and compute 
from the following equation: 


(4.42a) 
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Fig. 4.12. Dynamic loading of three-mass beams. 


static-dead-load position may be considered to be caused by the com- 
bined action of the three dynamic loads and the three inertia forces 
shown in Fig. 4.12. Assuming that the dynamic loads and dynamic 
deflections (and, of course, the velocities and accelerations) are plus 
when up, we may write, in the same manner as Eqs. (4.15), 



(4.43) 

In these equations, substitute for Pi^, etc., from Eq. (4.39) and for 
etc., from Eq. (4.42) ; transpose and regroup terms to obtain the following : 


m.==r 


+ -^Swt(0’AwA2mj ^12 + |^/(^) 3wi 

— ^ A2rndl2 H ^ A-lrrAlZ 


dl3 
= 0 
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m — r 

w= 1 

" f “ 1^/(0 ^ C?22 4 " ~ <^23 


— T-^ j4imrf21 H -ii2md22 H -^3tn^^23 {t) S)m^(0^2m| — 0 

L ^ J ) 

? n = r 

I |^/(^)T/'m'£lTO 3)m(if)^m-^lw j | <^31 3)m(^)^w-^3m 

m= 1 

4” j^/(f)T^7nij2r» ~~^ ^jn(0^‘W'^2»i ^ C?32 4~ ^m(j'^4^m-^Zm ^33 

— Aimdzi 4 ^ A27ndz2 4 AzrndzZ £)m^ {() — 33^^ (if) A | “ 0 

16 ^ ^ ^ J ) 


Into these equations substitute JSi^ = oimKWi/g)Aimj etc., and then note 
that Eqs. (4.18) are likewise valid for the normalized characteristic 
shapes A Im) A2?nj and Asm; so 

Aim = Ti^idiiAiw 4” W ^di^A^m 4" WzduAzm 
etc., for A^mQl^m and Azmgl^m^ In this way, we obtain 


ji^ifmAim — f ” 2D,n(0^«iAi^ 

COm 


- Sj ( 0 ^- SDJOMi ^ l ) = 0 

J j 


/( 0 \^ wA 2 m ^ — ^ m { t )^ mA 2 m 


+ =0 


m^r 

zi [ 


f ( f )4 'inAzm ^ in ( f)'^m 


^ m ( t)^mAzm 


+ ~ - ^ J ( t)Azm = 0 


Multiply the first of Eqs. (4.45) by AihWi/g^ the second by A 261^2/5', 
and the third by AzbWz/g (where Aiz,, A 26, and A 36 correspond to one 
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particular mode 6) ; then add the resulting equations and thereby obtain 

'I'i \m - - a(ol - [ + a^w] = 0 

Cx3b J [_ 0)b 

in view of Eqs. (4.28a), which define the orthogonality and normalized 
properties of the normal modes of vibration. However, what has been 
proved for mode b could be proved for any mode m. In Sec. 4.9, it will 
be demonstrated that 

2 H" = 0 

COm 

Therefore, for any mode m, 

(4.46) 

Equation (4.46) is called the reduced equation of motion^ and the solution 
of this equation establishes the value of which satisfies Eqs. (4.43). 
This value of 3Dm(0 may be inserted in Eq. (4.40) to compute the dynamic 
deflection Vu^ which is produced simply by the dynamic loading Pu, 

It is now apparent that the theory being developed to evaluate dynamic 
response due to a given dynamic loading such as represented by Eq. (4.38) 
is very similar to the method developed in Sec. 4.7 to handle static loads. 
In the dynamic problem, however, the maximum values of the dynamic 
loading are first applied as static loads, and the participation factors 
\l/m are computed, thereby defining the static-mode loads. To evaluate 
the modal contributions to the dynamic response at any time t, however, 
the effects produced by the static-mode loads must be multiplied by the 
factor 3)m(^). This factor is called the dynamic-load factor and, in 
Sec. 4.10, will be seen to be identical with the dynamic-load factor 
(DLF) discussed previously in Sec. 3.7 for the simple one-degree system. 
In the multidegree system, however, there is a dynamic-load factor 
aD,n(0 associated with each mode m. This varies with time, depending 
on the frequency of the mode, co„,, and the time variation of the load,/(^). 
The details of the solution of the reduced equation of motion and the 
development of a working formula to evaluate the dynamic-load factor 
will be discussed in Sec. 4.10. 

4.9. Use of Normalized Characteristic Shapes to Evaluate Response 
Associated with Initial Motion of System. Because of previous loadings, 
suppose that, at the starting time the initial motion is known and 
defined by the initial displacement and the initial velocity ^4 
mass point i. Simply as a result of this initial motion, the system will 
subsequently undergo an undamped free vibration denoted for each 
mass point i as We shall now investigate whether this vibration can 
be represented by Eq. (4.41). 
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In the absence of any impressed dynamic loading and if damping is 
neglected, the deflections of the structure will be caused only by the 
inertia forces associated with this undamped free vibration. If we con- 
tinue the use of the three-mass beam as an illustration, Pu, Pu, and Pzt 
should be deleted from Fig. 4.12 in order to represent this present situa- 
tion. The deflection equations similar to Eqs. (4.43) now become, 
where af, is defined by Eq. (4.41), 


= 

Wa/ = 
fa/ = 


g g 


g 

g 


- dnVi/ 


Wz 


g 

Wz 


g g 

dziVu^ — ^ dzzVn^ — ^ 


^232^ 3/ 


(4.47) 


By manipulating these equations in the same way as Eqs. (4.43) were 
manipulated to obtain Eq. (4.46), we obtain 

&J{i) + = 0 (4.48) 


The solution of this equation may be written as 

^J(t) = ^J{U) cos - tz) + sin a)„(t - <o) (4.49) 


in which the arbitrary coefficients of these two terms are easily shown to 
bo the initial values of the time factor 3Dwi^(io) and of its first derivative 
These initial values are dependent on the initial positions and 
velocities of the mass points of the system, respectively. 

Fortunately, and sbm^(io) are easily obtained from formulas 

which may be developed by the same technique that has been used 
several times previously. Suppose that at t = U, the displacement of all 
mass points . . . , vl^) and the velocities . . . , 

are known. Then using Eq. (4.41), for the structure in Fig. 4.12, 

3Dl-^(io)^ll + ^2^(to)Ai2 + 3D3^(^o)^13 

~ 3)i^(/o)^21 + ^2^{tQ)A22 + 3D (if o)^! 23 (4.60) 

^Ito ~ ^l^(to)Azi + 3^2^(^o)-432 + 'Dz^(to)Azz 

Suppose that the first of these equations is multiplied by AnWi/g, the 
second by A21W 2/ and the third by Az{Wz/g and that the resulting 
equations are then added. In view of Eqs. (4.28a), this procedure 
would lead to the following result: 
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However, this same procedure could be applied to a structure with r mass 
points, and the same manipulation accomplished for the quantities per- 
taining to any mode m. Therefore, by analogy, 

i — r 

3^7n^(io) — ^ ^ (4.51) 

In exactly the same manner, a similar equation could be written for 
SDw^(^o), of course starting the development with equations obtained by 
differentiating both sides of Eq. (4.41) with respect to time rather than 
starting it with Eq. (4.41) proper. 

i=r 

(4.52) 

1=1 

Thus, for any given structure in a known position and with known 
velocities at t = io, the initial values SDm^(^o) and could be evalu- 

ated from Eqs. (4.51) and (4.52), and then the time factor SDm^(i) could 
be computed from Eq. (4.49). This time factor can then be inserted in 
Eq. (4.41) to evaluate the response associated with the known initial 
motion of the system. 

4 . 10 . Solution of Reduced Equation of Motion. The solution of 

Eq. (4.46), the reduced equation of motion, may be obtained in exactly 
the same manner as the solution of Eq. (3.28) in Sec. 3.7. In this case, 
however, Vu represents the dynamic displacement produced by the given 
dynamic loading applied to a system which is initially at rest. There- 
fore, at every mass point 2 , and are both equal to zero; and there- 
fore the initial values 3)m(io) and are likewise zero. As a result 

the following solution is obtained for 

^mit) = a),n sin ““ d£ (4.53) 

JtQ 

This is identical with the expression for DLF given by Eq. (3.30). 

The important conclusion to draw from this development is that the 
ideas regarding dynamic-load factor which were developed in Chap. 3 
for the simple one-degree system likewise pertain to the multimass sys- 
tem. In the multimass system, however, there is a separate dynamic 
load factor (DLF) for each mode. Values of DLF computed in Sec. 3.7 
for various types of dynamic loading are directly applicable, however, to 
various modal DLFs involved in the multimass system. 

4 . 11 . Recapitulation— Computation of Dynamic Response of Concen- 
trated-mass Systems. The following will summarize the important 
features of the response theory which has been developed and will 
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suggest an itemized procedure for applying the method to response cal- 
culations. In addition, some additional notation will be introduced to 
emphasize the generality and flexibility of the working equations which 
have been developed. 

It is important at this point to review the scope of this development as 
enumerated in Sec. 4.1. This theory is applicable to concentrated-mass 
systems which are linearly elastic. Damping has been neglected. Con- 
sideration is given only to dynamic loadings which vary with time in the 
same manner at all points on the structure. Extension of this theory to 
nonlinear cases and to loadings which do not remain in phase at all points 
will be considered later in Chap, 6. 

The theory presented in this chapter for computing the normal modes 
of vibration and dynamic response was developed using a very simple 
concentrated-mass system, specifically the three-mass end-supported 
beam shown in Fig. 4.3. However, the theory is much more general 
than one might infer from this example. This beam was considered as 
a system in which only one coordinate was required to specify the posi- 
tion of each mass, namely, the vertical displacement of the mass. In 
general, however, six coordinates may be required to specify the position 
of each mass of a concentrated-mass system — three linear displacements 
and three angular displacements. Thus, such a system would have six 
degrees of freedom per mass. The frame shown in Fig. 3. Id illustrates, 
for example, a system in which there is more than one coordinate per 
mass required to define the configuration of the system, even though 
axial deformations and rotation of the masses were neglected. 

The theory and working equations developed herein are completely applica- 
ble to these more complicated cases, although it is probably desirable to 
change the notation slightly to emphasize this generality. The revisions in 
notation are as follows: 

1. The displacement coordinates required to define the configuration of 
the concentrated-mass system will be designated as qu, q 2 t, . . . , Qh, 
where r designates the number of degrees of freedom of the system. 
Note that r may be larger than the number of masses since there may be 
more than one coordinate per mass. Previously, in Chaps. 3 and 4, dis- 
placement coordinates were designated variously as rr, w, and v, 

2. The characteristic shape (or the half amplitude of the vibration) of 
the mth normal mode of vibration will be designated as <^im, <P 2 m, <pzmj 
. . . , (prm- Previously, the characteristic shapes were designated as 
aim) etc, 

3. The normalized characteristic shapes (or the normalized half ampli- 
tudes of the vibration) of the mth normal mode of vibration will be 
designated as 

. . . , rm 

Previously, these were designated as Ai„, etc. 



Sec. 4.11] response op concentrated-mass systems 


105 


Using this revised notation, the key equations involved in the response 
theory will become, where the prime on the equation number indicates 
that the revised notation is being used, as follows: 

Deflection equations in terms of flexibility coefficients d 

-^(Pl — W id\i<pi -f- TF2<^12<p2 -[-*•*+ Wrdiripi 
^ <^2 = W ld2.l<pi + TF 2^22^2 -j- • • • + W rd^r^r 


^ (^r = W \drl(pi + W -]-***+ W rdrT^r 

Equations of motion in terms of stiffness coefficients k 
Wi 

03^(pl = kli(pl + kl2CP2 4* * ' * + klT(p>t 

9 

W 2 

(Jj^(p2 = ^21^51 ^ 229^2 4“ ’ * * H" k^r^r 

Q 


Wr 


0)^(pr = krl(pl + kr2(P2 + 


+ krr^pr 


Orthogonality and normalizing conditions 

i~r 

X 


i=l 


ft - 

9 


li m — n 
\i m 9 ^ n 


Normalized characteristic load 


Participation factor 


Static-mode load 
Given dynamic load 


(4.230 


(4.28a0 


Wi 

(4.290 

i^r 

y Pi^im 


Ym — 2 

(4.340 




(4.35) 

= pm 

(4.38) 

fn =T tn^T 

ni=»l w=l 

(4.39) 
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Dynamic displacement due to dynamic loading 

m = r 

Qa = ^ (4.40') 

Dynamic displacement due to initial motion 


m^r 



Qif — ^ (0 

(4.41') 

Time factor associated with response due to initial motion 


^Jit) 

= COS aimit — to) + sin - 

- <o) (4.49) 

where 

SDJ«o) = 

i=> 1 

(4.51') 

and 

i=>r 

SDj(io) = ^ ^ 

(4.52') 

■t— ± 

Dynamic-load factor associated with response due to dynamic loading 


SD„(i5) = (am f* f(t') sin oim(t — t') dt' 
ju 

(4.53) 


Note again that r denotes the number of deflection coordinates necessary 
to define the configuration of the system and also the number of degrees 
of freedom and modes of vibration; that i denotes any particular one of 
the r coordinates; and that m denotes any particular one of the r modes. 
Note also that Wi/g designates the mass associated with the coordinate 
qu] therefore, when more than one coordinate is required to define the 
position of a mass, the same mass will be associated with more than one 
coordinate, and therefore the same mass may be denoted by several dif- 
ferent subscripts. In most structural problems, the rotations of mass 
points can be neglected, and this discussion has therefore implied that 
the deflection coordinates are always linear displacements. The equa- 
tions can be interpreted in a generalized sense, and qu can be considered 
to represent also a rotation, in which case Wilg should be interpreted to 
represent a corresponding mass moment of inertia. 

To compute the dynamic response produced by a given impulsive 
dynamic load, the following procedure may be followed: 

1. Compute the characteristic shapes (pim and the circular frequencies 
com. of all the r normal modes of the system. Either the deflection equa- 
tions (4.18') or the equations of motion (4.23') may be used as 
the basis of the solution, usually depending on whether the flexibility or 
stiffness coefficients, respectively, are more easily computed, and some- 
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times depending on whether the lowest or highest modes, respectively, 
are of greatest interest. The solution of either of these equations may be 
accomplished by Stodola’s procedure. 

2. Normalize the characteristic shapes of all the modes and com- 
pute the normalized characteristic loads 

3. Assuming the maximum values of the given impulsive loads Pi to 
be applied as static loads, compute the participation factor and the 
static-mode loads (Pim for each of the r modes of the system. 

4. Of course the static-mode load for mode m produces the static dis- 
placements Other static effects (such as bending moments, 

shears, etc.) produced by the static-mode loads could also be computed 
at various locations on the structure and tabulated. 

5. Compute the dynamic-load factors 2Dni(0 fo^r the various modes. 

6. Superimpose the contributions of the various modes at any time t 
by multiplying the deflection, shear, bending moment, etc., produced 
by a static-mode load for a given mode by the value of the dynamic-load 
factor for that mode at that time, and then by adding algebraically such 
products for all modes to get the dynamic response which would be pro- 
duced by the dynamic loading applied to a structure initially at rest. 

7. If at the starting time the structure has an initial motion, compute 
the time factors ^rn(t) for the various modes. 

8. Superimpose the contributions of the various modes of any time t 
by multiplying the deflection, shear, and bending moments produced by 
the normalized characteristic loading by the value of the time factor 
for that mode at that time, and then by adding algebraically such prod- 
ucts for all modes to get the dynamic response which is associated with the 
initial motion of the structure. 

9. Add algebraically the results of steps 7 and 8 to get the total 
dynamic response caused by both the dynamic loading and the initial 
motion. 

10. By studying the total dynamic response at various times t com- 
pute the maximum values that they attain. To obtain maximum effects 
requires very tedious, laborious calculations, which time seldom permits 
in actual dynamic problems. Conservative results are sometimes at- 
tained by computing the maximum contributions of each mode and 
assuming that they can occur simultaneously and therefore be super- 
imposed. Sometimes these absolute maximum values are good engineer- 
ing approximations; other times they are too conservative. 

Note that participation factor depends on the distribution of the load 
over the structure and on the characteristic shape. When the distribu- 
tion of load and characteristic shapes are similar, the participation factor 
is large. A load applied at the node point of a mode excites none of that 
mode. 



108 BBSPONSE OP STRUCTURAL SYSTEMS [ChAP. 4 

The dynamic-load factor for a mode depends only on the time variation 
of the load and on the frequency of the mode. 

4.12. Computation of Response Produced by Support Vibration. The 
theory which has been developed to compute the response produced by 
dynamic loading can easily be extended to include the effect of support 
vibrations. Consider any structure such as the beam shown in Tig. 4. 13. 



Fig. 4.13. Effect of support vibration. 


Suppose that the supports vibrate sinusoidally sin at the left end 
and pR sin at the right. Neglect the small horizontal and rotational 
movements of the masses. 

If the supports moved the specified amounts and the effect of the 
inertia forces were neglected, this beam would be unbent and assume a 
straight-line position such as the one shown at any particular time t. 
The displacement of the mass points to the straight unbent position could 
easily be computed in terms of the support movement and will be desig- 
nated as jSi sin Qgtj /?2 sin and jSs sin Qgt at mass points 1, 2, and 3, 

respectively. However, there are accelerations, and hence inertia forces, 
and as a result, the structure is bent from the straight-line position by 
the amounts wi/, ws/. Thus the total displacements (r;if, 7724 , 

and T]zt) from the static-equilibrium position are as follows: 

Vit == + /3i sin Osi 

r) 2 t == + /32 sin Qst (4.54) 

rjzt = sin 

The bending of the beam from the straight-line position depends on the 
total accelerations T/if, ij 2 h and ijzt- Using the inertia forces associated 
with these accelerations, the following equations may be written in the 
same manner as Eqs. (4.15): 


Vit'^ = 
V2t'^ = 
Vst'^ = 


Wi .. , F2 , 

Vltd'H 

Wi .. w, 

•— '~V2tCi22 

y y 


w,.. , 

y 


Wi 


rjltd 


31 


Wi .. 


Z! 

g 

Wi 


rjitdis 


ijitdii — — Vitdi 


(4.55) 
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Substitution for iju, rj 2 t) and ijzt from Eqs. (4.54) converts Eqs. (4.55) into 
the following: 


^ sin Qist — ^ Vii^ dll +* — - sin Qgt — d 

(, - ’ 


Vit"^ = 


„ „ , TFi . ^ , W 

— sin Qst 

9 g 


Vzt^ 




w^ w 

/Sifts^ — ^sin Q,< 

S 9 


- dn + ^ 

+ (f 

" Pit^J dsi -h 


+ ( , 930 .“ — sin DJ - ^ vzt'^ ) di 
9 9 


^ — sin Ugt 




+ 


W 2 .. A 

Vi/ I 

9 J 

(/Jafi/y sin - ^h/'^ d 

h/^ 


PFo 

ftO/-^sin Qgt — ) dz2 




9 

2 Z! 

9 


sm Qzgt 


El^-- 

9 

Wz 


Vzt^ ^dzz 

(4.56) 


Comparison of Eqs. (4.56) with Eqs. (4.43) shows that the bending dis- 
placements Vit^^ and z; 34 ^ produced by the support vibration are identi- 

cal with those which would be produced by the following dynamic loads 
acting on a beam with immovable supports : 

PFi 

Pit = — - PiV sin Q,gt 

W 2 

Pn = — i 52 Q/sin Qgt (4,57) 

9 

Pzt — — ~ sin Qgt 


These loads are immediately recognized as being the inertia forces which 
would be produced by the accelerations associated with the straight-line 
displacements (that is, the rigid-body accelerations). 

Note, however, that the beam is at rest initially, which means that 
and rjit^ are both zero. According to Eqs. (4.54), this means that 
initially, when t — to — 0, = 0, but vft^ = However, since 

== vft^ = Vit, + vk and since Vu, = Vu, = 0, then = 0 

and vk = -ft a. 

The dynamic bending deflections (vu^)^ shears, bending moments, and 
stresses produced by the support vibration can be computed using Eq. 
(4.42) and the procedure outlined in Sec. 4.11. The loading producing 
these effects is given by Eqs. (4.57), which may be expressed for mass 
point i as 


where 


Pit == Pi sin 
w. 

Pi - y^ftO/ 


(4.58) 



KBSPONSE OF STRUCTUBAL SYSTEMS 


110 RESPONSE OF STRUCTURAL SYSTEMS [ChAP. 4 

There is no difficulty in evaluating ip-m for this case. Applying Eq. (4.34), 




i—1 


(4.59) 


The dynamic-load factor for the sinusoidally varying load may be 
obtained from Eq. (3.16); 


SD ».(0 = 


Q» • 

sin Qst sin 


(sy 


(4.60) 


Now by substituting into Eq. (4.40), we obtain vu, the dynamic deflection 
caused by the loads Pui 


Vit 


m^r 

-I 

771=1 


& .. 
Wm 


0/ 


(-)■ 

\Wm/ 


4=1 


(4.61) 


The additional dynamic deflection Vif caused by the initial motion of the 
beam may be computed from Eq. (4.41) after the time factor is 

computed from Eq. (4.49) to be as follows: 


i — r 

2)m^(0 = — — sin uj, V PiAin, 


0 )m 


Then, 


i = l 


9 


fn^r i = r 


= 1 i=i 

Now, Vit and may be added to obtain Vu^: 


m^r 

771= 1 


sin — — sm cotu^ ^ . 4^’’ 


Aim 


0. 


/aV 

\C0m/ 


IVs-^A- 

m / ^ 


i — l 


(4.62) 


(4.63) 


(4.64) 


When this equation is applied to the one-degree system in Sec. 3.8, the 
results will be identical with the solution therein. 
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CHAPTER 5 


GENERAL THEORY FOR DYNAMIC RESPONSE 
OF DISTRIBUTED-MASS SYSTEMS 


5.1. General. The method developed in Chap. 4 to compute the 
dynamic response of concentrated-mass systems will be extended in this 
chapter to structures the mass of which is continuously distributed. 
The scope of this discussion will be limited as before to structures which 
are (1) linearly elastic, (2) stable under static loads, and (3) undamped. 

The presentation herein will be restricted to beams. The same 
approach, however, could be applied to struts, cables, membranes, or 
plates (see Chap. 3, Ref. 1). Such extension involves no new funda- 
mentals but simply appropriate changes in the equations of motion and 
the details of the solution. 

6.2. Differential Equation of Motion for Beams. Consider a beam, 
the cross-section dimensions of which are small in comparison with the 
length of the member. Assume that the beam is loaded and vibrates in 
a plane which contains an axis of symmetry for every cross section of the 
member. Only the transverse bending deflections will be considered; 
axial change in length of the member, shear deformations, and so-called 

rotary inertia effects will all be neglected. In other words, a differ- 
ential element of length of the beam between two adjacent cross sections 
will be assumed to move only transversely in accordance with the bending 
deflections of the beam; axial and rotational movement of this element 
will be neglected. 

Let El be the flexural rigidity of the beam in the plane of vibrations; 
M and S be the bending moment and shear force, respectively, at any 
cross section (the positive directions being as shown in Fig. 5,1) ; 2 ^ be the 
displacement of any point on the axis of the beam, taken as positive 
when upward; and w be the intensity of the load (per foot of length) 
which is causing deflection of the beam from the static position, also being 
plus when upward. The following well-known relations from elementary 
beam theory exist between these quantities: 
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As written, using ordinary derivatives, these equations are, of course, 
applicable only when the beam is subjected to a static load, and v and w 
are functions only of x. If, however, a dynamic load of an intensity per 
foot of length p(t,x) acts on the beam, then the quantities v, M, Sy and w 
are all functions of t as well as x. Then it becomes necessary to replace 
the ordinary derivatives in Eq. (a) with partial derivatives and to apply 
D^Alembert’s principle and recognize that v)y the intensity of load caus- 
ing deflection of the beam, now is the algebraic sum of the dynamic load 



p{tyX) and the inertial load per unit length (c/g){dH/di^)y where c is the 
weight per foot of length of the beam. If p{tjX) is taken positive when 
upward, Eq. (a) may be adapted to the dynamic case by substituting 
for w: 

IP (5-1) 

Equation (5.1) is the differential equation of motion governing the 
transverse vibration of the beam. In any particular problem, the solu- 
tion of this equation that also satisfies the initial and boundary conditions 
will define the displacement v at any time t and at any position x along 
the beam. When v is known, slopes, bending moment, and shear can 
be computed easily by successive differentiation with respect to x. 

Implicit in this derivation is the assumption that all particles of an 
element of differential length of the beam undergo the same transverse 
motion. In other words, for the element of a beam between two adjacent 
cross sections located a differential distance dx from one another, there is 
no relative transverse motion of any two particles. In effect, the mass 
of this element is considered to be concentrated along the centroidal 
axis of this element. As a result of this implicit assumption, we are 
able to compute only the over-all transverse bending response of the 
beam. We are not able, therefore, to compute the transverse stress 
waves which are generated by transverse loads and which sometimes are 
of major importance. It is these waves, for example, which produce 
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scabbing on one face when high-intensity compressive forces are applied 
on the opposite face. 

6.3. Determination of Normal Modes of Vibration. Initially this dis- 
cussion will be confined to the procedure for computing the shapes and 
frequencies of the normal modes of vibration of beams. Since a normal 
mode of vibration is a free vibration, no external loads are acting on the 
beam, and therefore the differential equation of motion in such a case 
reduces to 



Since a normal mode of vibration is one in which all points along the beam 
vibrate in phase with one another (that is, the shape of the elastic curve 
remains the same at all times), a normal mode may be represented as 


v{t,x) — F{t)(p{x) 


(5.3) 


where the function <p{x) defines the characteristic shape of a normal mode 
of vibration. Hence 


and 




dx^ 






Substitution of these expressions into Eq. (5.2) yields 


(dydt^)F(t) 

m) 


g dx^ 
c 


<p{x) 


(5.4) 


In this equation, since the left-hand member is the quotient of two func- 
tions of t alone and the right-hand member of two functions of x alone, 
the two members can be equal for all values of x and t only if both sides 
are equal to a constant, which for convenience will be taken as The 
problem, therefore, is reduced to the solution of two ordinary differential 
equations; 

^J{t) + = 0 (5.5) 

- 0)2 - <p{x) = 0 (5.6) 

Q 

First consider the solution of Eq. (5.5), which is 

F{t) = Cl sin + C 2 cos cot (5.7) 

and therefore identical with Eq. (3.3). The values of Ci and C 2 can 
easily be determined from the initial position of the member at i — 0. 


and 


dx^ 
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Regardless of these values, however, it is apparent that the F{t) repre- 
sents a periodic function, the circular frequency of which is co, and that 

r = — and f = ^ (5.8) 

give the corresponding values of the period and frequency. 

6.4. Determination of Characteristic Shapes of Normal Modes of 
Vibration, The characteristic shape (p{x) of a normal mode of vibration 
may be obtained by finding the solution of Eq. (5.6), which also satisfies 
the boundary conditions of the structure. To illustrate the procedure 
of finding the characteristic shapes, let us consider only the cases where 
the beam or certain portions of it are prismatic and have constant E, 7, 
and c over the length of such portions. In such cases, Eq. (5.6) simpli- 
fies to the following for such a portion: 



d* 

dx^ 

<p{x) - 

“ a^<p{x) = 0 

(5.9) 

where, for convenience, 







a* ■- 


(5.10) 

The solution of Eq. (5.9) 

is 




ip{x) = A sin ax 

+ 

B cos 1 

ax A C sinh ax + E cosh ax 

(6.11) 


The arbitrary constants A, R, C7, and D of this solution must be selected 
so as to satisfy the boundary conditions at the end of the portion of the 
beam under consideration. 

If the beam consists of simply one length over which the cross sections 
are unvaried, and within which there are no intermediate supports or 
structural connections (such as hinges, etc.), then Eqs. (5.9) to (5.11) 
are applicable over the entire length and only four arbitrary constants are 
involved. If, however, the beam cross section is changed or inter- 
mediate supports or connections are introduced, a set of these equations 
must be written for each portion between such interruptions. For each 
such portion, four arbitrary constants are introduced and four boundary 
conditions must be written. Thus, for example, a simple end-supported 
beam, a cantilever beam, or a beam clamped at both ends involves only 
four constants and four boundary conditions in each instance, assuming 
the cross section is unchanging over the entire length. In a two-span, 
continuous beam with constant, though perhaps different, cross sections 
in each span, four constants for each span, or a total of eight, must be 
determined simultaneously. The following examples will illustrate this 
procedure. 

u. Simple End-supported Beam. In this case the four boundary con- 
ditions are that, at each end, both the deflection and bending moment are 
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equal to zero at all times. Thus, from Eq. (5.3), 

At left end, x = 0: 


/M\ ^ /^\ 

\EI )x~o \dx^)x=a 


(y)x=,o = F(t)[<p(x)]x^n = 0 


Fit) 


dx^ 


(p(x) 


[¥>(a:)]*_o = 0 (a) 

L.-» 


( 6 ) 


In a similar manner, at right end, 
X = L: 


== 0 




0 


(c) 

id) 



X 5 ^ 




Constant El 


By substituting in Eqs. (a) and (6) 
from Eq. (5.11), it may be shown that Fig. 5.2. Simple end-supportedbeam. 

B == D = 0. Substitution into Eqs. (c) and (d) gives 


A sin aL + C sinh aL — Q 
~ sin aL -f- sinh aL = 0 


(^) 

(/) 


Since 9 ^ 0, it may be canceled out of Eqr (/), and the resulting equation 
subtracted from Eq. (e) gives 

A sin aL = 0 (g) 


whereas addition of it to Eq. (e) gives 

G sinh aL = 0 

Since sinh aL 9 ^ Q C = 0 


From Eq. (^), either A = 0 or sin aL = 0. If, however, A = 0, there is 
no vibration (since then all four constants would be zero) and therefore A 





<pdx)=^}S\r\^ (Pi{x) = 

Fig. 5.3. Characteristic shapes of first three normal modes of vibration. 


cannot equal zero. Therefore sin aL must be equal to zero, and this can 
be satisfied if aL is a multiple of tt. Hence, 


aL = riT or 



(5.12) 


Since n can be any integer from 1 to » , there are an infinite number of 
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modes, and the characteristic shape of mode n is 


[Chap. 5 


utx 


cp(z) = An sin 


(5.13) 


where the value of -4 „ is arbitrary. The frequency of mode n may be 
obtained from Eq. (5.8) by substitution from Eqs. (5.10) and (5.12) to 
give 


nV jEIg 


(6.14) 


The characteristic shapes of the first three modes are shown in Fig. 5.3. 

6. Two-span Continuous Beam. To express a normal mode of vibra- 
tion for this beam requires separate expressions in each span: 


Vi = F(t)(piixi) (a) 

V2 = Fit)<P2(X2) (b) 


where the subscripts 1 and 2 refer to spans 1 and 2. The function F(t) 

is, of course, the same for both 
spans since the deflections must 
remain in phase at all points in a 
normal mode. Whereas co is the 
same for both spans, Ej /, and c, 
being different, require a separate 
a for each, though ai and a 2 involve 
only one co and are therefore re- 
lated. Hence, applying Eq. (6.11), 
these eight arbitrary constants A, B, etc., must be selected so as to satisfy 
the boundary conditions. 

At a: Since both deflection and bending moment are zero, two equa- 
tions may be set up as in the previous example, leading to the conclusion 
that Bi = Di = 0. 

At c: In the same way as at a, B 2 = D 2 — 0. 

At b: Four boundary conditions are available here, namely: 

1. Deflection is zero at right end of span 1 : 


f'l 

t 

A 


‘'a 

I'z 

t 

J- 

1 


t Jf2 

-1. 

1<— 


A 

i 

J 


£[ ond I[ 
Span t 

>1< 

£2 and /a 
Span 2 



Fig, 5.4. Two-span continuous beam. 


[^l(^l)]zi=Li — 0 

2. Deflection is zero at left end of span 2; 

[<i^2(^2)]a:j«ij = 0 

3. Elastic curve is continuous over support so that slopes are identical 
here for both spans: 
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4. Likewise, bending moments (and therefore curvature) are identical 
here for both spans: 

/ si r ' 

= -^^<P2{X2) 

Substitution of Eqs. (a) and (h) into these four conditions gives the 
following, arranged in order of conditions 1, 3, 4, and 2: 

Ai sin aiLi + Ci sinh aiLi = 0 

Aiai cos aiLi + Ciai cosh aiLi + A 2 a 2 cos a 2 l /2 + C 2 CL 2 cosh a 2 L 2 = 0 

—Aiai^ sin aiLi + Ciai^ sinh aiLi + A^a^^ sin sinh aJL^ = 0 

A 2 sin aJL^ + C 2 sinh a 2 L 2 = 0 

(c) 

Since the right-hand side of these equations is zero, the numerator deter- 
minant will be zero. Therefore, for the unknown constants to have val- 
ues different from zero (and therefore involve vibration), it is necessary 
that the denominator determinant also be equal to zero. This solution 
will not be carried out in detail (see Chap. 3, Ref. 1, for such a solution), 
but setting this determinant equal to zero gives an equation called the 
frequency equation. There are an infinite number of roots satisfying 
this equation and defining the infinite number of normal modes for this 
beam. Substitution of each co in turn back into Eqs. (c) enables one to 
obtain the relative values of Ai, Ci, A 2 , and C 2 , although the absolute 
values are still arbitrary. Each set of these constants defines the char- 
acteristic shape of the normal mode having the frequency associated with 
that set. 

5.6. Important Properties of Characteristic-shape Functions. The 

functions <pmix) which define the characteristic shapes of the normal 
modes of vibration of a distributed-mass structure have several important 
properties which make them particularly useful in analyzing the response 
of such structures under dynamic loading. These properties may be 
developed by considering Eq. (5.6), which determines the form of the 
characteristic shapes The characteristic shapes (pm{x) and (Pnix) 

and the natural frequencies and Wn, of any two particular normal 
modes m and n, must satisfy Eq. (5.6), or 

S’ («) 

S ^ I -W W 

A comparison of Eq. (a) with the well-known relationship stated in 
Eq. (a) in Sec. 5.2 shows that o}mK<^/ 9 )<pm{x) is the intensity of the load 
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which, when applied statically, would deflect a beam into the characteris- 
tic shape <Pm(x). Stated another way, the characteristic shape is a deflec- 
tion curve that is produced by a static load, the intensity of which at 
any point is directly proportional to the deflection at that point — the 
proportionality factor being such that the load intensity is oi'n?{c/g)ipni{x). 
Such a static load which produces a deflection curve having a characteris- 
tic shape is called a characteristic loading. 

Proceeding now in the same manner as in Sec. 4.5, suppose a beam 
loaded by the characteristic loading corresponding to the mth mode were 
subjected to a virtual displacement corresponding to the characteristic 
shape of the nth mode. Then, suppose that the same beam loaded by 
the characterized loading corresponding to the nth mode were subjected 
to a virtual displacement corresponding to the characteristic shape of the 
mth mode. By Betti’s law, the virtual work done by the mth charac- 
teristic loading in the first case is equal to the virtual work done by the 
nth characteristic loading in the second case, or, where the integration 
extends over the length of the entire structure, 


^ ^mC^) j (Pn{x) dX — ~ 


<Pn(x) 


<Pm(x) dx 


or 


(o)mr — CJn^) 


f: 


^m(,x') (pn^^x') ^ dx — 0 


(5.15) 


If o)rn does not equal the integral must equal zero in order to satisfy 
this equation. Hence, the following relationship must exist between two 
different characteristic shapes, which have two different frequencies; 


I (Pnt(x)(pnix) - dx = 0 (5.16) 

Jo 9 

This is the orthogonality condition between two different characteristic 
shapes. 

However, if in Eq. (5.15), m = n, then the value of the integral is 
arbitrary. It would be permissible to select absolute size of (pm{x) so 
that the value of the integral was equal to unity. Selection of the size 
of ipm{x) in this manner is called normalizing the shape functions. Denot- 
ing the characteristic shapes after normalization by ^m(;r), these nor- 
malized characteristic shapes have the following properties: 



1 if m = n- 

0 if m 5 ^ n 


(5.17) 


Note that the integration extends over the entire length of the structure. 

The characteristic loading associated with the normalized characteristic 
shape will be called the normalized characteristic loading y and its intensity 
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will be designated as £m(a:), where 

(5.18) 

Q 

6.6. Use of Characteristic-shape Functions to Represent Deflection 
and Load Functions. The function v{t^x)^ which defines the displacement 
of any point on a beam which was initially at rest when subjected to a 
dynamic loading, must satisfy the same boundary conditions at the sup- 
ports of the beam as the normalized-characteristic-shape functions 
Therefore, if v{tjx) were represented by an infinite series of terms involv- 
ing an infinite number of normalized characteristic shapes the 

boundary conditions would automatically be satisfied and the following 
equation [similar to Eq. (4.40)] noight be written for the dynamic deflec- 
tion produced by a given dynamic loading: 




«l== 1 


(5.19) 


In a similar manner, the function p(t,x)j which defines the intensity of 
the dynamic loading per foot on the beam, may usually be expanded in 
a similar manner by an infinite series involving the normalized charac- 
teristic loadings of the normalized characteristic shapes. The given 
loading, however, does not have to satisfy the boundary conditions for the 
structure, and as a result, it sometimes is not possible to represent it in 
terms of the characteristic shapes. Usually, in most practical cases, it is 
possible to do so with sufficient accuracy, however. 

Consider a dynamic loading of the type used in Sec. 4.8 and represented 
by Eq. (4.38), that is, a loading having the characteristic that it varies 
with time in the same manner at every point where it is applied (in other 
words, the dynamic loading is in phase with itself all over the structure) . 
The intensity of such a loading would be represented as 

pit,x) = mp{x)P (5.20) 

where P = maximum instantaneous value attained by dynamic load over 
entire structure 

f{t) = time variation of load 

p(x) = manner in which load is distributed over structure 
Denote the intensity of load per foot of beam caused by P as b(^,^)]max; 
then 

[p(t,x)U. - Pp(x) (5.21) 

By proceeding in the same manner as in Sec. 4.7, [p(^,ir)]max could be 
built up or replaced by adding up proper amounts of the normalized char- 
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acteristic loadings, these proper amounts being called 
loadings, denoted by (Pw(a:), where 

771=00 

Thus, [p(i,a:)]m.* = Pfi^) = Y, 

m= 1 

Substitution for £,^{x) from Eq. (5.18) gives 

77t= 00 

Pjlix) — ^ ^ ^m{x) 

7n==l 

Multiply both sides of this equation by ^h{x), the normalized characteris- 
tic shape of mode 6, and then integrate both .sides of the equation over the 
entire length of the structure. Thus, 


[Chap. 5 
the static-mode 

(5.22) 

(5.23) 


771 = 00 ^ 

Pp{x)^i{x) dx-= ^ ^m(x)$b{x) ^ dx 


771 = 1 


In view of Eqs. (6.17), the integral in the terms of the summation is equal 
to zero if m 7 =^ 6 and to unity if m = 6. Thus the summation reduces 
simply to the 5th term, and therefore 




Pp(x)^b(x) dx 


However, this same proof could be applied using any mode m instead of 
the mode 6. Therefore, in general, the participation factor ypm for the 
mth mode is 




Pp(x)^m(x) dx 


(5.24) 


This is the factor (or portion of the normalized characteristic loading) 
required to give the static-mode loading defined by Eq. (5.22). 

The given dynamic loading of Eq. (5.20) could now be expressed as 
follows: 

771= « 77t= » 

p{t,x) - s{t)[Pv{x)] = m Y = fit) Y 

m«l 777=1 

an expression which is similar to Eq. (4.39). Thus, the given loading 
has been broken down into modal contributions, the maximum values of 
each being the static-mode loadings, with these contributions varying 
with time as defined hjf(f). 
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6.7. Reduction and Solution of Equation of Motion for Dynamic 
Response of Structure Which Was Initially at Rest. The response of a 
beam, which is initially at rest, to a dynamic loading may be computed by 
finding the solution to the differential equation of motion (5.1), which 
also satisfies the initial and boundary conditions of the problem. The 
solution may be facilitated by expressing the displacement and load 
functions v{tyx) and respectively, by infinite series involving the 

normalized-characteristic-shape functions The displacement 

boundary conditions will be satisfied exactly by such functions, and the 
load can usually be represented adequately. The problem is therefore 
reduced to satisfying the equation of motion and the initial conditions. 

Suppose that the dynamic load p(t,x) is broken down into the modal 
contributions and represented by the superposition of the static-mode 
loads as in Eq. (5.25). Let us assume that the dynamic response can be 
represented by Eq. (5.19) and then investigate whether or not such a 
solution will satisfy the equation of motion and the initial conditions. 
Substitution from Eqs. (5.19) and (5.25) into Eq. (5.1) gives 


dx^ 



TO= 00 


X 

7W.= 1 




jn= « 





m=l 




Now by substituting into this equation for £,^( 0 ;) from Eq. (5.18), and 
also from the following equation, 

9 

the following equation is obtained: 


dx- 




?n== M 

m= 1 


g 


= 0 


Multiply this equation by the normalized shape function for mode 
b, and then integrate the resulting equation over the entire length of the 
structure: 


i: 

7n— 1 


dt^ 


S>m(0 + 


i: 


^^(x)^bix) " dx 
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However, this integral is equal to zero for all terms except the one when 
m — bj and for this f>th term it equals unity. For this one remaining 
term, ^6 is not necessarily zero; therefore the terms in brackets must add 
up to zero; thus, 

^ S)6(^) + — 0Jb^f{t) = 0 

However, this same operation could be performed for any term and there- 
fore for any mode m: 

(P 

^ (5.26) 

This equation, of course, is identical with Eq. (4.46) and is called the 
reduced equation of motion for the beam. The solution of Eq. (6.26) is 
identical with Eq. (4.53). 

6,8. Dynamic Response Associated with Initial Motion of Structure. 

If the structure has a known initial displacement and velocity, the subse- 
quent dynamic displacement v^(t,z) may be evaluated in the same manner 
as was used in Sec. 4.9 for the concentrated-mass system. Hence, for the 
distributed-mass system, 

vi(t,x) = ^ (5.27) 

m=s 1 

where, ia a similar manner, the time factor SiJit) will be found to be the 
same as Eq. (4.49), or 


= SiJito) cos co„(t - to) + sin o>^it - to) (5.28) 

In this case, new expressions must be developed in order to find the values 
of Dm^(to) and i>m^(to) so as to satisfy the initial condition of the motion. 

Suppose that at time t = to the displacement and velocity of every 
point on the beam are known and given by the functions r(x) and s(a:), 
respectively. However, from Eq. (5.27), 






1= w 

2 ^J(U)^m(x) = r(x) 

m== 1 

^Dm'^(io)^w(3/) “ ^(^) 




(5.29) 

(5.30) 


Considering Eq. (5.29), multiply both sides by (c/g)^{x) and then inte- 
grate over the entire length of the structure. In the same way as in the 
above derivation of Eq. (5.26), this process makes all but one term of the 
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series disappear and ultimately leads to the following expression: 

= [ r(x)^^(x) - dx (5.31) 

jo g 

In the same manner, the following may be obtained from Eq. (5.30) : 

i>rn(U) == / s{x)^m{x) - dx (5.32) 

jo g 

Thus, these last two equations give the values of SDm^(^o) and S>m^(io), which 
satisfy the initial conditions of the problem. 

6.9. Recapitulation — Computation of Dynamic Response of Distrib- 
uted-mass Systems. The above development demonstrates that the 
theory developed in Chap. 4 to compute the response of concentrated- 
mass systems may be extended in its entirety to include distributed-mass 
systems. Naturally, the detailed working equations and procedures are 
different, but the fundamental ideas are identically the same. 

The recapitulation and computational procedure outlined in Sec. 4.11 
for the concentrated-mass system likewise pertains to the distributed- 
mass system, if the appropriate changes are made in the working equa- 
tions, and need not be repeated here. 



CHAPTER 6 


MISCELLANEOUS CONSIDERATIONS REGARDING 
DYNAMIC-RESPONSE THEORY 


6.1. General. In Chaps. 3, 4, and 5, the scope of theory has been 
limited to linearly elastic systems. Except for a very limited discussion 
in Sec. 3.5, the effect of damping on dynamic response has been neglected. 
In the consideration of multi-degree-of-freedom systems, only impulsive 
loads which varied with time in the same manner at all loaded points of 
the structure have been considered. N o consideration whatever has been 
given to impact loadings. 

In this chapter, all these restrictions will be discussed briefly and meth- 
ods of extending the previous theory to include some of these effects will 
be outlined. Whereas the previous theory may be extended to include 
elasto-plastic and/or damped behavior under more general impulsive 
loadings, it will be apparent from the following discussion that calcula- 
tions in accordance with this approach are very laborious and impractical. 
In such cases, therefore, it is often desirable and sometimes imperative to 
solve the equations of motion by step-by-step numerical-integration pro- 
cedures which are designed to take advantage of modern computational 
techniques and machines. In Chaps. 8 and 9 some of these techniques 
and machines will be discussed. 

6.2. Extension of Theory to Include General Impulsive Loads. In 
Chap. 4 up to Sec. 4.8, the discussion was not limited to any particular 
type of impulsive loading. However, in the subsequent development it 
was assumed that all the applied dynamic loads varied with time in the 
same manner. In Fig. 4.12 any or all of the loads P^t, and could 
be applied to the structure provided they were applied simultaneously and 
then varied with time in identical manner. Of course, any type of vari- 
ation could be considered by the theory developed in Sec. 4.8, although 
the evaluation of the corresponding dynamic-load factors might be diffi- 
cult and the resulting expression awkward to use. 

For example, suppose that each of the loads Pu, Pu, and Pzt is applied 
at different times 4, 4, and 4, respectively, and that each varies with time 
in a different manner. In addition, suppose that the structure already 
has some initial motion at the starting time 4. In such a case the total 
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response would be the superposition of four separate contributions. The 
contribution of the initial motion could be computed easily using Eq. 
(4.41). The separate contribution of each of the three loads could be 
computed by applying Eq. (4.40), separately for each load. Of course, 
the computation of the separate response for a particular load involves 
computing the participation factor, the static-mode load, and the 
dynamic-load factor pertaining to that load. Whereas this approach is 
simple enough, the detailed computations involved become tremendous. 

In some cases, it might be preferable to use Eq. (4.42a) instead of pro- 
ceeding as outlined in the previous paragraph. Of course, for times 
between to and taj only the response due to the initial motion would be 
involved, and this would be computed by Eq. (4.41). Using the alterna- 
tive approach between ta and 4 would involve multipl 5 dng Aim by the sum 
of 2)^(0 for the initial motion and for the load Pu to get the con- 

tribution of each mode. As each new load comes into action, however, 
the composite multiplying factor must include terms for all contributions. 
For example, for times 4 or greater, the multiplying factor will be the sum 
of foT load Pu, for load P 2 t, and for load 

Pzt- 

Whereas the response theory which has been developed can be extended 
to handle the most general impulsive loading, the computations involved 
may be staggering. Anyone who had embarked on such computations 
would become very much interested in digital or analog computers and 
their potential application to such computations. Fortunately, even 
though the type of loading considered in Chaps. 4 and 5 is restricted, it 
does include a large number of practical engineering situations. 

6.3. Extension of Theory to Include Nonlinear Elastic and Elasto- 
plastic Structural Stiffness. In Chap. 4, the theory was restricted to 
linearly elastic systems. This limitation was imposed at the start of the 
development when Eqs. (4.15) were written. For all practical purposes, 
it is impossible to extend this approach to include nonlinearly elastic sys- 
tems. One possible approach would be to approximate a curved elastic 
stress-strain relation by a series of straight lines. However, the difficul- 
ties of evaluating the response of a system involving such properties 
would pyramid rapidly. 

While the computations become cumbersome, it is possible to extend 
the response theory in Chap. 4 to evaluate the response of beam and 
frame structures having elasto-plastic stiffness characteristic involving an 
idealized moment-curvature relation such as represented in Fig. 1.6. 
Numerous investigators have studied such extensions (for example, see 
Refs. 1, 2). Through the elastic response, the method in Chap. 4 is 
applicable, of course. When the first plastic hinge is formed, however, 
the stiffness of the structure changes, and it is necessary to compute a 
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new set of normal modes for these revised stiffness factors. Using this 
new set, the response computations are continued as described in Chap. 4, 
also, of course, picking up the displacements and velocities where the 
response of the first set of modes left off. Subsequently, as each new 
hinge forms, a corresponding new set of modes must be computed. Obvi- 
ously this procedure, while possible, is impractical except for simple cases. 
Recently Bleich [3] has suggested an approach which may have some 
merit, but no application to typical practical cases has been reported to 
date. 

6.4. Effect and Importance of Structural Damping in Response Compu- 
tations. Previously, in Sec. 3.5, brief consideration was given to the 
response of a damped one-degree system to a sinusoidal load. In this 
case, viscous damping was assumed, that is, damping in which the damp- 
ing force was proportional to the velocity of the mass. The damping 
which is involved in structural response is partially due to external fric- 
tional effects in the supports, connections, etc., and partially due to inter- 
nal frictional effects within the molecular framework of the material. No 
one has been able to show conclusively just what type of damping is most 
representative of structural damping [4-7]. 

Actually, in many practical problems, damping has relatively small 
effect on the total response involved in design, so it is not necessary to 
evaluate damping effects accurately. The usual procedure is to solve for 
the frequencies and characteristic shapes of the normal modes of vibration 
neglecting damping. The characteristic loads, participation factors, and 
static-mode loads are then computed as suggested in Chap. 4. The effect 
of damping is then approximated by altering Eq. (4.46), the reduced 
equation of motion [that is, the differential equation which governs the 
dynamic-load factor in the following manner: 

&m{t) + = t^Jf{t) (6.1) 

in which P is defined by Eq.-(3.18). Eor various time variations /(if) of 
the impulsive loading, Eq. (6,1) may be solved for 2)^(0 to obtain 
dynamic-load factors which are approximately corrected for the effect of 
damping. The modified dynamic-load factors are then used when super- 
imposing the dynamic contributions of the various modes. 

In some cases, the design is controlled by maximum response. If the 
design loading involves transient loadings (such as typical short pulse 
loadings similar to cases c and d in Sec. 3.7), maximum response occurs in 
the early stages before damping has had much effect, and therefore it can 
be neglected. On the other hand, if the design is controlled by fatigue 
conditions occurring under steady-state loadings, the maximum response 
during steady-state conditions may be significantly effected by damping, 
and the procedure outlined in the previous paragraph should be applied to 
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approximate this reduction. Not only should damping be considered in 
such steady-state cases produced by periodic loadings, but it may also be 
significant in response produced by relatively long nonperiodic loadings 
as, for example, those involved in earthquake response (Chap. 4, Ref. 1) . 

6.5. Dynamic Response Produced by Impact. Evaluation of dynamic 
response produced by the impact of a mass on a structure is the most diffi- 
cult problem encountered in the field of structural dynamics. This is 
particularly true if one attempts to include the effect of both the directly 
transmitted shock waves as well as the over-all structural response. 
Limited solutions including over-all structural response to various approxi- 
mations of the interacting force between the striking mass and the struck 
structure are classic problems found in numerous places in the literature 
(for example. Ref. 8). 

Unfortunately, one of the most important practical design situations is 
the design of protective construction to resist harmful penetration by 
missile fragments. Such problems are encountered in both industrial 
construction and military construc- 
tion. Very few theoretical or experi- 
mental fundamental investigations 
which are useful for practical design 
situations have been conducted. 

There is considerable empirical infor- 
mation on military missiles, but this 
is difficult to use for interpolation or 
extrapolation in the absence of relevant fundamental theory. 

Much can be learned, however, about some important aspects of the 
problem by studying the simple idealized cases of elastic and of plastic 
impact of two rigid bodies. Consider first the case of elastic impact 
For conservation of momentum, 



Fig. 6.1. Elastic impact. 
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- Vi 


— Vi + — Vi 
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For conservation of energy, assuming elastic impact and an infinite 
modulus of elasticity, 

lFiVi= _ Fi(Vi)= F2(Vi)- 

2g 2g 2g ^ 2g 

- Vi^ = - (Va^ - Vi^) (6) 

Dividing Eq. (6) by Eq. (a), 

Vi - Va = - (Vi - Vi) {c) 
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2 V 2 TF 2 + Vi(lFi - W2) 
Wi + W2 

2V1IF1 - - W2) 

T7i + W2 


In the special case where mass 2 is at rest, V 2 = 0 and 

V[ _ TF1/IF2 - 1 

Vi IFi/Tf2 +1 ..O) 

Yl - 2(TFi/1F2) 

Vi T1VH^2+1 

In a similar manner consider next the case of plastic impact of two rigid 
bodies, wherein, upon impact, the two bodies fuse together and move along 

as one combined mass (Fig. 6.2). 

^ ^ ^2 By conservation of momentum. 


Before impact 


impact 

Fig. 6,2. Plastic impact. 


TFiVi , TF 2 V 2 


If V2 = 0. 


F 1 /TF 2 
F1/F2 + 1 


This implies a loss of energy during impact : 


_ /FiVi^ F2V2=^\ ( 

V 2p 2p ; V 


TFi + 

} 


Or if V 2 = 0, 


(Fa + F2)2p 


; (Vi - V2)^ 


T F 1 F 2 

~ (Fi + F2)2 j7 

If we now think of TF 2 (the struck mass) as being the effective mass of 
the structure which is absorbing the impact, the energy which must 
be absorbed by strain energy during the response of the structure will 
be as follows: 


For plastic impact 


TFi + TF 2 


Portion of kinetic energy absorbed by response of structure 


^ 4 - IjN (1:^" 

r^y 2 g y Wj \yj 
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For elastic impact, 

Wo 

(Yir 

Portion of kinetic energy absorbed by response of structure 


We 

wwt/^g 



In Fig. 6.3, V 2 /V 1 , VJ/Vi, and the energy-absorbed ratio [that is, 
{WiYi^/2g)] have been plotted against the mass ratio (that is, IF 1 /TF 2 ) 



Mass ratio rr 
W2, 

Fig. 6,3. Energy-absorbed ratio and velocity ratios vs. mass ratio, elastic impact; 
V 2 = 0 . 


for the case of elastic impact with the struck mass stationary. In Fig. 6.4, 
similar plots are shown for plastic impact also with the struck mass 
stationary. 

In the case of elastic impact for mass ratios greater than unity, note 
that the struck mass has a higher velocity than the striking mass after 
impact. Thinking of the struck mass as representing the effective mass 
of the structure, note that the resistance of the structure would gradually 
slow it down so that the striking mass could overtake it and hit it again. 
In this way, through a series of impacts, the structure would eventually 
stop the striking mass and therefore eventually absorb as strain energy 
all the initial kinetic energy of the striking mass (if all the impacts were 
elastic). The solid horizontal line in Fig. 6.3 for mass ratio greater than 
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Fig. 6.4. Energy-absorbed ratio and velocity ratio vs. mass ratio, plastic impact; 

Vi = 0 . 


1 represents the energy absorbed through multiple impacts; the dashed 
line, the energy absorbed in the initial impact. 

Comparison of the curves for elastic and plastic impact leads to the 
following conclusions: 

1. When the striking mass is large compared with the struck mass, 
whether the impact is elastic or plastic, the energy absorbed by the 
structure is essentially the same. 

2. When the striking mass is small compared with the struck mass, 
the energy absorbed by the structural response is considerably less if the 
impact is plastic rather than elastic. This is due primarily to the energy 
loss during impact. 

3. To minimize the energy absorbed by the structural response, the 
struck mass should be as large as practical to cut down the response of 
the structure. 
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CHAPTER 7 


SIMPLIFIED ANALYSIS AND DESIGN 
FOR DYNAMIC LOAD 


7 . 1 . Introduction. An exact or rigorous solution for the response of a 
mechanical system to dynamic loads is a practical possibility only when 
the system consists of a simple arrangement of masses and springs and 
when the load-time variation is a convenient mathematical function. 
Actual structures and loadings often do not satisfy these conditions. 
For this reason, it is necessary in many problems of structural dynamics 
to idealize both the structure and the loading. The theoretical proce- 
dures given in Chaps. 3 to 6 then become possible without unreasonable 
mathematical complexity. This chapter deals with the methods by 
which this can be accomplished. 

As an example of the difficulties involved let us consider one of the 
simplest of structures— a simply supported beam. Because of the dis- 
tributed mass the beam has an infinite number of degrees of freedom. 
Obviously, the structure must be idealized by considering only a few of 
these degrees. Fortunately, the idealization can be quite extreme in 
many cases without causing large errors in the solution. Frequently 
only the first mode need be considered, and the system can be represented 
by a single concentrated mass supported by a single spring. The solution 
then becomes relatively simple. 

When idealizing dynamic loads on structures two simplifications are 
generally required. The first involves the geometric distribution of the 
load over the structure. If for purposes of analysis the mass of the 
system is concentrated at certain points, the loads must be applied at 
the same points. This requires modification of the magnitude of the 
loads. The second simplification involves the load-time variation. If a 
numerical method of analysis is used, it is not necessary to idealize this 
function because any variation can be handled. However, if a direct 
solution is desired, the load-time curve must be taken as a simple mathe- 
matical expression which may only approximate the actual loading. 

7.2. Idealized Systems. Figure 7.1 shows three simple structures 
together with the corresponding idealized or equivalent dynamic systems 
which might be used for analysis. In each case the structure is repre- 
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sented by an arrangement of concentrated masses supported or connected 
by springs. The equivalent systems have a limited number of degrees 
of freedom and hence can be analyzed with relative ease. The degrees 
of freedom must correspond to the important modes of the real structure. 

The analyst is usually interested in the deflection of the structure, and 
it is therefore desirable to select the equivalent system such that the 



Fig. 7.1. Idealized systems. 


deflections of the concentrated masses are identical with those of cer- 
tain points on the actual structures. It should be noted that for a par- 
ticular mode stresses may always be related to deflections. In the 
methods of analysis given below maximum deflections are usually deter- 
mined, but it should be understood that these can readily be converted 
to maximum stresses. These stresses are in error by the amount which 
would have been contributed by the neglected modes of vibration. 

In Fig. 7.1a the simply supported beam subjected to a uniformly dis- 
tributed dynamic load is represented by the equivalent system shown. 
This system is selected such that the deflection of the concentrated mass 
is at all times equal to the mid-span deflection of the actual beam. 
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Neglecting the higher inodes, this may be accomplished if the equivalent 
parameters Pe, me, and ke are determined according to certain energy 
relationships, as discussed in Sec. 7.6. It is obvious that the static 
deflection and the natural frequency of the equivalent system must be 
the same as the actual structure. If the beam undergoes plastic deforma- 
tion, the spring must also have plastic characteristics. 

Again considering the fundamental mode only, the resistance of the 
actual beam or the equivalent system may be expressed in terms of the 
displacement x. In the elastic range the resistance is given by 

R = kx (7.1) 

for the structure, or 

Re = kex (7.2) 

for the equivalent system. If plastic deformation is considered, the 
complete resistance function may be any one of the three curves shown 
in Fig. 7.2a. Curve A corresponds to a brittle material, while curve B 




Fig. 7.2. Resistance functions. 

would apply to a structure made of a ductile material with marked 
yielding such as steel or reinforced concrete. For curve C the resistance 
decreases above a certain value of deflection. This is generally not a 
property of the material but is caused either by a combination of direct 
stress and bending in the member providing the resistance or by plastic 
buckling. The resistance function for most of the structures discussed 
herein can be idealized by the curve shown in Fig. 7.26. The resistance 
function of the equivalent dynamic system is given the same shape. 

Equivalent systems for building frames subjected to lateral dynamic 
loads are shown in Fig. 7.16 and c. Since the floors and roofs translate 
essentially as rigid bodies and since most of the mass of the building is 
located at these levels, the concentrated masses of the equivalent system 
are placed at the same points. The columns may be replaced by springs 
supporting and connecting the masses. 

A detailed description of the methods by which approximate equivalent 
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systems are selected is given in Sec. 7.5. However, simplified methods of 
dynamic analysis for such systems will first be discussed. The selection 
of equivalent parameters will then have more meaning. 

7.3. Energy Method of Analysis (Single Degree). The method of 
analysis given here is based upon the principle that 
at the time of maximum deflection and zero velocity 
the work done by the externally applied load must be 
equal to the internal strain energy in the structure. 

It is developed for one-degree systems and when used 
with the equivalent system of an actual structure 
is no better than the approximations involved in 
computing the equivalent parameters. Curves are 
given to facilitate computation of the external work 
done. The strain energy can be easily determined 
from the resistance function. The method is ap- 
plicable to both elastic and plastic behavior. 

Consider the simple equivalent system shown in Fig. 7.3 where the 
following notation is used: 



Fig. 7.3. Simple 
equivalent system. 


Pe(0 == external load as a function of time 
me = mass of equivalent system 
Pe(^c) = internal resistance as a function of deflection 
X = deflection 


The basic equation of motion is 


me 


6 ?% 


= Pe(t) - Re(x) 


(7.3) 


The equation of conservation of energy is 

External work done = kinetic energy + strain energy 
or Pe(t) do; = i me Re(x) dx (7.4) 

which becomes at maximum deflection (zero velocity) 

f^Pe{t) dx = dx (7.6) 

These are the basic equations used below to determine maximum deflec- 
tion of the system under a given dynamic load. 

It may be noted that in the above equations and in the following com- 
putations the effect of damping is neglected. This is possible because 
in most problems of structural dynamics we are interested only in the 
first peak value of deflection, and not in a continuous state of vibration. 
For this reason damping is of little importance. 
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a. External Work Done. A typical dynamic load is shown in Fig. 7.4, 
where T is defined as the duration of the load. If this load is applied to 
the dynamic system shown in Fig. 7.3, 'We(«), the external work done up 
to any time t, is given by 

r arfi) f t rf'T’ 

V^e{t) = / Peit) dx = / Peit) ^ dt (7.6) 

In order to evaluate the work done, the velocity dx/dt must be deter- 
mined by integration of Eq. (7.3). 

^ = (7.7) 

dt Ti'l'e Jo 

Thus the expression for work done becomes 

V?eit) = j‘ [Peit) - di j dt (7.8) 


In the energy method of analysis this expression is integrated between 
^ i == 0 and t = tm, the time of maxi- 

^ mum deflection, in order to obtain 

'X the work done by the load 

X \ during this time interval. It is 

/ \ evident that the work done de- 

/ \ pends not only upon the external 

y \ f load but also upon the mass and 

^ , resistance function of the dynamic 

Fig. 7.4. Typical dynamic load. system 

If the time of maximum deflection tm is greater than the duration of 
the load T, Eq. (7.8) need only be integrated up to the latter time. 
Thereafter the work done remains constant. If tm is much greater than 
T, the resistance Re(x) is small during the application of the load and 
may be neglected. The expression for work done then becomes 


UK Pe{t) j dt (7.9) 

which when integrated becomes, where V^Peis the work done ignoring the 
contribution of the resistance, 

■W,. . g (7.10) 

fT 

in which Hme = I Pe{t) dt 

Hme is the total impulse of the external load and is equal to the area 
under the load-time curve. The external force in this case may be 
termed a pure impulsive load, and during its application the resistance 
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and internal strain energy of the system may be assumed to be zero. 
After the application of the load the mass has acquired a kinetic energy 
equal to the work done: 

(7.11) 



Fig. 7.5. Work-done ratios for rectangular loads and one-degree systems [1]. 
The initial velocity is therefore given by 

V = — (7.12) 

me 

At maximum deflection this kinetic energy is completely transferred 
into internal strain energy. In the case of a pure impulsive load the 
work done depends only upon the area under the load-time curve and is 
independent of the shape of that curve and the properties of the dynamic 
system. 
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In most cases the resistance Re{x) cannot be neglected in the time 
interval between 0 and T. From Eq. (7.8) it may be seen that the 
internal resistance always acts to reduce the work done on the system. 
Therefore the work given by Eq. (7.10) may be considered to be the 



Fig. 7.6. Work-done ratios for triangular loads and one-degree systems [1]. 

absolute maximum work which could be done by a given load on a 
dynamic system. 

H 2 

Absolute maximum work == (7.13) 

ZTYle 

The energy method of analysis consists in part of a determination of the 
ratio 'Wme/Wpfl, which is the actual work done divided by the absolute 
maximum work. This ratio depends upon the shape of the load-time 
curve and the properties of the dynamic system and is called the work- 
done ratio, Cw, 

Curves giving the work-done ratio C-vi? for two simple load-time func- 


SIMPLIFIED ANALYSIS AND DESIGN 


139 


Sec. 7.3] 

tions and for the one-degree-of-freedom system shown in Fig. 7.3 are con- 
tained in Figs. 7.5 and 7.6. The system is assumed to have the idealized 
resistance function shown in Fig. 7.26. These curves were obtained by 
evaluation of Eq. (7.8) for variations in the parameters involved and 
required determination of the deflection-time function using the basic 



Fig. 7.7. Time of maximum deflection for rectangular loads and one-degree systems [1]. 


principles presented in Chap. 3. For convenience the results are given 
in terms of the ratios 




where jRme = maximum or plastic resistance of system 
Be — peak value of external load 
T = duration of load 

Tn = natural period of system = 27r 
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For a given loading and dynamic system these ratios can be easily com- 
puted and the work-done ratio obtained from the curves presented. Hav- 
ing the work-done ratio, the absolute maximum work is computed by Eq. 
(7.13), and ‘W^e, the actual work done, by C'-w'Wpo. Detailed application 
of these curves is described in Sec. 7.3c. 



Fig. 7.8. Time of maximum deflection for triangular loads and one-degree systems [1]. 


It may be observed in the figures that as the ratio T/Tn decreases, the 
load becomes more nearly a pure impulse and the work-done ratio 
approaches unity. It may also be observed that as Cr increases, the 
behavior becomes more nearly elastic and the bottom curve applies to the 
completely elastic case. 

In many cases it is also necessary to determine the time of maximum 
deflection. This may be obtained by the curves given in Figs. 7.7 and 7.8. 
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Although the curves described above were derived for rectangular and 
triangular load-time functions, they may be applied to a wide range of 
structural dynamic problems. In many cases the actual load on the 
structure may be idealized into one of these simple shapes. 

6. Energy Absorbed. The energy absorbed by the dynamic system 
shown in Fig. 7.3 may be determined as the area under the resistance- 
deflection curves shown in Fig. 1,2b. If the behavior is completely 




elastic, the absorbed energy is equal to the strain energy and is given by 

SE - y2keXj = yReXm (7.14) 

where = maximum deflection of system. If the deflection continues 
into the plastic range, the absorbed energy is given by 

SE = Eme{xm ~ (7.14a) 

where Xei = limiting elastic deflection = RJke. 

c. Application of Energy Method. Analysis by the energy method sim- 
ply consists in equating the work done by the applied load to the energy 
absorbed by the system at maximum deflection. As an example consider 
the one-degree system shown in Fig. 7.9a. The dynamic load is triangu- 
lar in shape with an initial peak value of Be and a duration of T. The 
resistance function is as shown in Fig. 7.9c, where ke is the elastic spring 
stiffness, R^e is the maximum elastic (or the plastic) spring resistance, and 
Xei is the limiting elastic deflection. This is the case for which the curves 
of Fig. 7.6 were derived. It is desired to determine the maximum deflec- 
tions Xm and time of this deflection tm* 

The following data are given: 


vie = 100 lb-sec Vft 
ke = 10,000 Ib/ft 
Be - 2,000 lb 


T - 1.0 sec 
Rme = 1,600 lb 
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The natural period of the system is 



— 2ir 


Ct 

T 

1 


0.628 


R^e 1,600 

Cr 

B, 

, 2,000 


100 


0.628 sec 


1.59 


= HB,T = K X 2,000 X 1 = 1,000 Ib-sec 


H 2 

Wp, = 


(1,000)5 


2m« 2 X 100 


= 5,000 Ib-ft 


From Fig. 7.6, 

W,n. 

Wp. 


= 0.23 


= 5,000 X 0.23 = 1,150 Ib-ft 
Ttme _ 1,600 n ifi ft 

= SE . 

1,150 = Rme(xm — }4^ei) = l,600[a;m 
Xm = 0.80 ft Ans. 


(M)(0.16)] 


Prom Fig. 7.8, 


T 


= 0.63 


tm ~ 0.63 X 1.0 = 0.63 sec Ans. 


As an example of elastic behavior the data are changed so that Rm is 
much greater than Be. The maximum resistance (or force) developed in 
the spring is to be determined. Using the “elastic” curve in Fig. 7.6, we 
obtain 

^ = 0.12 for Ct = 1.59 

wpe 

= 0.12 X 5,000 = 600 Ib-ft 
•W„. = SE = }4kexJ = M X 10,000a;„5“ = 600 
xj = 0.12 x„ = 0.346 ft Ans. 

Max Re developed = Rme = keXm 

= 10,000 X 0.346 = 3,460 lb Ans. 


I = 0.30 

= 0.30 X 1.0 = 0.30 sec Ans. 


Prom Fig. 7.8, 
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In the design of a structure one must proceed by trial and error since 
both Rme and ke are functions of the structure selected. Design examples 
are given in Sec. 7.8. 

7.4. Deflection Method of Analysis (Single Degree). The deflection 
method is basically the same as the energy method given in the preceding 
section. The primary difference in the two methods is the form in which 



Fig. 7.10. Deflection ratios for rectangular loads and one-degree systems [1]. 


the data are given. It is largely a matter of personal opinion as to which 
is the most convenient approach. 

In the deflection method the results are given in terms of maximum 
deflection ratio, Xmlxeu rather than in terms of energy ratio. These 
results are shown in Figs. 7.10 and 7.11 for rectangular and triangular 
load-time functions. Values of x^/xei are obtained using the same basic 
parameter ratios as in the energy method. It may be observed that as 
Ce increases, the deflection ratio decreases, and that for values of Ce of 
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2 or greater the behavior must be purely elastic. For short load dura- 
tions, the behavior may be elastic for smaller values of Cr. 

As an illustration of this method consider the same example given in the 
preceding section in which a one-degree system is subjected to a triangular 


wimfAmrAWfAmmm 


inHiHi 


ISiaiBIBS 


iBaiimn 






|^»«l 


isini 




0 ? - Rm'B 


Tnangulor Res(stan/:e Displacement 
ioQd function ’ function 


■CT=^/r„ 

Fig. 7.11. Deflection ratios for triangular loads and one-degree systems [1]. 
load. In that example, the following were computed : 


Ct = 1.59 
Cr = 0.8 

Xei = 0.16 ft 


From Fig. 7.11, 


= 5.0 X 0.16 = 0.80 ft Ans. 

This is the same answer as obtained previously. The time of maxiTm i- m 
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deflection is obtained from Fig, 7.8 as before. It may be noted that in 
this example the deflection method requires somewhat less computation 
than the energy method. However, in design, rather than analysis, this 
is not necessarily true. 

In applying these curves to the elastic case, is arbitrarily taken as 
twice the peak load Be. The result obtained will hold also for any larger 
value of R me‘ 


<4 


From Fig. 7.11, 


Ct = 1.69 
Cr = 2.0 


— = 0.86 

Xel 


^el — 


Rv 


= = 0.40 ft 


ke 10,000 

= 0.40 X 0.86 = 0.344 ft 


Ans. 


As an alternative method of solving problems involving only elastic 
behavior the curves of Figs. 7.12 and 7.13 are given. It is evident in the 
elastic examples above that the maximum deflection is independent of the 
resistance ratio Cr. It is therefore possible and more convenient to give 
the results in terms of Ct only. This has been done in Fig. 7.12 for rec- 
tangular and triangular loads. In this case the results are given in terms 
of the maximum dynamic-load factor, which may be defined as the ratio 
of the maximum resistance developed to the peak value of the applied 
load. It may also be defined as the ratio of the maximum deflection to 
X Bs, that which would be caused by the peak load applied statically. Thus, 

tat tt' Rme 

DLF_ - — 

More obviously, perhaps, this factor is simply the increase in the static 
stress or deflection due to the dynamic character of the load. The maxi- 
mum dynamic-load factor decreases as Ct decreases. For the rectangu- 
lar load, however, the DLF^n^ is 2 for all values of Ct greater than 0.5. 

Using the previous example and referring to Fig. 7.12, for Ct = 1.59, 

DLF^,, = 1.71 

R^e = (1.71) (2,000) = 3,420 lb Ans. 

= 1.71.TB. = (1.71) = 0.342 ft Ans. 

^ = 0.30 = 0.30 X 1.0 = 0.30 sec Ans. 

In Fig. 7.13 results are given for an elastic system subjected to a load 
which begins at zero, increases linearly to a maximum value at time Tr, 




CT = T/r„ 

Fig. 7.12. Elastic analysis of one-degree systems [1]. 


exactly the same manner as those in Fig. 7, 12. These curves are interest- 
ing in that the DLFmax does not decrease continuously as Tr/Tn increases. 
The curve of has a waveform such that there is no dynamic 

increase when Tr is a whole multiple of ITn. 

7.6. Transformation Factors* Having developed simplified methods of 
analysis for one-degree systems, the manner in which actual structures are 
converted into idealized or equivalent dynamic systems will now be dis- 
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cussed. This is accomplished by applying transformation factors to the 
dynamic parameters of the structure. 

The deflection of any structural element subjected to dynamic loads is 
the superposition of the contributions of an infinite number of normal 
modes of vibration. The contribution of each mode depends upon the 



Fig. 7.13. Elastic analysis of one-degree systems [1]. 

spatial distribution and time variation of the load, the stiffness and mass 
dfistribution of the element, and the support conditions. Fortunately, in 
most cases one mode predominates, and reasonably accurate results can 
be obtained by considering only this mode. 

The procedure used involves an assumed deflected shape corresponding 
to the predominant mode. This establishes a relationship between the 
deflections of all points on the element which is constant with time. It 
makes it possible to represent the element by an equivalent system having 
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one degree of freedom. The factors defined below provide the parameters 
of the equivalent system in terms of those of the actual structure (Fig. 
7.1). It should be recalled that in all cases the deflection of the equiv- 
alent system is made equal to that of the real structure. 

o. Load Factor Kl. The concentrated dynamic load on the equivalent 
system is obtained by multiplying the total load on the actual structure 
by the load factor. This may be expressed by the equation 

Kl = ^ (7.16) 


Kl is determined by equating the external work done by Pe on the equiv- 
alent system to that done by P on the real system. Both equivalent and 
real loads have the same time variation. 

b. Mass Factor Km- When the total mass of the structure is multiplied 
by the mass factor we obtain the concentrated mass of the equivalent 
system. 


Km - 


rtifg 

mt 


(7.16) 


This factor is obtained by equating the kinetic energy of the real and 
equivalent systems. 

c. Resistance Factor Kr, The resistance of an element is the internal 
force tending to restore the element to its equilibrium position. At a 
given deflection the resistance is defined as numerically equal to the static 
load required to produce the same deflection; Kr is the factor by which 
the resistance of the real element is multiplied to obtain the resistance of 
the spring in the equivalent system. It is obtained by equating the inter- 
nal strain energies of the two systems. On this basis it is found that Kr is 
always equal to the load factor. Thus, 

= § = Kl (7.17) 


d. Maximum Resistance and Spring Constant, The maximum resist- 
ance of the real element is defined as the maximum total load which can 
be carried. It is computed using the ultimate-strength characteristics 
given in Chaps. 1 and 2. When this value is multiplied by Kr we obtain 
the maximum resistance of the equivalent system. 

The spring constant k of the real system is defined as the total static 
load required to cause a unit deflection. Since the deflections of the two 
systems are equal, the spring constant of the equivalent system is obtained 
by applying the resistance factor. Thus, 


Rme = KrR 
ke = KRk 


m 


(7.18) 

(7.19) 
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e. Dynamic Reaction V. Dynamic reactions on the element are 
needed both to determine shear at the supports and to determine the 
load applied to supporting elements. This presents a special problem 
since there is no force in the equivalent system which corresponds directly 
to the reaction on the real structure. These reactions must be obtained 
by a combined consideration of the resistance of the equivalent system 
and the actual applied load. 

7.6. Transformation Factors for a Simply Supported, Uniformly Loaded 
Beam. In order to make the equivalent system dynamically similar to 
the real structure, the strain and kinetic energies and the work done by 



[o) id) ic) 


Fig. 7.14. Determination of equivalent system in elastic range, (a) Uniformly dis- 
tributed load on simply supported beam; (h) assumed deflection shape; (c) equivalent 
single-degree system. 

the external loads will be made equal. As an example, transformation 
factors are computed below for a simply supported beam having uniform 
mass and subjected to a uniformly distributed dynamic load (Fig. 7.14). 
It is assumed that the deflected shape is the same as that which would 
be caused by the load applied statically. This shape is assumed to be 
constant with time so that the ratio of any two ordinates of deflection 
along the beam is always constant. This procedure is not quite the same 
as considering only the first mode of vibration since the shape of the 
first mode is not the same as the static-deflection curve. It is believed, 
however, that the procedure used approximately takes into account the 
contribution of the higher modes and is somewhat more accurate. It 
should be noted that the results of these two approaches differ only 
slightly. 

If the beam distorts into the plastic range, the transformation factors 
must be changed since the deflected shape changes. For this reason 
both elastic and plastic values are computed below. Examples of the 
application of these factors are given in Secs. 7.6e and 7.8. 

a. Load Factor. The elastic deflected shape of the beam shown in Fig. 
7.14 with the load applied statically is given by 




(7.20) 
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Thus, 


Xac 


.5pL* 

384^;/ 


Xa 


16 

5L‘ 


(L‘z - 2Lz^ + Z^)Xa 


(7.21) 

(7.22) 


The total work done by the load is 


- r " lo 

10 'pXjOC(i0 10 PoOac 

^■'"2 ^" T " 


(7.23) 


where P = total load. 

In the equivalent system (Fig. 7.14c) the work done by the external 
load is 




Pe^e 

2 


(7.24) 


Since Xe is made equal to Xac and since the work done must be the same in 
both cases, 


We = 

- It P'25) 

Pe = 1^5^ 


Thus the load factor is given by 


Kl — ^ ~ (elastic) 


(7.26) 


Since the load-time variation is the same on both the equivalent and real 
systems the factor computed is not affected by the dynamic character 
of the load. 

In the plastic range after a hinge has formed at mid-span tl;ie deflected 
shape is assumed to be two straight lines as shown in Fig. 7.15. In this 
case it is obvious that 


and 


■Wa 

Kl 


1 PXa^ 

2~T' 

yi (plastic) 


(7.27) 


Obviously there cannot be a sudden change in load factor when the 
plastic hinge forms. However, for purposes of analysis this is often 
assumed. Since the difference between the two factors is not great it is 
permissible in many cases to use an average value throughout the elasto- 
plastic dynamic analysis. 
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&. Mass Factor. In simple harmonic motion of the type assumed here 
the maximum velocity at any point along the beam is proportional to 
the ordinate of the deflection curve at the same point. The mass factor 
is obtained by equating the total kinetic energy of the beam to that of 
the equivalent system. 



Peit) 

[a) ii^) 


Fig. 7.15. Determination of equivalent system in plastic range, (o) Assumed deflec- 
tion shape; (h) equivalent single-degree system. 

In the elastic range we assume that the velocities of the beam are 

where X = constant relating velocity and deflection. Thus, 

v„ = ^ (L^z - 2Lz^ + z^)Yao (7.28) 

The kinetic energy of the real system is given by 

KEa = dz (7.29) 

where m = mass per unit length. When integrated, the equation 
produces 

KEa - 0.25mWac' (7.30) 

where = total mass of beam. 

The kinetic energy of the equivalent system is given by 

KE« = KmW/ (7.31) 

Since the kinetic energies must be equal and since V« must equal Vac, 

KEa - KE. 

Q.2BmtYac^ = O.SmcVc^ 

0.5mf = We 


(7.32) 
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Km = — = 0.50 (elastic) 


(7.33) 


In the plastic range if we assume the same deflected shape as in the 
computation of load factor, we obtain 

Km = 0.33 (plastic) (7.34) 


It is important to note that the total mass of the real beam, mtj is not 
only the weight of the beam itself but also all mass which would vibrate 
or deflect with the beam. Normally this mass can be taken as that 
corresponding to the total dead weight supported by the beam. 

c. Maximum Resistance and Spring Constant. The maximum resist- 
ance is defined as the maximum total distributed load which can be sup- 
ported by the beam. This resistance is attained after the plastic hinge 
is formed at mid-span. In the elastic range the maximum moment is 
given by 


where P — total load. If M is equal to the maximum resisting moment 
Mp (Chaps. 1 and 2), then P becomes the maximum resistance Rm- 


R 


m 


SMp 

~L~ 


(7.35) 


In the equivalent system the maximum resistance is obtained by apply- 
ing the resistance factor: 

Rn., = = Kj.R^ = S ^ 

This is the limiting, or maximum, resistance in the elastic range. How- 
ever, if plastic deformation occurs, the resistance of the equivalent system 
is changed to 

Rme = I (plastic) (7.37) 


The stiffness, or spring constant, of the real beam in the elastic range 
is defined as the total load divided by the mid-span deflection. Thus 


P _ 384^;/ 
5PL^/S84:EI 5L> 


(7.38) 


Multiplying by the load factor, the spring constant of the equivalent 
system is obtained. 


h = KLk = 


16 384£'7 
25 5L® 


(7.39) 
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In the elastic range the resistance of the equivalent system is equal to 

keX. 

d. Dynamic Reactions, The dynamic reaction of the equivalent sys- 
tem at any time is simply equal to the force in the spring. However, 
this is not representative of the dynamic reaction on the actual beam. 
In order to determine the latter we must consider the actual inertia 
forces distributed along the beam. 

Referring to Fig. 7.16, it is assumed that the inertia forces are at all 
points proportional to the ordinates of the deflected shape. This is 



ia) (^) 


Fig. 7.16. Determination of dynamic reaction in the elastic range, (a) Load and 
inertial-force distribution; (b) forces on one-half of beam. 

justified because if each point is in simple harmonic motion the maximum 
acceleration is proportional to the maximum deflection. Considering 
one-half of the beam as shown in Fig. 7.165, the resultant inertia force 
is located at the centroid of the deflection curve. Taking moments 
about the inertia force, 

where Me = bending moment at mid-span. Assuming that the resist- 
ance R is equal to SMc/L and substituting for Mq in Eq. (7.40), 

V = 0.39E + O.llP (7.41) 

Thus at any time the dynamic reaction depends upon both the resistance 
of the actual beam and the actual applied load. This resistance is equal 
to that of the equivalent system divided by the resistance or load factor. 

In the plastic range the same procedure is followed using the assumed 
deflected shape for this range. In this case the dynamic reaction is 
given by 

V ^ HR + %P (plastic) (7.42) 

e. Examples, Before discussing other types of structures it will be 
helpful to consider an example of analysis using the principles outlined 
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above. The maximum elastic deflection and stress for the simple 
beam and load-time function shown in Fig. 7.17 is to be determined. 
The 16WF50 beam is laterally supported so that buckling need not be 
considered. 


p[t) 

u 1 1 in 1 I D. 

A 1SWF50 ^ 




Fig. 7.17. Example. 


The actual structure has the following properties; 

Weight per foot = 800 lb 

800 X 12 

Total mass = — — = 298 Ib-secVft = Wt 

. JS? = 30 X 10« psi 
I = 655.4 in.^ 

Total peak load = 5,000 X 12 = 60,000 lb 

384EI 384 X 30 X 100X 655.4 , 

^ sx = 6.07 X 10« Ib/ft 


5 X (12)0 X 144 


For the equivalent system. 

Mass = = mtKm = 298 X 0.50 = 149 lb-sec Vft 

Peak load = P, = 60,000 X = 38,400 lb 

K = JcKb = 6.07 X 10" X 1^5 = 3.88 X 10= Ib/ft 


Natural period = r„ = 2x 




149 


88 X 10« 


= 0.039 sec 


Using Fig. 7.12, 


Z. 

Tn 

L 


0.10 

0.039 


= 2.56 


DLF™.x = 1.80 ^ = 0.20 


= 1.80 X 38,400 = 69,100 lb 
^ _Rm. __ 69,100 

” k. 3.88 X 10« 


= 1.78 X 10-“ ft ■ Ans. 
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For the real beam, 

= ^ = = 108,000 lb 

Kb ^>25 

or Dynamic load = 1.80 X 60,000 = 108,000 lb 

, ,. , KL 108,000 X 12 1 fto non iK f+ 

Max bending moment = "g" ~ g 162,000 ib-it 

M 162,000 X 12 _ 

Max bending stress = gO^T 24,000 psi 2 ins. 

The dead-load stress is 2,100 psi, so the maximum total bending stress 

is 26,100 psi. ■ • u 

The shear in the beam is equal to the dynamic reaction given by 
Eq. (7.41). This value varies with time, but the maximum in this case 

occurs at t 

At = 0.02 sec, 

R„ = 108,000 lb 

P = ^ X 60,000 = 48,000 lb 

Max V = 0.39 X 108,000 + 0.11 X 48,000 = 47,4001b 
Dead reaction = 4,800 lb 

Max shear stress = 25^’x^O 380 ~ 

For an example of plastic analysis let the peak dynamic load in the 
previous example be increased from 5 to 15 kips/ft. Using Eq. (1.5) 
and a dynamic yield stress of 41,600 psi, the maximum bending resistance 
of the cross section is given by 

Mp = IMfdyS 

= 1.05 X 41,600 X 80.7 = 3.53 X 10» lb-in. 

The maximum resistance of the beam is 

_ 8Mp ^ 8 X 3.53 X 10° ^ gg jqb ig 
" L 12 X 12 


The limiting elastic deflection is 


- ^ - 1-96 X 10*^ 
~ k 6.07 X 10« 


3.22 X 10-^ ft 


For the transformation factors it is sufficiently accurate to use the aver- 
age of the elastic and plastic values. Thus, 


Kl = 0.57 
Ky. = 0.415 
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Peak load = - 0.57 X 15,000 X 12 = 102,500 lb 

nie == 0.415 X 298 = 124 Ib-secVft 

^ Vsirtw - ““ 

i?«e = 0.57 X 1.96 X 10^ = 1.12 X 10* lb 


0.0376 sec 


Using Fig. 7.11, 

T ^ 0.10 
T„ 0.0376 


= 2.66 

1.12 X 10* 
102,500 


= 1.09 


= 2.5 


2.5 X 3.22 X 10-2 = 8.05 X 10-= ft 


The maximum dynamic reaction in this case cannot be determined with- 
out a more complete analysis. However, as a conservative estimate we 
may combine the maximum resistance with the peak load. Thus, 

Max 7 = 0.39R„ + 0.115 

= 0.39 X 1.96 X 10* + 0.11 X 15,000 X 12 
= 96,300 lb 

Max shear stress = |q 33Q = 15,600 psi Ans. 


Actually, the maximum shear occurs when the limiting elastic deflection 
is reached and is somewhat less than the value computed. 

It should be noted that for these examples a rigorous solution is rela- 
tively simple to obtain and the approximate method presented has no 
particular merit. However, in many cases of structural analysis for 
dynamic loads a simplified approach of this type provides the only 
practical solution. 

/. Accuracy of Approximate Analysis. It is apparent in the develop- 
ment of the simplified method that there are many approximations and 
possible sources of error. It is therefore of interest to compare results 
obtained thereby with an exact solution. This is done in Figs. 7.18 to 
7.20 for the case of a simply supported beam uniformly loaded. The 
load-time function is triangular as in the preceding examples. The exact 
solution was obtained by the methods described in Chap. 5. 

In Fig. 7.18 the variation of mid-span moment with time is shown up 
to a point slightly beyond the maximum deflection. The entire behavior 
is elastic. In the exact solution the effect of the higher modes is apparent. 
At no point, however, is the error serious. 
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In Fig. 7.19, a similar comparison is made for the dynamic reaction or 
shear at the support. The effect of the higher modes in the exact solution 
is even more apparent here. However, these high-frequency variations 
may not be of real significance. In most structures they would have 
little effect on elements supporting the beam which normally have long 



Fig. 7.18. Bending moment at mid-span for a simply supported beam under triangular 
load with T /Tn — 1.0. 


natural periods. If excessive shear stresses developed in the beam itself, 
only a slight amount of yielding in the material would be required to 
quickly dampen the high frequencies. For these reasons a third curve 
is shown in Fig. 7.19, which is the first mode plus the average of the 
higher modes. This curve follows the approximate solution very 
closely. 

The comparisons of Figs. 7.18 and 7.19 are for T/Tn equal to unity. 
Figure 7.20 extends the comparison to other values of this ratio. The 
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curves of this figure show the maximum possible error in moment, shear, 
and deflection as a function of T IT n. These values were computed by 
adding numerically the amplitudes of all the modes and therefore repre- 
sent the upper limits of error rather than actual values to be expected. 



It is concluded from these curves that the only appreciable error is in the 
shear at the support. This error is important only for small values of 
r/rn- Since in problems of structural dynamics values of T/T^ less 
than 0.4 are uncommon, it is concluded that the simplified method of 
analysis is sufficiently accurate. 

7. 7, Other Structural Elements, a. Bedms with Various Loading and 
Support Conditions. Tables 7.1 to 7,3 contain transforming design fac- 
tors for beams with various loading and support conditions. These 
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factors were all derived in the same manner as those for the simply sup- 
ported, uniformly loaded beam which were given in Sec. 7.5. The basic 
difference is in the assumed deflected shape, which in each case is taken 
as the static-deflection curve. 

In Table 7.1 values are given for simply supported beams. In addi- 
tion to the factors discussed above, a load-mass factor is given which is 
simply equal to the mass factor divided by the load factor. Use of the 





Fig. 7.20. Maximum possible errors in using an equivalent system for a simply sup- 
ported beam under triangular load. 

load-mass factor is sometimes convenient, especially in numerical solu- 
tions. It may be noted that the load factor is unity for a concentrated 
load at mid-span. This results from the fact that the deflection of the 
beam at the point of loading is equal to the deflection of the equivalent 
system. Since the work done by the real load must be equal to that 
done by the equivalent load the numerical values of the two loads must 
also be equal. For cases involving concentrated loads two mass factors 
are given. The first is for the case of a uniformly distributed mass, and 
the second is for the case of mass concentrated at the points of loading. 
The latter case is common and occurs when the loads are applied by other 
beams which are supported by the beam being analyzed. If both dis- 
tributed and concentrated masses are significant, the equivalent masses 
should be determined separately and added together to obtain the total 
equivalent mass. 

Table 7.2 provides factors for fixed-ended beams. For the uniformly 
loaded case values are given for three ranges of behavior. The necessity 




Table 7.1. Dynamic-design Factors tor Beams and One-way Slabs [1] 



Equal parts of the coacentrated mass are lumped at each concentrated load. 




Table 7 . 2 . Dynamic-design Factors for Beams and One-way Slabs [1] 
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* Concentrated mass is lumped at the concentrated load. 
tSee Fig. 7.21. 





Table 7 . 3 . Dynamic-design Factors for Beams and One-way Slabs [1] 
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♦ Equal parts of the concentrated mass are lumped at each concentrated load 
t See Fig. 7.21. 
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for three ranges is apparent if the behavior of the element under a gradu- 
ally increasing load is considered. As the load increases plastic hinges 
are first formed at the supports. Thereafter the beam behaves elasto- 
plastically as a simply supported element and the load and mass factors 
are determined accordingly. Finally, a hinge forms at mid-span and the 
behavior is completely plastic. The factors for the last two ranges are 
the same as for a simply supported beam. The values of maximum 
resistance given occur at the ends of the corresponding ranges of behavior. 
Mps is the ultimate resisting moment at the support, and Mpm, is that at 



mid-span. The resistance diagram for this case is trilinear, as shown in 
Fig. 7.21 as line ABCD, However, the curves for simplified analysis 
given in Secs. 7.3 and 7.4 are derived for bilinear resistance functions. 
Therefore it is necessary to replace the actual resistance curve by an 
equivalent bilinear shape. Two such values of effective” spring con- 
stant are given in Table 7.2. The elastic effective value corresponds to 
curve A I in Fig. 7.21 and is used when the beam does not deflect beyond 
the actual point C. In this case a fictitious maximum resistance Rmf is 
used to replace the actual value. The plastic effective spring constant 
corresponds to curve AGO and is used when the beam deflects into the full 
plastic range. These effective constants were determined by making the 
areas under the resistance-deflection curves equal in the actual and 
assumed conditions. An example using effective spring constants is 
given in Sec. 7.8. 

Table 7.3 gives the various factors for a beam simply supported at one 
end and fixed at the other. 

For conditions of partial restraint at the supports intermediate values 
of the factors may be estimated. This is usually necessary when dealing 
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with continuous beams. Tables 7.1 to 7.3 may also be used for one-way 
slabs. 

6. Two-way Slabs. Transforming design factors for simply supported 
and fixed two-way slabs uniformly loaded are given in Tables 7.4 and 7.5. 
These values were obtained using the same principles as for beams (Sec. 
7.6) except that this case involves a deflected shape in three dimensions. 
Several ratios of the lengths of the two sides are considered. 

The determination of deflected shapes and resistances for two-way 
slabs is obviously rather complicated. Tables 7.4 and 7.5 are based upon 
classical plate theory in the elastic range and idealized failure lines during 
plastic distortion. In the expressions for resistance the following notation 
is used: 

Mpfa = total positive plastic-bending-moment capacity along a 
section parallel to edge a 

= negative plastic-moment capacity per unit width at center 
of edge a 

Mpsa — total negative plastic-moment capacity along edge a 

Edge a is the shorter side of the slab. The expressions for dynamic reac- 
tions give the total reaction along one of the four edges in terms of P, the 
total load, and R, theTotal resistance. In the expressions for spring con- 
stant la is the moment of inertia per unit width. 

Once the transforming factors have been applied to the two-way slab 
the analysis proceeds as for any simple one-degree equivalent system. 

c. Flat Slabs. Recommended factors for a square interior flat slab are 
given in Table 7.6. The notation used for bending moments is as 
follows: 

Mpjnpj Mpmn = positivG and negative plastic-moment capacity per 
unit width in middle strip 

Mpcp, Mpcn = positive and negative plastic-moment capacity per 
unit width in column strip 

d. Frames. The transforming factors for rigid building frames sub- 
jected to lateral load such as shown in Fig. 7.15 can be easily determined. 
The load factor for a load concentrated at roof level is unity. For a load 
distributed along the side wall a factor of one-half is used. The equiva- 
lent mass may be taken as the total mass at roof level plus one-third of 
the mass contained in the walls. The spring constant can be determined 
from a conventional elastic analysis of the frame. The maximum 
resistance can be easily determined from the moment capacity of the 
columns. The same principle can be applied to the multistory frame 
shown in Fig. 7.1c. 

If vertical dynamic loads are applied to the girders of the frame, these 
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elements may usually be analyzed as separate beams. The columns are 
then designed for the dynamic reactions of the girders. 

e. Miscellaneous, Dynamic-design factors could be given for a wide 
assortment of structural elements. However, on the basis of the principles 
outlined above, the designer should be able to determine these factors as 
required. 


Table 7.6. Dynamic-design Factors for Flat Slabs: 
Square Interior, Uniform Load [1] 


ft — 


dJ3 


nn nh 
1^ IJp 


Strain 

phase 

d/a 

Load 

factor 

Kl 

Mass 

factor 

Kn, 

Load-mass 

factor 

KLvx 

Spring 
constant fc, 
kips/ft 

Maximum 
resistance 
Rm, kips 

Dynamic 
column load 

Vo, kips 


0.05 

^5 

0.34 

0,64 

lAbEU/a^ 

A.2'S.Mp 



0.10 

Ks 

0.34 

0.64 

I. 6 OJJ/ 0/02 

4.42AfF 

0.16P + 0.84E 

Elastic 

0.15 

Ms 

0.34 

0.64 

1.75E7a/a2 

4.6SiUp 

-b load on capital 


0.20 

Ms 

0.34 

0.64 

1. 92 J?Ja/o2 

4.8SiJfp 



0.26 

Ms 

0.34 

0.64 

2 . 10 J?Jtt/a 2 

S.OSilJTp 



0.05 

M 


142 

0 

A.2ZMP 



0.10 

H 


Ma 

0 

4.42JJP 

0.14P + 0.86P« 

Plastic 

0.16 

H 


142 

0 

4.6Siiff> 

-j- load on capital 


0.20 

U 

144 

142 

0 

4.8Silfj“ 



0.25 

M 

144 

142 

0 

s.osilfp 



d = width of column capital 
a = column spacing, ft 

E =s compressive modulus of elasticity of concrete, ksi 

Jo = average of gross and transformed moments of inertia per unit width, equal in both directions, 
in.V^t 

P = total load on one slab panel, excluding capitals 
R — total resistance of one slab panel, excluding capitals 

UMp == MPmp + MPmn 4 ” Mpep + MPen 

In some cases such as deep beams of reinforced concrete, shear dis- 
tortion is important and should be considered when determining the 
deflected shape, spring constant, and maximum resistance. 

The dynamic analysis of trusses may be handled in the same manner 
as beams except that shear distortion may also be important in this case. 

The analysis of continuous reinforced-concrete T beams or composite 
steel beams presents complications because the effective moment of 
inertia varies along the span. However, reasonable approximations may 
be easily developed. When the beam supports a two-way slab the fact 
that the load and mass contributed by the slab vary along the span 
should also be considered, 

7.8. Design Examples. This section contains design examples pre- 
sented to illustrate use of the simplified analysis of this chapter and the 
strength properties of Chaps. 1 and 2. 
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a. Simple-span Steel Beam Designed for Plastic Deformation. As a 
first example consider the beam and loading shown in Fig. 7.22. The 
beam is subjected to a uniformly distributed load with a rectangular 
load-time function. The material is of structural carbon steel having 
the dynamic properties given in Chap. 1. The element supports a dead 
weight of 1.0 kip/ft in addition to its own weight. The maximum per- 
mitted deflection at mid-span has been determined to be 4 in. The beam 
is assumed to be laterally supported so that torsional buckling need not 
be considered. 

The energy method of Sec. 7.3 will be used, and the first trial design 
based upon an assumed work-done ratio (7w‘ Since the behavior is 



Fig. 7.22. Example. 

largely plastic, the plastic-transformation factors given in Table 7.1 will 
be used. Actually, a weighted average of the elastic and plastic factors 
should be used. However, this is of secondary importance since the 
load-mass factor, which is the real criterion, is little different in the two 
ranges. Thus Kl — 0.50, and = 0.33. 

First determine the absolute maximum work done: 

Assume weight of beam = 100 Ib/ft 
1 in V 20 

Total mass == 2 — “ 0.684 kip-sec Vft 

Equivalent mass = me = 0.684 X 0,33 = 0.226 kip-sec Vft 
Total impulse = 8 X 20 X 0.10 = 16.0 kip-sec 
Equivalent impulse = Hme = 16.0 X 0.50 = 8.0 kip-sec 

Absolute max work •»„ _ g - - 141 kip-ft 

The first trial design is based on an assumed work-done ratio. A rea- 
sonable estimate can be made by a designer with experience in this type 
of problem. 

Assume = 0.2 = 141 X 0.20 = 28.2 kip-ft 

Since the behavior is largely plastic, the elastic range is neglected in 
this first trial and it is assumed that the absorbed energy is equal to 
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Required R^e = = 84.6 kips 

Xm ^2 


For the actual beam, 


Required Rm = = 169 kips 


From Table 7.1, 


T 90 

Required Mp = R^-k = 169 X- 5 - = 422 kip-ft 

O O 

In computing the required section modulus we must consider the initial 
dead-load stress. 

Assume /dead = 6 ksi 

Using Eq. (1.5) and a dynamic yield stress of 41.6 ksi, 

T3 . , o 422 X 12 . . 

Required S = .. j — r = . ^ = 132 m.* 

l.05[fdy - /dead) 1.05(41.6 - 5.0) 

The most economical section for this section modulus is a 21WF68. The 
section must be checked for local buckling according to Sec. 1.4c. 


S = 139.9 in. 5 


I = 1,478 in. 


b ^ 8.270 
tf 0.685 
a ^ 19.76 
tw 0.430 


12.1 < 17 .-. OK 


= 46 < 70 


.-. OK 


An analysis is now made to check the result of the first trial design. 


Equivalent mass = m* 


1.068 X 20 


Equivalent stiffness = ke 


32.2 
384F/ _ 


X 0.33 = 0.219 kip-secVft 


X 0.50 


384 X 30 X 10» X 1,478 X 0.50 


5 X (20) » X 144 

Equivalent peak load = Re = 8 X 20 X 0.50 = 80 kips 

^ ^ 1.068 X (20)2 „ . , . 

Dead moment = g = 53.4 kip-ft 

- 53.4 X 12 . - , . 

/dead = -i 3 ^ = 4.6 ksi 

•m f t ^ / j -i n A n\ . > 139.9 . aa c\ 1. * Pi 


= 1,290 kips/ft 


53.4 kip-ft 


= 4.6 ksi 


Mp = 1.05(41.6 - 4.6) X = 452 kip-ft 


8 X 452 


X 0.50 = 90.4 kips 
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T 


n 


Ct 


Cb 

From Fig. 7.5, 


•Wp. 


( 8 . 00 )® 

2 X 0.219 


2t 


V /be ~ V 1,480 


T ^ 0.10 
Tn 0.076 
i?m6 90.4 

'K ~~W 


1.32 

1.13 


= 0.076 sec 


■Wpe 


0.135 


146 kip-ft W,n. = 0.135 X 146 = 19.7 kip-ft 


The limiting elastic deflection is 

The energy absorbed is 

SE — 

/. 19.7 = 90.4(a;^ - X 0.061) 
Xm = 0.249 ft = 3.0 in. < 4 


This maximum is somewhat less than the design criteria of 4 in., and a 
lighter section might be used. However, it should be noted that the 
maximum deflection is very sensitive to changes in resistance and the 
difference obtained above is not really appreciable. A second trial if 
necessary might start with a new assumption for the work-done ratio. 


50*^ dynamic c-^k! 


« 10 ' 

This should be taken somewhere between the initial assumption (0.2) and 
the value obtained in the analysis (0.135). 

The efficiency of the above design procedure depends upon the accuracy 
of the initial assumption for C^. If the deflection method had been used, 
it would have begun with an assumed resistance ratio Cb^ It is believed 
by those who prefer the energy method that the work-done ratio can be 
estimated with greater accuracy. However, this is a matter of opinion 
only, and either method can be applied efficiently. 

6. Simple-span Steel Beam Designed for Elastic Behavior, As a second 
example consider the beam and loading shown in Fig. 7.23. The loads 
are applied at mid-span, and the dynamic-load pulse is triangular. 
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It is assumed that the beam is laterally supported at mid-span only. 
It is usually found in such cases that plastic design is impossible 
because of buckling considerations, and the maximum dynamic stress 
is limited by Eq. (1.8). The concentrated dead weight at mid-span con- 
tributes to the mass of the system. The analysis will be accomplished by 
the deflection method using a maximum dynamic-load factor from Fig. 
7.12. 

First, a preliminary design is made based upon an assumed DLF — 

Assume weight of beam = 100 Ib/ft 
Assume DLF„,ax = 1.75 

Max bending moment = 3^ X 0.10 X 20^ -|- M X 10 X 20 -1- 1.75 X 

M X 50 X 20 = 50 -1- 50 -t- 440 = 540 kip-ft 

Assume a maximum stress of 35 ksi limited by buckling. 


Required 8 


M 

f 


540 X 12 
35 


= 185 in.« 


The most economical section for this section modulus is a 24WF84. Since 
the maximum stress is below the yield stress, the plastic-local-buckling 
criteria need not be applied and this section is satisfactory in that respect. 


Try 24WF84: 


By Eq. (1.8), 
Allow / = 


32 X 10® 


600 -1- 


K'Ld 

&tf 


8 = 196.3 in.® 
1 = 2,364 in.‘ 


600 •+ 


32 X 10® 

0.74 X 120 X 24.09 
9.015 X 0.772 


35.2 ksi 


where K' is taken from Table 1.1. This allowable stress is close to that 
assumed, and the section is satisfactory for the preliminary design. 

For the equivalent system, Kl = 1 and Km - 1 for the load and mass 
at mid-span. However, for the distributed mass of the beam itself 
Km = 0.49 from Table 7.1. Therefore 

T. • , X 10 -f 0.10 X 20 X 0.49 no..Ai- 2/t4. 

Equivalent mass = rtie = 0.340 kip-secVft 


Using the stiffness from Table 7.1, since K = Ktk = (l)fc, 
48EI 48 X 30 X 10® X 2,364 


k, = 


L» 


(20)® X 144 


2,960 kips/ft 


Tn ^^■\J2^QQQ 0-067 


sec 


Tn 


0.10 

0.067 


1.49 
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From Fig. 7.12, 

DLFmax =1.68 

Max ikf = 50 + 50 + 1.68 X M X 50 X 20 = 520 kip-ft 

--yp - M 520 X 12 Q1Q1 

Max / = ”1MT" "" 

Since the maximum dynamic stress is less than the allowable, the section 
chosen is satisfactory. If a second trial were desirable, it would start 
with a new assumed DLFmax. A lighter section would increase Tn and 
decrease T/jTn. It may be observed in Fig. 7.12 that this results in a 
lower DLFmax. Therefore the new assumed value should be somewhat 
less than 1.68. 

The maximum shearing stress should also be checked, and for this pur- 
pose the maximum dynamic reaction must be computed. The latter is 
not given directly by the simplified analysis but may be estimated with 
sufficient accuracy. Using the 24WF84 section, first compute the time of 
maximum deflection. 

From Fig. 7.12, 

^ = 0.4:9 

= 0.49 X 0.10 = 0.049 sec 
This is the time of maximum resistance, Rm- 
From Table 7.1, 

F = 0.78B„ - 0.28P 

From this equation it is obvious that the maximum reaction or shear 
occurs when R„ is a maximum. At i P = 25.5 kips, and 

Rn = 1.68 X 50 = 84 kips 

Therefore 

V = 0.78 X 84 - 0.28 X 25.5 = 58.3 kips 

Adding the dead shear of 6 kips, a total shear of 64.3 kips is obtained. 
The maximum stress intensity is 

V 64 3 

- 2 ~ 24.09 X 0.470 ^ 

c. Simply Supported Concrete Slab Designed for Plastic Deformation, 
As a third example consider the slab with uniformly distributed load and 
triangular pulse shown in Fig, 7.24. The slab is to be designed for a 
deflection ratio x^/xei of 5, The deflection method will be used in the 
analysis. Plastic-transformation factors from Table 7.1 are used since 
the deflection ratio is relatively large. Dead stresses due to the weight 
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of the slab are ignored since they are small compared with the dynamic 
load. 

For the preliminary design assume a resistance ratio Cr of 0.6, Thus, 
Required 72^ = 0.6(1 X 10) = 6 kips 
Required ilfp = = 6 X ^ = 7.5 kip-ft 

o o 

A steel ratio of 0.015 is arbitrarily selected. 



Fig. 7.24. Example, 


From Eq. (2.11), 

Using fdy = 52 ksi and /i, = 3.9 ksi, 

Mp = 0.015(52) (12)d" 1 - = 8.25d® kip-in. 

Equating the required and provided resistance, 


8.25d2 = 7.5 X 12 

d = 3.3 in. Try A = 5 in., d = 3.5 in. 

The system is now analyzed for maximum deflection. For the real 
slab. 

Total mass = X 0.15 X 10^ = 0.0194 kip-sec Vft 

The stiffness is based on the average of the gross and transformed 
moments of inertia. 



Transformed moment of inertia (cracked section) 


It - 38.8 in.4 
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Stiffness 


la = H(125 + 38.8) = 81.9 in. 
384A'/ 384 X 3 X 10’ X 81.9 


5L’ 




Mp = 8.25 ^ = 8.25 X 


5 X 10’ X 144 
(3.5)^ 


= 131 kips/ft 


12 


8.4 kip-ft 


Rm = 


■ Silfp 8 X 8.4 


10 


= 6.7 kips 


For the equivalent system, 


me = 0.0194 X 0.33 = 0.0064 kip-sec’/ft 
ke = 131 X 0.50 = 65.5 kips/ft 
= 10 X 0.50 = 5 kips 


^ „ /0.0064 . 

r„ = 2x ^ Q - g g- = 0.062 sec 


= 0.81 


T ^ 0.05 
T„ 0.062 
Rn^e = 6.7 X 0.50 = 3.35 kips 
Rme 3.35 


Cn = 


B. 


0.67 


From Fig. 7.11, x^lxei — 4:.0 < 5. Thus the design is slightly on the 
conservative side. A second trial is probably unnecessary because the 
deflection is very sensitive to changes in d. 

Before selecting steel the shear stresses and bond requirements should 
be investigated. 

From Fig. 7.8, 

j = 0.90 

ten = 0.90 X 0.05 = 0.045 sec 

From Table 7.1, 

V = 0.38J?„ + 0.12P 


Since the time at which R„ is reached is not known, the maximum reaction 
or shear cannot be exactly computed by this simplifled analysis. This 
could be accomplished only by a rigorous solution or by a numerical 
analysis. However, it may be conservatively assumed that P has not 
diminished appreciably when R„ is reached. Thus, 


Max V 


V = 0.38 X 6.7 + 0.12 X 10 
V _ 3,700 

bjd 12 X % X 3.5 


= 3.7 kips 
101 psi 
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Assuming for the allowable (ultimate) shear stress (0.10/^ + 5,000p), 
Allowable v = 0.10 X 3,000 + 0.015 X 5,000 = 375 psi OK 

Assume the allowable (ultimate) bond stress is 0.15 X 3,000, or 450 
psi. Thus the required perimeter is given by 

^ 700 

Required Do - ,^0 x'h X 3.5 " 

The required area of steel is 

j' Use #5 at 6 in. 

Required = 0.015 X 12 X 3.5 = 0.63 in.^ \ As — 0.62 in.^ 

[ So = 4.7 in. 

In the above example the computation of stiffness based upon the aver- 
age moment of inertia is obviously quite approximate. However, the 
error is not as serious as might appear since the maximum deflection is 
more sensitive to the resistance ratio Cr than to T/Tn, Thus in terms of 
required slab thickness the error in stiffness, and hence natural period, is 
not appreciable. 



Fig. 7.25. Example. 


d. Fixed-^end Slab Designed for Elastic Behavior. As a final example 
consider the fixed-end slab with uniform-load and triangular-load pulse 
shown in Fig. 7.25. The slab is to be designed so that the plastic moment 
at mid-span is reached but not exceeded after plastic hinges have been 
formed at the supports. Thus the behavior is elasto-plastic, as shown in 
Fig. 7.21. Since the simplified analysis cannot take into account a tri- 
linear resistance function, it is necessary to use the “elastic effective 
stiffness given in Table 7.2, which represents an equivalent bilinear func- 
tion. The transforming factors will be taken as the average of the elastic 
and elasto-plastic values given in Table 7.2. Thus Kl == 0.585, and 
Km = 0.455. 

The analysis is based on the ULFm^x by Fig. 7.12. For the preliminary 
design, 

Assume DLF^iax ==1.5 

Required Rm = 1.5(1.44 X 6.67) — 14.4 kips 
Required Mp = R^^= 14.4 X ^ = 6.0 kip-ft (Table 7.2) 
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Letting p = 0.015, 

Mp = 8.25d^ = 6.0 X 12 (see previous example) 

Required d = 2.95 in. Try A = 4 in., d = 3 in. 

For the actual slab, 

Mp 
Htn 

h 

It 

la 

Using the effective stiffness from Table 7.2, 


= 8.25 X = 6.2 kip-ft 


= 16 


Mr 


12 

16 X 6.2 


14.8 kips 


L 6.67 

= ^ = lW = 64in^ 

12 12 

= 24.4 in.* (cracked section) 
= 14(24.4 + 64) = 44.2 in.* 


, 264F7 

Total mass = 


264 X 3 X 10® X 44.2 
(6.67)* X 144 


= 816 kips/ft 


X 0.15^ (1^) 0.0104 kip-secVft 


For the equivalent system, 


Me = 0.0104 X 0.455 = 0.0047 kip-secVft 

ke = 816 X 0.585 - 478 kips/ft 

Be - 1.44 X 6.67 X 0.585 = 5.6 kips 

^ ^ /0.0047 

Tn = 2t " == 0.0197 sec 


T ^ 0.38 
Tn 0.0197 


19.3 


From Fig. 7.12 it is apparent that the OLF^^x is essentially 2.0. The pre- 
liminary design is therefore not adequate. Only one other trial is neces- 
sary since an increased slab thickness cannot reduce the DLF„,ax below 2.0. 

The correct DLF^nax should have been obvious at the beginning because 
of the short span of the element and the long duration of the load. Shear 
and bond stresses would be investigated as in the preceding example. 

6. General Conclusions Regarding Variation of Parameters. For the 
economical design of a structure subjected to dynamic loads it is impor- 
tant that the designer understand the effect of variations in the parame- 
ters involved. It is important to note that conventional design concepts 
with regard to economy are not always applicable to the dynamic case. 

If the duration of the load is short compared with the natural period of 
the structure, the load may be considered to be an impulse which repre- 
sents an amount of energy which must be absorbed by the structure. 
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This may be observed in Figs. 7.5 and 7.6, where the ratio of load energy to 
required energy absorption (Wme/'Wpc) for small values of T/Tn (say, 
T/Tn < 0.2) is essentially unity. The natural period of the structure is 
therefore of no significance as long as it is greater than about five times 
the duration. The load energy, and hence the required energy absorp- 
tioni, is equal to H,ne^/2me, where H^e is the area under the load-time curve 
and me is the mass of the structure. Thus the required energy absorption 
can be decreased by increasing the mass, although this is not always a 
practical solution. The energy absorbed is given by for elastic 

design and Rmei^m — }4^ei) for plastic design, where Xme is the maximum 
deflection, Xei is the elastic-limit deflection, ke is the stiffness, and Rme the 
maximum, or plastic, resistance. Thus for a given energy input x^ can 
be decreased only by increasing ke in the elastic case and R^e in the plastic 
case. In the latter case an increase in stiffness alone, and hence a decrease 
in Xei, is not significant if Xm is appreciably greater than Xeh 

If the duration of the load is long compared to the natural period of the 
structure, the solution is again independent of the value of the natural 
period. This is illustrated for the elastic case in Fig. 7.12, where for a 
rectangular pulse the dynamic-load factor is 2.0 for T/Tn greater than 
about 0.5. Thus the required resistance is twice the applied load for all 
larger values of T/Tn. Referring to the plastic case, it may be observed 
in Fig. 7.10 that each curve becomes a horizontal line above a certain 
value of T/Tn. Thus the ratio x^/xei depends only on the resistance Rme> 

If the duration of the load is intermediate between the two extremes 
previously discussed, the value of the natural period is of considerable 
significance. Referring to Figs. 7.11 and 7.12 it may be observed that in 
both elastic and plastic cases the maximum deflection or the required 
resistance decreases as the natural period T\ increases. This increase in 
natural period can be accomplished by either increasing mass or decreas- 
ing stiffness. Thus economy can often be achieved by making the struc- 
ture very flexible, reducing the required strength. 

If the load-time variation is periodic, the value of the natural period is 
of primary importance. Referring to Fig. 3.5, which gives dynamic-load 
factors for a sinusoidal load, it is obvious that the designer should avoid a 
condition in which the natural period of the structure is close to the period 
of the load. A similar effect is noted in Fig. 7.13 for a load with a finite 
rise time where the dynamic-load factor is 1 when the ratio of rise time to 
natural period is an integer. For this type of load a small value of Tn is 
generally desirable, 

7.9. Multidegree Systems. When dynamic loads are applied to a 
building frame or other structures consisting of an arrangement of ele- 
ments it is usually possible to analyze the elements as separate one-degree 
systems. For example, when a floor made up of a slab-and-beam system 
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is analyzed, the slab is first designed assuming that the supports do not 
move during the response. The dynamic reaction of the slab is then 
applied to the beam. 

Usually it is necessary to determine the dynamic reaction of the first 
element by a numerical integration as described in Chap. 8. However, in 
some cases the dynamic reaction may be idealized without actual compu- 
tations. For example, if the natural frequency of the first element is 
much higher than that of the second, and if the first is designed plastically, 
it may be possible to represent the load on the second element by a rec- 
tangular pulse. The load value would correspond to the maximum 
resistance of the first element. In other cases it may be desirable to 
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Fig. 7.26. Beam-and-girder system. 
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analyze the supporting member by numerical integration since the applied 
load cannot be idealized in any convenient manner. 

Considering again the slab-and-beam floor system, the procedure 
described above can be used only if the deflection of the beam does not 
appreciably affect the resistance of the slab during its response to the load. 
This will be true if the beam deflections are small or take place much more 
slowly than those of the slab. As an approximate rule of thumb it may 
be stated that two connected elements can be analyzed separately if the 
natural frequency of one is at least two times that of the other. Generally 
speaking, there is less danger of error by this procedure if the elements are 
designed plastically than if the behavior is purely elastic. 

If the two connected elements cannot be analyzed separately, they must 
be treated as a two-degree system. The best method in this event is 
numerical integration. As an example consider the beam and girders 
shown in Fig. 7.26. Both are assumed to be simply supported, and both 
elements are replaced by equivalent systems. For the beam the equation 
of motion is 

ITthe^b ^ Phe Pbe 

where - Xg) 

In this equation all terms are for the equivalent system obtained by the 
factors of Table 7.1. P&e is the equivalent beam load which varies with 
time. In each time interval of the numerical solution this equation is 
used to evaluate Xh at the end of the interval. At the same time the 
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dynamic reaction is computed by 
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7 ^ - OMRi + OAlPb 

Simultaneously, the analysis of the girder proceeds, using the equation of 
motion: 

— 7i>e 

where again all terms are for the equivalent girder system. This approach 
is of course approximate since the transformation factors are based on the 
assumption that the two elements act independently. 
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Fig. 7.27. Equivalent system for a two-story-building frame. 


As a second example of two-degree analysis consider the two-story 
frame shown in Fig. 7.1c. Using the equivalent system of lumped masses 
and springs, established as described in Sec. 7.7d, the stiffness coefficients 
in the elastic range must first be determined. This is done by conven- 
tional elastic analysis as indicated in Fig. 7.27. Bach mass is given a unit 
deflection, while the other is held in position and the forces fcu, ^ 21 , . . . 
are determined. In the elastic range the equations of motion for the 
two masses are obvious from Fig. 7.27b: 

rrielXi = Pel — Rel 
lTle2X2 = “h Rel — Re2 

where Pei and Pe 2 are loads which vary with time, and Ret and Rez are 
determined at any instant from the deflections 0:1 and X 2 * In the numer- 
ical integration these two equations are applied simultaneously. 

If plastic deformation takes place, the values of Rei and Re 2 are limited 
by the plastic strength of the columns in that story. After the elastic 
limit has been reached in a story the corresponding R remains constant. 
In some cases, however, the behavior in one story may again become 
elastic before maximum deflections have occurred. In this event the 
resistance again becomes a function of the displacements. 
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CHAPTER 8 


INTRODUCTION TO NUMERICAL-INTEGRATION 
METHODS AND THEIR APPLICATION TO 
DYNAMIC-RESPONSE CALCULATIONS 


8.1. General. The first course in differential equations usually gives 
the student the impression that there are exact solutions for all types of 
differential equations. This is far from reality. In fact, most mathe- 
matical models that are used to describe physical situations lead to differ- 
ential equations which are difficult if not impossible to solve implicitly by 
a direct mathematical process. Even if a direct solution does exist, its 
use to obtain numerical results is 
often tedious and time-consuming. 

This condition has led in recent 
years to the rapid development of 
numerical methods of analysis, 
computing machines, and machine 
methods of computation. 

For many of the simple models 
which are adopted to represent the 
behavior of structural-dynamics 
systems, the resulting differential 
equations can be solved exactly in 
the elastic range if the loading func- 
tions are simple enough to be expressed mathematically. If the loading 
function is complex, solutions can often be obtained by subdividing the 
load into simple segments. The solutions for these simple segments when 
superposed yield the solution for the complex loading if allowances are 
made for the varying initial conditions. However, this type of solution 
is much more time-consuming than most numerical-analysis methods. 

A typical loading for a structure subjected to blast is shown in Fig. 8.1. 
Four separate equations are needed to express /(i). 

If this load were applied to a single-degree-of-freedom elasto-plastic sys- 
tem, to describe the resulting equations of motion would require eight 
separate differential equations. The solution of these equations by a 
rigorous method is generally impractical. 
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Fig. 8.1. A 
blast. 


typical dynamic load for 
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The rigorous method is further complicated if the resistance cannot be 
represented by a single mathematical function. Two practical cases are 
shown in Fig. 8.2a and h. Figure 8.2a is the idealized representation of 
the resistance function of a fixed-end beam, and Fig. 8.26 represents the 
lateral resistance of the columns of a single-story frame building with the 
vertical load taken into consideration. 

Perhaps the greatest need for numerical methods of analysis arises when 
considering the behavior of complex structural systems beyond the elastic 
range. For a multi-degree-of-freedom dynamic system in the elastic 
range the response may be obtained by superposition of normal modes. 



Fig. 8.2. Typical resistance functions, (a) Fixed-end beam; (5) column resisting 
lateral motion and subject to axial load. 


Using the normal-mode procedure beyond the elastic range requires the 
determination of new sets of normal modes after each new plastic hinge is 
formed. This procedure is clearly long-winded and undesirable if an 
alternative procedure is available. It is the purpose of this chapter to 
introduce some of the better-known numerical-integration procedures and 
equations, to indicate their origin, their applicability to the solution of 
dynamic equations of motion, the errors resulting from these methods, 
and lastly to illustrate the use of some of them in a typical problem. 

8.2, Differential Equations. Since all problems in structural dynamics 
reduce to the problem of solving a differential equation or a set of simul- 
taneous differential equations, it is desirable to specify what a differential 
equation is. 

If t is an independent variable, y a dependent variable, dy/dt, d^y/dt^, 
dhj ! , d^y! dt^ the first n derivatives of y with respect to then a 
differential equation is a relation between all or some of the members: 



d^y 
^ dr 


in which at least one derivative occurs. The order of a differential equa- 
tion is defined as the order of the highest derivative present in it. Thus 
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the differential equation of motion for a single-degree-of-freedom system, 



is a second-order system. 

8 . 3 . Numerical Integration. The problems encountered in structural 
dynamics are usually analyzed by writing a differential equation describ- 
ing the motion of one or more generalized coordinates. These equations 
take the form of second-order differential equations with displacement as 
the dependent variable and time the independent variable. Generally, 
also, the initial conditions of velocity and displacement are known. An 
exact solution of such an equation implies the determination of the dis- 
placement and velocity of the system as a function of time. 

A numerical solution consists in obtaining numerical values of the dis- 
placement and velocity at discrete times. These displacement and veloc- 
ity values are obtained by a step-by-step integration procedure, starting 
with the necessary initial conditions and evaluating the conditions at the 
end of a discrete time interval. These values are then the basis for calcu- 
lation of the velocity and displacement at successive discrete times. 

Historically, the development of numerical-integration methods has 
resulted primarily from the efforts of individuals searching for the answers 
to specific problems in science or engineering. These researchers devised 
methods based on the physical behavior of the system of immediate inter- 
est to them with but little regard for mathematical rigor. In recent 
years, as the need for numerical methods of analysis has increased, mathe- 
maticians have become interested in the problem and have begun to pro- 
vide a mathematical classification of the available procedures. In addi- 
tion, much effort is now being applied to the subject of errors, convergence, 
and stability of the various numerical-integration methods. 

A quick way to become acquainted with numerical-integration pro- 
cedures is to derive some of the equations that result from purely physical 
considerations and use them in a problem or two. This is the subject of 
the next paragraph. In a later paragraph some of the better-known 
numerical-integration procedures which have been derived from a more 
rigorous mathematical point of view are presented. 

8 . 4 . Acceleration Methods of Numerical Integration. Consider a 
single-degree-of-freedom elasto-plastic system, subjected to a time- varying 
force as illustrated in Fig, 8.3. The differential equation of motion is 

mx — f(t) — R{x) ( 8 . 1 ) 

The load, resistance, acceleration, velocity, and displacement are plotted 
against time in Fig. 8.4. 

Suppose to, ti, ^ 2 , . . . , tn+i is a time sequence. The time interval from 
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in to tn^i is denoted by Atn. The dynamic load is assumed to start at 
t == to. The acceleration, velocity, and displacement at tn are denoted by 
Xn, Xn, and Xn, respectively. If the acceleration in the time interval Atn is 
represented by x(^), the velocity and displacement at ^n+i are given, 
respectively, by the following equations: 

in+i == ^n+ T”’'' x(t) dt (8.2) 

Jtn 

»„+! = [ j x{t) di^ dt (8.3) 

These two equations indicate that the velocity and displacement at ^^+1 
can be obtained by extrapolation from the corresponding values at U once 
the acceleration in the time interval A^n is known. 


/? 


T 

fit) 

Fig. 8.3. Single-degree-of-freedom elasto-plastic system. 

In the analysis of structures under dynamic load, the velocity and dis- 
placement at the initiation of load are usually known and equal to zero; 
that is, 

At = ^0 = 0, xo =0 and = 0 

By applying Eqs, (8.2) and (8.3), the values of Xi and Xi can be obtained 
provided that x(t) is known in the time interval from to From the 
values of Xi and Xi the values of X 2 and ±2 can be obtained. This process 
can be continued until the values of Xn and Xn are obtained. This is what 
is known as a step-by-step extrapolation method. 

For engineering applications, simplified extrapolation formulas are 
often used which are obtained by assuming a simple acceleration-time 
relationship in any time interval At^- Three procedures are developed in 
the following. In one case the acceleration is assumed to be constant in 
the time interval. In the second case the acceleration is assumed to vary 
linearly with time. In the third case, the acceleration is assumed to con- 
sist of a series of pure pulses. 
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Fig. 8.4. Load, resistance, acceleration, velocity, and displacement vs. time, (a) 
Load and resistance; (5) acceleration; (c) velocity; (d) displacement. 

a. Constant-acceleration Procedure, Consider Eq. (8.1) and Fig. 8.3, for 
which the initial conditions xo and at ^ = 0 are known. . With these 
data it is possible to evaluate xo at i == 0. Since no other data are known, 
a simple procedure illustrated by Fig. 8.56 is to assume that the acceler- 
ation remains constant for a finite time interval until a new value of the 
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acceleration is known. For most practical cases this is obviously wrong, 
but the error need not be very large if the time interval is made very small. 

If the acceleration is constant, x(t) == xq, the equations for determining 
the displacement and velocity at the end of the first time interval At 
obtained from Eqs. (8.2) and (8.3) are 

Xi — xq + xo At + 3^d;o(AO^ (8.4) 

Xi xq iCo At (8.5) 

With Eqs. (8.4) and (8.5) and the value xq obtained by using the initial 
conditions in Eq. (8.1), it is possible to evaluate Xi and Xi. A second cycle 
of computations begins with use of Xi and xi in Eq. (8.1) to obtain xi. 


X 


X 




Tig. 8.5. Comparison of actual and acceleration curves used in constant-acceleration 
extrapolation method, (a) Actual acceleration curve; (b) approximate acceleration 
curve. 


This is followed by the evaluation of x^ and x^ in Eqs. (8.4) and (8.5), 
which, with properly modified subscripts, have the form 

X2 ^ Xi + xi At + )4,^i{AtY 
:r2 == + Xt At 

By repeating this procedure stepwise in Ai, the time variations of x and x 
are obtainable. 

b. Linear-acceleration Procedure. A closer representation of a practical 
case than is obtained by the constant-acceleration method is usually 
obtained by assuming that the acceleration varies linearly with time in 
any time interval At, as shown in Fig. 8.6. If a small enough value of At 
is used, a straight-line variation of acceleration in a time interval At can 
provide a very good approximation to a general acceleration curve. 

In the time interval Atn = in, the acceleration is given by 

m = X, + (t - Q (8.6) 

Substituting Eq. (8.6) into Eqs. (8.2) and (8.3), the recurrence formulas 
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for displacement and velocity are given respectively by 

rrn+l == {2Xn + Xn^l) (8.7) 

Xn+1 ~ Xn “h (Xn 4“ ^n+l) C^*^) 

These Eqs. (8.7) and (8.8) can be utilized in two manners, depending 
on the time that can be devoted to the problem and the relative accuracy 
desired. In the less time-consuming but more approximate approach 


x[t) 
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ia) id) 

Fig. 8.6. Comparison of actual and approximate acceleration curves used in linear- 
acceleration extrapolation method, (a) Actual acceleration curve; (b) approximate 
acceleration curve. 


Eqs. (8.7) and (8.8) are used as an extrapolation procedure with Xn+i 
determined from a supplementary Eq. (8.9) based on the assumption of 
linear variation of acceleration in two successive and equal time intervals. 

Xn^.l ^ Xn + (Xn — ^n-l) = 2Xn — Xn^l (8.9) 

With these equations the same procedure as described for the constant- 
acceleration assumption may be followed to obtain the time variation of 
displacement x, 

A more accurate procedure, but a slower procedure than either of the 
two described above, uses Eqs. (8.7) and (8.8) in an iterative manner. 
This condition results from the fact that Xn+i is needed for the determina- 
tion of Xn+ij but Xn+i cannot be known until Xn+i is known. This is the 
usual case where di is a function of x (sometimes of x and x) [see Eq. (8.1)]. 

The procedure is to obtain a preliminary value of dJn+i in one of several 
ways, depending on the computational circumstances: 

1. By letting it equal Xn 

2. By estimating a value from a graphical variation of x 

3. By guessing 

4. By using Eq. (8.9) above 

5. By assuming that Xn+i = + Xn Ai 
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In any event, this value of Xn+i and available values of Xn, Xnj and Xn 
are substituted in Eqs. (8.7) and (8.8) to obtain o^n+i- (^^n+i is not 
needed until the next time interval; therefore it is not computed until a 
satisfactory value of has been computed.) 

The value of Xn+i or the corresponding value of Xn+i is compared with 
the original estimate. If the two values do not agree within the desired 
limits (the limits of precision may vary with the particular problem), the 
calculated value of Xn^i or Xn+i is considered as the new estimate and the 
process is repeated until two successive values of a^n+i agree satisfactorily 
with each other. 

In the application of the above method, the successive time intervals 
do not have to be equal, although they are often chosen to be equal to 
simplify the computations. 

To determine the magnitude of the time interval to be used for a given 
problem, a number of factors have to be considered. First, the time 
interval must be chosen so that within it the acceleration can be reason- 
ably approximated by a straight line. Secondly, the convergence of the 
trial-and-error procedure must be reasonably rapid. Thirdly, the num- 
ber of steps necessary for the evaluation of the maximum displacement 
must be reasonable. For the first and second considerations, the time 
interval should be small, while for the third consideration, the time 
interval should be large. Experience indicates that a time interval 
At — r„/6 is reasonable in the elastic range, but a larger At can be used in 
the plastic region provided that the external-load variation in the time 
interval is a reasonably straight line. Some writers urge that the time 
interval be varied with the rate of convergence of the trial-and-error pro- 
cedure as follows: 

1. If the solution converges in less than two trials, double the time 
interval. 

2. If the solution converges in four or more trials, change to one-half 
the time interval. 

c. Constanirvelocity Procedure, This procedure was developed at MIT 
from the physical visualization of the dynamic behavior of a mass-spring 
system subjected to a pulse load and given the name acceleratiori’-pulse 
method. The term derives from the basic assumption in the derivation, 
namely, that the area under the acceleration curve may be replaced 
by a train of equivalent pulses acting at time intervals At (Fig. 8.76). 
(The resulting equations are obtainable by another approach which has 
been known for considerable time.) 

The magnitude of the acceleration pulse at tn is given by ^ 

I{Q = x^At (8.10) 

This is shown in Fig. 8.76. Since a pulse is applied at Uy there is a dis- 
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continuity in the value of velocity at U. In the time interval M the 
velocity is constant and the displacement varies linearly with time. The 
velocity and displacement thus obtained are shown in Fig. 8.7c and d. 


Suppose and indicate the 
time immediately before and after 
the application of pulse at tn , and 
let (rCn)"“ and (xn)"*" indicate, respec- 
tively, the velocity at t- and 
The two velocities are related by 
Eq. (8.11). 

(^0+ = (Xn)"“ + Xn M (8.11) 

The relationship between Xn^i 
and Xn and between Xn and x«+i are 
given by 

Xn *” Xn— 1 “ (Xn) At ^ 
Xn+1 - Xn = (Xn)'^ At ^ ^ 

Combining Eqs. (8.11) and (8.12), 
the three successive displacements 
are related by 

Xn+l = 2Xn ““ Xn-1 + Xn(Aty (8.13) 

This is the basic recurrence formula 
for the acceleration-pulse extra- 
polation method. Once the values 
of X at in-i and tn are known, the 
value of X at tn+i can be directly 
computed without resorting to a 
trial-and-error procedure. 

The evaluation of Xi by the recur- 
rence formula needs special consid- 
eration. From Eq. (8.13), when 
n = 0, xi is given by 

Xi = 2xo — x-i + xo(Aty (8.14) 

Both xo and x^i are equal to zero, 
and the expression of Xi is simplified 
to 

xi — xoiAty (8.15) 

The correct value of xo for use in Eq. 
or b but is given by 


xit) 



Time 


Fig. 8.7. Acceleration-pulse extrapolation 
method, (a) Given acceleration curve; 
(b) acceleration pulses to replace the 
given acceleration curve; (c) velocity; (d) 
displacement. 


(8.15) is not as indicated in Fig. 8.8a 


£o = + M[*i - (^o)'] 


(8.16) 
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When Eq. (8.16) is used in Eq, (8.15) for the evaluation of xi, the value 
thus obtained is that given by Eq. (8.7), which is based on the linear- 
acceleration extrapolation method. In order to avoid a trial-and-error 
procedure for the evaluation of xi, the value of Xi in Eq. (8.16) is taken to 
heF(ti) /m instead of the exact value indicated by Eq. (8.1) . If (:ro) ' = 0, 
as in Pig. 8.8c, x^ from Eq. (8.16) is equal to :ti/6. If (xo)' and Xi are 
approximately equal to each other as in Fig. 8.8a and 6, the value 
Xq = ixo)^/2 may be used. 

Equation (8.13) is directly applicable for the evaluation of :r2,X3, . . . , 
iTn+i whenever the acceleration x(t) is a continuous curve. 



Fig. 8.8. Discontimiities in the acceleration curve. 


When there is a discontinuity in the acceleration the equation is still 
applicable provided a modified value of the acceleration is used. This is 
illustrated in Fig. 8.8a and 6. In Fig. 8.8a there is a discontinuity at ^4 
which occurs at the end of the time interval At. Under this condition, 
the value of Xn used in the numerical procedure is the average value at the 
discontinuity, namely, xa = ^[(^ 4 )' + (^ 4 )"]. In Fig. 8.85, where the 
discontinuity occurs within the time interval Atj a reasonable value for 
the acceleration term may be determined from Eq. (8.17): 


Xs 




ixzY + (x,)" + Kx,y - (x,y 




(8.17) 


For a given problem if there are one or two discontinuities, the method 
described above can be applied conveniently. However, if the number 
of discontinuities is large, it is more convenient to replace the given 
acceleration curve by a smooth curve. 

The main advantage of the acceleration-pulse extrapolation method is 
that the numerical computation is straightforward and involves no trial- 
and-error procedure. Its main disadvantage is that the result is less 
accurate than the linear-acceleration method. Another disadvantage of 
this method is that it is not self-checking and any numerical mistake in 
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the computation is increased by geometrical progression in subsequent 
steps. Hence one must be extremely careful to avoid any numerical 
mistakes, especially in the early stages of computation. 

d. Newmark /3 Method. A versatile method of numerical integration is 
the id method originated by Prof. N. M. Newmark. This is a method in 
which a parameter ^ is introduced which can be changed to suit the 
requirements of the problem at hand. The net effect of /d is to change 
the form of the variation of acceleration in the time interval At For 
the second-order differential equation of motion 

= Xn + Xn At + (M “ P)Xn (At^ -b {At^ (8.18) 

and Xn+l = Xn + + Xn+i) At (8.19) 

When 13 is assigned certain values, the equations reduce to the form of 
procedures advanced by other writers. For example, if /d = 3"^, Eq. 
(8.18) becomes 

Xn+l ^ Xn + X At + }4Xn (Aty ■+■ (Ai)^ (8.20) 

which was introduced earlier as the linear-acceleration method [Eq. 
(8.7)]. 

A very thorough investigation of this method covering its error, stabil- 
ity, and convergence for various values of is presented in Refs. 6 and 7. 

e. Numerical Example. An example is given to illustrate the actual 
application of some of the methods of numerical integration described 
above. The same example is evaluated by three different methods: 

1. The rigorous method 

2. The linear-acceleration extrapolation method 

3. The acceleration-pulse extrapolation method 


/?U) 



Fig, 8.9. External load and resistance function for one-degree illustrative example. 
(a) 1° system; (5) load function; (c) resistance function. 

A smgle-degree-of-freedom system is considered with the external load 
and the resistance function for the example as shown in Fig. 8.96 and c, 
respectively. 
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The assumed dimensional parameters of the dynamic system are: 

m = 2.5 kip-sec Vft 
k == 9,860 kips/ft 

Rm — 750 kips 
Xel = 0.076 ft 
T = 0.10 sec 
B = 1,000 kips 
Tn = 2r Vm/fc = 0.10 sec 

By the rigorous method of Sec. 3.7 the displacement, in the time 

Table 8.1. Compabison of Results Obtained by Different Methods 

OF Analysis 



Displacement function x 

Time t, 
sec 

Linear- 

acceleration 

extrapolation 

method 

Acceleration- 

pulse 

extrapolation 

method 

Rigorous 

method 

0 

0 

0 

0 

0.01 

0.0181 

0.0200 

0.0186 

0.02 

0.0633 

0.0683 

0.0651 

0.03 

0.1182 

0.1216 

0.1203 

0.04 

0.1713 

0.1729 

0.1718 

0.05 

0.2184 

1 0,2182 

0.2184 

0.06 

0.2556 

0.2535 

0,2548 

0.07 

0.2787 

0.2748 

0.2785 

0.08 

0.2839 

0.2781 

tm ~ 0.077 sec 

0.09 

0.2671 

0.2594 

Xm = 0.2825 

>faximum displacement. . . 

0.2839 

0.2781 

0.2825 


iiterval from 0 to T, is given by 


X = Xt 


(^) ™ Tn~ f)_ 


( 8 . 21 ) 


where x, — B/k = static deflection produced by peak load B 
4> = tan-i {2TrTiTn) 

Substituting into Eq. (8.21) we obtain the time to reach the tnfl viTnnTn 
elastic deflection xa. 


x,i = 0.076 ft 
Ui = 0.22 sec 



Table 8.2. Example of Computation by the Linear-acceleration Extrapolation Method 
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Differentiating Eq. (8.21) and evaluating at Ui gives 

Xei = 5.44 ft/sec 

With these results as initial conditions for the plastic-resistance region 
the rigorous method yields 

Xm = 0.2825 ft at = 0.077 sec 

The displacements computed from the rigorous-method equations are 
tabulated in column 4 of Table 8.1. 

The detailed computations of the linear-acceleration and acceleration- 
pulse extrapolation methods are given in Tables 8.2 and 8.3, respectively. 
The displacements obtained by the three methods are listed in Table 8.1. 
It is seen that the error in using the numerical methods in the evaluation 
of the maximum displacement is less than 1.5 per cent. 

Table 8.3. Example of Computation by Acceleration-pulse 
Extrapolation Method 


n 

u 

sec 

Pn, 

kips 

Rn, 

kips 

Pn - Rn , 
kips 

= (Pn — Pn) /w, 
ft /sec 2 

Xn(At)^ 

ft 

SiCrif 

ft 

Xn-l, 

ft 

Tn+l, 

ft 

0 

0 

+ 1,000/2 

0 

+ 500 

+200 

+0.02 

0 

0 

0 

1 

+0.01 

+ 

900 

+ 197 

+ 703 

+283 

+0.0283 

+0.0400 

0 

+ 0.0200 

2 

+0.02 

+ 

800 

+674 

+ 126 

+ 50.4 

+0.0050 

+0.1366 

+0.0200 

+ 0.0683 

3 

1+0.03 

+ 

700 

+750 

- 50 

- 20 

-0.0020 

+0.2432 

+0.0683 

+ 0.1216 

4 

1+0.04 

+ 

600 

+750 

-150 

- 60 

-0.0060 

+0.3458 

+0.1216 

+0.1729 

6 

+0.05 

+ 

500 

+750 

-250 

-100 

-0.0100 

+0.4364 

+0,1729 

+0.2182 

6 

+0.06 

+ 

400 

+750 

-350 

-140 

-0.0140 

+0.5070 

+0.2182 

+0.2535 

7 

+0.07 

+ 

300 

+750 

-450 

-180 

-0.0180 

+0.5496 

+0.2535 

+ 0.2748 

8 

+0.08 

+ 

200 

+750 

-550 

-220 

-0.0220 

+0.5562 

+0.2748 

+0.2781 

g 










+0,2594 



1 








Note: P« = /(f«) - 1,000 ( l - n ~ 
\ 0 . 1 , 


P,> = 1,000/2 (starting approximation) 

P = / “ 0.0760 ft 

” t = 750 for Xn > Xel 
Xn^i - 2xn — + i'n(AC)® 

At = 0.01 

8.6. Other Methods of Numerical Integration. In the previous sec- 
tions the discussion is devoted to numerical-integration methods that are 
derived on the basis of assumed variations of acceleration in a time 
interval. The remainder of this chapter is devoted to a general descrip- 
tion of various other methods of numerical integration with comments on 
their usefulness in integrating second-order differential equations with 
known initial conditions. This is by no means intended to be a compre- 
hensive treatment (see References). In the following sections the time 
increment is designated by the symbol A. , 
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a. Taylor Series, The Taylor-series method is one of the most direct 
methods for starting the solution of a differential equation. In fact, if 
the range of the independent variable is limited, the Taylor series can be 
used to obtain the complete solution. For problems in structural 
dynamics, however, it is the starting ability that should be most useful. 

When a Taylor series is found, the range for which it has a specified 
accuracy can be determined by equating the first neglected term to the 
allowable error. This is shown below. 

The Taylor series oi y{t + h) about t is given by 

y{t + h) == y{t) + hy{t) + ^ y{t) + y (0 + * * * (8.22) 


n = 00 



n = 0 


where y^{t) stands for d'^y/dt^^ y^{t) = y{t), and 0! = 1. Consider the 
equation 

y = fivAy) (8.23) 

subject to i = io = 0, y = 2 / 0 , y = yo. 

By substitution of y = yo and y = 2/o in Eq. (8.23), yo may be calcu- 
lated at i — 0. 

Differentiation of Eq. (8.23) gives 

y = giy,t,y,y) (8.24) 

and by substitution in Eq. (8.24), y'o is evaluated at i == 0. 

Thus by successive differentiation and evaluation the terms for the 
Taylor series [Eq. (8.22)] are determined for the value of y in the neighbor, 
hood of ;{ == fo = 0. 

The range of t for which the Taylor series is valid depends on the 
accuracy required in the value of y. If the accuracy can be specified 
initially, the number of derivatives to consider is easily determined by 
direct substitution. 

For example, consider the second-order equation 

y + Sty = 6y 

Subject to i = 0, yo = 0.1, 2/0 =1, ^ 

yo - -Sty + 6y = -3(0)(0.1) + 6(1) = 6 

yo = -Sty - 3y + 6y = -Sty + Sy = -3(0)(6) + 3(0.1) = 0.3 

yo^^ - -Sty - 3y + 3y == -Sty = -3(0) (0.3) = 0 
yo^ = -Sty^^ - Sy = -3(0) (0) - 3(0.3) = -0.9 

yo^' = -Sty^ - 3y'^ - 3y'^ - -3(0)(-0.9) - 6(0) = 0 

yo^n = _ QyY ^ S(0){0) - 9(-0.9) = +8.1 
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2/ = 1 + O.lh + 


2! 


0.3/1’ 

3! 


+ “ 


0.9A’ 

5! 


+ (0)/!’ + 


8 . 1 / 1 ^ 

7! 


To find the range of h for which this series represents y correct to 0.0001 
up to the term in /i®, we write the first neglected term- (in this ease the last 
term) equal to or less than 3^(0.0001) = 0.00005; thus 

< 0.00005 
.-. h < 0.6 


This procedure is quite straightforward and ideally suited for starting a 
numerical integration. It is only necessary to be able to determine the 
derivatives at a given time. If one equation does not apply to the com- 
plete range of time that is of interest, the time range may be divided into 
parts and a separate series developed for each interval. 

Since this procedure requires evaluation of a number of derivatives for 
each time interval, it becomes too tedious to use if numerical results are 
of interest at very many points. In these cases other methods are 
preferred. 

This self-starting character of the Taylor-series method makes it a 
convenient method for handling discontinuities that are not handled 
satisfactorily by some of the commonly used methods. Any method that 
utilizes previous values of displacement, velocity, or acceleration implies 
that the function is continuous at the point of integration. In some 
applications the effect of the discontinuities is erroneously neglected and 
the procedure is considered to yield a certain theoretical accuracy in terms 
of some power of h. To be correct it is necessary to evaluate between 
discontinuities, restarting the procedure by a Taylor-series expansion at 
the discontinuity. 

6. Milners Methods. In a paper published in 1949 [8], Milne presents a 
list of numerical-integration formulas based on the Taylor-series expan- 
sion. The most accurate formula is one with a residual of order of mag- 
nitude of h? . Lotkin [9] discovered the same equation independently. 
Tung [6] derives the formulas for second-order equations, obtaining (in 
the above notation) 


^2 1,8 -Ui 

2/1 = yo + 2 /oA + -^ {Vq + ^ iy 0 ~ ^ ( 2 / 0 ^^ + 2/1^^) 


509/l8^vni(5) 

806,400 


U<s<{U + h) (8.25) 


If this type of equation is to be used only for starting purposes, Eq, (8.25) 
is sufficient by itself, since yo and are the known initial conditions and 
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the other derivatives are obtainable from the differential equation of 
motion. However, if it is proposed to use the Milne method for integra- 
tion over a large range of it is necessary to provide an equation for 
evaluating the velocity term ?/„ for use in Eq. (8.25). 

Tung [6] derives this equation, which takes the form (in revised 
notation) 

h 7,3 

2/1 = 2/0 + 2 (^^0 + ^i) + yq ivo — yi) + ( 2 / 0 ^^ — 2 / 1 ^^) 

l.<a<<. + ft ( 8 . 26 ) 

A complete integration scheme involves Eqs. (8,25) and (8.26). This 
method is a very-high-accuracy method, as can be seen from the remain- 
der terms in and h^. If the derivatives of y are known, the truncation 
error can be estimated. Also the interval h is not fixed in length as 
required for some other procedures. Of course, the accuracy varies 
with h. 

This procedure, unlike the application of the Taylor series in Sec. 8.5a, 
has the disadvantage of being an iterative procedure, since it contains 
terms at both and ti — io + h. 

In addition, any procedure based on the use of derivatives has the dis- 
advantage, in multi-degree-of-freedom systems, that computation of the 
derivatives is tedious and time-consuming. 

c. Method of Runge and Kutta. This method is another good starting 
procedure, which has the advantage that it does not include the com- 
plication of evaluating derivatives that is basic to the Taylor-series 
method. However, the procedure is based on the Taylor-series expan- 
sion of the integrand (which is the foundation of practically all numerical 
methods) in that an expression is obtained that is equivalent to the 
Taylor-series expansion, although having a form that requires successive 
evaluation of the integrand itself rather than derivatives of the integrand. 

Since the function rather than its derivatives is evaluated, there is no 
need for an analytical expression at starting (the Taylor-series method 
requires an analytical expression for the integrand so that derivatives can 
be obtained). This procedure is derived for first-order differential equa- 
tions. When applied to second-order differential equations of motion 
it is necessary to replace the second-order equation by two first-order 
equations. Consider the equation 

a = G(i,y,y) 

The equivalent set of simultaneous single-order equations is 

y = z = G{t,y,y) 
y = z = F(t,y,y) 
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The Runffe approximation of the Taylor-series expansion has the form 
of Eq. (8.27): 

2/n+l = 2/w + <X.Qko + Cilkl + Oi2k2 + • • • + ankn (8.27) 

where ko == hF{tn,yn) 

ki = hF(tn + yihj yn + XioA^o) 

^2 = hF{tn + y2hf yn + ^^oko + X21^^l) 


kn — hF(tii ”1” yn XnO^O “f" ^niki * * *) 
and where the a, fXj and X terms vary with the accuracy required and com- 
plication that is acceptable for a particular solution. 

One of the formulas due to Kutta that is correct through the ¥ term 
(third-order accuracy) has the form 

yn+i = 2/n + Hiko + ik^ + /C2) + 0^ (8.28) 

where fco = hF(tn,yn) 

ki = hF{tn + yn + M^o) 
fc2 = hF(tn "h /l, 2/n + S/iU — ko) 

A second equation with third-order accuracy is due to Heun and is of 
the form [1] 

yn+i = 2/n + + ^^ 2 ) + 0(h^) (8.29) 

where ko = hF{tn,yn) 

ki == hF{tn + yn + Mfco) 

^2 = hF{tn + %h, yn + %ki) 

As indicated, each of th^se formulas has limited but generally equal 
accuracy. The Kutta equation reduces to Simpson’s rule if F is inde- 
pendent of 2 /. 

By retaining an additional k in the general equation (8.27), Kutta 
derives the following fourth-order-accuracy formula [6]: 

Vn+i = yn+ Hiko + 2k^ + 2 k 2 + h) + 0{M) (8.30) 

where fco == hF{tn,yn) 

fci = hF{tn + yn + Mfco) 

fc2 == hF{tn + yn + 

fcs = KFitn + A, 2/n + fc2) 

This particular form was found by Gill [10] to require minimum storage 
capacity when used for high-speed digital-computer operation. 

When applied to simultaneous single-order equations of the form 

y = % = P{t,y,u) 

* = G{t,y,u) 


(8.31) 
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where y and u are given as initial conditions at i = io (as a preliminary to 
the treatment of second-order equations), the so-called Kutta-Gill method 
results in 

2/n+l = yn + + 2^1 + 2^2 + ^s) + OQl^) 

Un^i = Wn + J^(wo + 2mi -j- 2m2 + ms) + 0(h^) 
where h = hFitn^yufUn) 

kl — hF(tn + 34/i, yn + Un + J'^mo) 

^2 = hF(tn + “h 'Wn + /4mi) 

kz = + A, yn + A2, + m2) 

mo ~ hGitnjyrif'^n^ 

mi = hG(tn + 2/n + /'■^Ao, Wn + M^o) 

m2 = hG(tn "h 3^A, yn “h -h ^mi) 

m3 = hG(tn H” A, yn “h 3'^A27 /^^s) 

Now if A" = so that Eq. (8.31) is equivalent to 

= ^ = Gii,y,y) 

Eqs. (8.32) become 

A 

2/n+i = 2/^1 + A^n + g (mo + mi + m2) + 0(A®) 

^Ti+i = ?/ti + ^ (mo + 2mi + 2m2 + m3) + O(A^) 


(8.33) 

(8.34) 


where mo = hGitn.ynyVn) 

Ml — Mx(tn + }4K yn + HA?/n, yn + J^mo) 

m 2 = hG{tn + >^A, yn + MA^n, yn + Hmo) 
ms = hG{tn + A, 2/n + A^n, + m 2 ) 

In many structural-dynamics problems the y term is not involved 
because damping is neglected. In these cases the evaluation of this 
formula is simplified significantly. 

It should be noted that in the literature there are many more versions 
and variations of these formulas based on the original work of Runge, 
some having special utility for special problems. 

Just as for the Taylor-series methods, the Runge-Kutta methods have 
the advantage of being self-starting methods and flexible with regard to 
length of successive time intervals. However, the methods have two 
important disadvantages: 

1. The procedure does not have a simple means for estimating the 
error although an upper bound on the error can be computed by a pro- 
cedure due to Bieberbach [9]. In addition, arithmetical mistakes are 
detected only by repetition of the calculation. 

2. Each step requires several substitutions into the differential equa- 
tion, which makes it a relatively slow procedure for a given time interval. 
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However, the error term might permit an increase in the time interval to 
offset the numerous substitutions required. In any application of 
numerical-integration formulas the attempt should be made to use the 
largest time interval h consistent with obtaining the proper accuracy. 

d. Euler’s Method. This method is related to the Runge-Kutta 
methods in that both are designed to determine increments of y cor- 
responding to increments of the independent variable t by substitution 
into the differential equation. The Euler (modified) method has an 
advantage in that it includes an automatic checking routine. 

The Euler approximation is based on the assumption that if 

y = Kt,v) ( 8 . 35 ) 

the increment of y corresponding to a time increment h is given approxi- 
mately by 

Al/ = f(t,y)h ( 8 . 36 ) 

the value of S{t,y) being at the beginning of the interval h. Thus, if the 
initial conditions are U and Ao, the first increment is y-i = f{U,y^hx. A 
second increment y^ = f(to -f- hi, yo -|- Ay)hi, where hi is the second 
increment of time. These give 

2/1 = 2/0 + Aj/i 

2/2 = 2 /i + A2/2 = 2/0 + Ayi -|- Ayi 

This procedure is very slow and to be reasonably accurate must utilize 
very small h values because it has only a second-order accuracy. 

To offset the basic difficulty of the regular Euler method, the practice 
is to modify the procedure, essentially by taking the true average of the 
integrand at the beginning and end of the time interval. Starting from 
the basic Euler procedure, 2/1 is determined at h. From yi the mtegrand 
will yield yi, which is then averaged with y<, for use in determining a 
second value: 

2/11 = 2/0 + M[/(io, 2 /o) + f(ti,yi)]h ( 8 . 37 ) 

This value may be refined by repeating the step to obtain a third approxi- 
mation 2/111. 

The modified method is considerably more accurate (third-order) than 
the basic Euler method and is much faster in reaching the possible 
accuracy. However, both are subject to serious error propagation and 
are therefore useful for a limited range of the independent variable. 

e. Difference Equations. Since difference equations are the basis of 
many of the efficient numerical-integration procedures that are discussed 
in the literature, it is desirable to define what is meant by a difference 
equation and to show how it is related to a differential equation.* 

* A “ forward-difference symbol 
V « backward-difference symbol 
5 — central-difference symbol 
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The change in a function f{t) may be calculated when t is increased 
from an initial value to by a positive amount h. This change in / is known 
as the first forward difference of fi relative to the increment A, and is 
denoted by 

A/(io) = m + h)- m (8.38) 

By the same definition 

A/(^o -h h) — f(to + 2A) — f(to 4” h) (8.39) 

The second forward difference of / associated with to is then 

A^fito) = Afito + h) — Af(to) (8.40) 

Substituting Eqs. (8.38) and (8.39) into Eq. (8.40) gives 

A^f{to) — f{tQ + 2h) — fito + /t) — f(tQ + A) + f{to) 

~ /(^o + 2A) ~ 2/(io 4” A) + fito) (8.41) 

Succeeding forward differences are defined by iteration, and a general 
expression for any forward difference is 

Ar+if(t) - Aff(t + A) ~ Aff(t) (8.42) 


The beginning of a difference table is indicated in Fig, 8.10, where is 
written in place of /(4). 



Fig. 8.10. Forward-difference table. 

From the difference table it can be seen that the difference Affk depends 
on the ordinates fkj , /fc+r- 

For many problems the concept of backward differences is very useful. 
Here the first backward difference is 

V/(i) = fit) - fit - h) 


( 8 . 43 ) 



204 MODERN COMPUTATIONAL TECHNIQUES [ChAP. 8 

and the general equation is 

vr+i/(i) = V"/(0 - V^f(t - h) (8.44) 

The end of a backward-difference table is indicated in Fig. 8.11, from 
which it can be seen that depends on the ordinates /fc-(r-i), . . . , 
fk- 


Abscissa 

i/7-z 




ia 


1st 2nd 3rd 

backward backward backward 

Ordinate difference difference difference 



Fig. 8.11. Backward difference table. 


For some calculations the notation of so-called central differences is 
most convenient. In the central-difference notation, one writes 

m) = Kt + y2h) - fit - V2h) ( 8 . 45 ) 

for which the general relation is 

= m + y^h) - m - yh) (8.46) 

It is seen that the first central difference bj{t) does not involve data at 
even increments of the abscissa. However, the second central difference, 

m) = m + V2h) - m ^ yh) 

= [fit + A) -- s{t)] - im - fit - h)] 

= fit + h)- 2/(0 + fit ^ h) (8.47) 

does involve data at even abscissa increments, and the same is true of all 
central differences d^^fitk) of even order and 
The portion of the corresponding difference table in the neighborhood 
of a point is indicated in Fig. 8.12. Here the subscript remains con- 
stant along horizontal lines of the table, which pass through differences 
of only even or only odd orders. 

Thus once a set of adjacent entries in a difference table has been 
numbered, three different sets of notations are available for the differ- 



NUMERICAL-INTEGKATION METHODS 


205 


Sec. 8 . 5 ] 


ences themselves, as may be seen from Fig. 8.13. Any one of the nota- 
tions would suffice. However, each has certain advantages, depending 
on the application. 

A differential equation is replaced approximately by a finite-difference 
equation. 


1st 2nd 3rd 4 th 

centra! centro! central central 
Abscissa Ordinate difference difference difference difference 



Fig. 8.12. Central-difference table. 


Abscissa 

Ordinate 

1 St 

difference 

2nd 

difference 

to 

fo 



ti 

A 

= S/3 = Vfg 
* 2 ^ 


tz 

h 




Fig. 8.13. Composite difference table. 


As an example, consider the equation y = t, which satisfies the initial 
conditions t/(0) = 0, 2/(0) = 1. The finite-difference approximation is 

yit + h) - 2y{t) +y{t-h)_ 

~ ¥ 
and the initial conditions are 


2 /( 0 ) = 0 


. m', _ + h) - y{t) _ y{h) - y(0) _ . 

^ 


As the increment h tends to zero the difference equation tends to the 
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diflCerential equation, and the solution of the difference equation tends to 
the solution of the differential equation it replaces. 

/. Methods of Finite Difference. We consider a special group of equa- 
tions for the handling of the second-order equation 

y = G(x,y) (8.48) 

in which y is not explicitly involved because this is a very common equa- 
tion in structural dynamics. If y is not part of the integrand, it is just as 
well to have a method which does not require its computation, since y 
seems to increase the truncation error. 

These equations in terms of the backward differences of i/n are 

yn+l = 22/n •— + h^{l + OV + + ^^40^ 

+ + • • -)yn (8.49) 

and 

l/n+l = 2t/n — t/n-1 + — V + 4" OV^ — ^40^^ 

+ * * Oj^n+l (8.50) 

The first equation is classified as an oyen type since the expression for the 
unknown displacement 2/n+i contains only the current and previous 
values of y and y. The most serious drawback to both Eq. (8.49) and 
Eq. (8.50) is that the solution is not self-starting and the difficulty in 
starting a solution increases as the number of backward differences 
retained in the equation increases. 

If r backward differences are retained, then r — 1 previous values 
of y must be known before starting because V^ijn is determined by ^'n, 

. . . , ^n-r* As indicated previously, these points can be deter- 
mined by Runge-Kutta methods or Taylor-series expansion. 

Equation (8.50) is classified as a closed type because the expression for 
2/n+i contains the unknown explicitly and implicitly, and the equa- 
tion must be solved by iterative methods. 

After determining sufficient starting points, the integration is con- 
tinued by either of the two equations. This is known as the Adams- 
Stormer method. 

Formulas (8.49) and (8.50) are representative of a whole class of 
similar open- and closed-type difference formulas. One other which is 
quite useful and well known is 

yn^i = yn + 2 /n ^2 - yn-^z + ^h^{l ^ V + + OW + iK 2 oV^ 

+ + ‘ • (8.51) 

In both Eqs. (8.50) and (8,51) the coefficient of the third backward 
difference is zero. 

If only second differences are retained, the resulting equations (elimi- 
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2/n-fl — Vn "h 2/n— 2 yn—Z "b “f" 2^n— -1 “h 5^n— 2 ) 

+ 1^40^^^ (8.52) 

and yn+i = 2yi - t/n-i + 240 (8.53) 

If only first differences are retained, Eq. (8.49) reduces to 


2/„+i = 2yn - yn~i + h^ijn (8.54) 

which is the same as the acceleration-pulse method discussed earlier. 

If the same operation is performed on Eq. (8.50), the resulting equation 
is also the same as the acceleration-pulse equation. 

Theoretically the use of higher-order differences should result in smaller 
truncational errors. Several investigators seem to obtain contrary 
results. Part of the difficulty results from the fact that higher-order 
differences raise the order of the difference above the order of the dif- 
ferential equation of which it is an approximation, thus introducing 
extraneous roots. However, methods have been proposed [6, 12] for cor- 
recting this difficulty. If these methods are used, the resulting pro- 
cedures have a very high accuracy. 

8.6. General Considerations in Numerical Integration. The following 
sections are intended to provide a summary and a rough guide to the 
questions that must be considered in selecting a numerical-integration 
procedure and performing the actual numerical integration. Some of 
the subjects which can only be pointed to as worthy of further investiga- 
tion by the reader are the effect of stability, convergence, damping, and 
negative spring constant. 

а. Starting Procedure. When a method expresses the future ordinate 
on the basis of past ordinates and slopes or differences of slopes it cannot 
be used to start a numerical solution. To obtain a good starting method 
one may choose among several methods, among which are the Runge- 
Kutta methods (Sec. 8.5c) and the Taylor-series approach (Sec. 8.5a). 
To use the Taylor series it is necessary that the higher derivatives of the 
function be readily obtainable. 

б. Errors in Numerical Procedures. There are two types of errors 
involved in any numerical procedure. They are errors of approximation 
and errors from rounding off. Whenever differential equations are solved, 
there is inherently a need for integration. The fact that one must infer 
the value of the integral of a function from the samples of that function 
implies approximation. If one knows the analytic form of the function 
being integrated, he can infer the integral by interpolating the integrand 
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by Taylor’s series to any accuracy desired. Usually, he would commit a 
truncation error. 

Other errors of approximation come from function evaluation. A 
numerical process can evaluate only polynomials or ratios of polynomials. 
If one needs to evaluate a function numerically, he usually does this by 
evaluating a series or a rational approximation to the function and 
thereby commits an error which is like a truncation error. 

The second type of errors are round-off errors. These errors must be 
treated by statistical methods, and the results are usually presented in 
terms of probability functions. Round-off errors are not considered 
herein. 

Truncation errors can be evaluated in general by the use of the Taylor 
series. If one has an integration formula already established, one 
expands the appropriate terms in power series and collects terms. The 
lowest-order term on the right-hand side of the equation which has no 
counterpart on the left side is the error term. 

As an example of this procedure, consider the integration equation for 
the linear-acceleration method: 




^ Xn + Xnh+ {2Xn + Xn+l) 


(8.55) 


The power-series expansions that are useful are 

, hXn , h^Xn , h^Xn , 
Xn+l = + jr + ^ + + 

.. , hx'n , 

~~ Xfi “ 1 “ " 4 " 2 1 


4! 


Rewriting Eq. (8.55) we obtain 


Xn-i-1 




nxn Xn+i + error term 


Substituting the power-series expressions gives 
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... 
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41 

Error term 


~W 


+ error term 


To obtain the true ” truncation error for the linear-acceleration method 
[Eq. (8.8)] it is necessary to consider the error in the subsidiary equa- 
tion from which the velocity term is obtained. For the equation 


Xfi -f" 2 (^Tn ’4" 
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the truncation error is ^(]i^/12)xn^"^^ Thus the over-all truncation is 
probably slightly greater than (h^/24:)xn^'^> 

By the same procedure the error term for the acceleration-pulse method 
is found to be r^(h'^/24:)xn^^ and the error term for the constant-accelera- 
tion method is 

From these values of the truncation error it would appear that the 
linear-acceleration method has slightly larger truncation error than the 
acceleration-pulse method. However, the acceleration-pulse method is 
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Fig, 8.14. Propagation of error in a difference table. 


not a self-starting method, being dependent on x^i at i = 0, and is there- 
fore subject to a different error by assuming, as indicated above, that in 
the first computation x^i is zero. Other advantages of the linear- 
acceleration method were described above. 

It should be noted that it is easier to formulate a numerical-integration 
method than it is to determine its error. However, the subject of errors 
has been treated in the literature (specific references are contained in 
paragraph 6.20 of Ref, 1), and one should consider this material carefully 
before accepting a method of numerical integration. 

c. Checking Procedures, A complete and systematic method for 
numerical integration should include a checking procedure at each step 
of the integration. If an integration formula does not contain an auto- 
matic check, a check should be devised. This is an area in which differ- 
ence methods can be of great value. 

Differences of higher orders change in a very orderly manner if a 
numerical integration is carried out correctly. Thus any irregularity in 
the higher difference is a sure sign of an error in the calculations, and what 
is equally useful, the irregularity provides a very good indication of the 
source of the error. 

Figure 8.14 illustrates the way in which an error affects the difference 
table. Only the error term e is shown. The violent oscillation of the 
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error term in the higher-order differences is clearly seen, and the largest 
values are the central-difference terms through the original error term. 

If the method of integration utilizes higher-order differences, a check 
of the calculations is very conveniently achieved merely by observing if 
the higher-order differences are consistent. However, in many cir- 
cumstances it is also worthwhile to calculate the higher differences for the 
sole purpose of obtaining a check of the integration. 

Another very good way to check previous calculations is embodied in 
the methods of successive approximations because the corrections should 
change very slowly and uniformly. Irregularities in the corrections 
should indicate an error in the calculations. 

d. Selecting a Value for h. Ejxperience indicates that it is better to use 
a small time interval h and a simple procedure than an elaborate and com- 
plex formula which would permit a longer time interval. The accuracy 
of difference formulas increases rapidly as the increment h is decreased. 
In addition, when methods of successive approximation (closed methods) 
are used, the fullest accuracy is usually obtained from the formulas in a 
small number of steps. This convergence of successive approximations 
is of considerable importance because it serves to reduce the amount of 
labor. 

If the methods of successive approximations converge too quickly (less 
than two trials) or too slowly (more than four trials), it is desirable from 
the point of view of time consumption and accuracy to modify the time 
interval h. Rapid convergence implies too small a time interval, and 
therefore many more intervals than are required in a given range of time. 
This results in a slow computation and a large propagation of error. Slow 
convergence implies a large time interval and low accuracy. If, for exam- 
ple, an integration with fourth-order accuracy converges in four trials 
for A = 0.1 and in two trials for h = 0.05, the calculating time is the same 
for both procedures but the ratio of error in one step is 

2 trials /0.05y , ^ 

4 trials ^0.10/ ~ 

Another reason for changing the value of h during an integration 
is related to the rate of change in the value of y. If the change in y 
decreases, the accuracy may be maintained with an increased h; and vice 
versa, if the change in y increases, it may be necessary to decrease the 
value of h. 

The usual variations in' h are either doubling or halving. For purpose 
of decreasing the value of h it is necessary to use an interpolation formula. 
One that is recommended in [4] is 

= M(^o + qi) - jiciA^qo + A^gi) + + AV 2 ) 
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The process of adding interpolated values must be performed with 
accuracy at least equal to that used in obtaining the original values. To 
increase the interval no interpolation is needed for the usual case of 
doubling the interval. 

e. Selection of a Numerical-integration Method. Although this chapter 
has introduced a large number of methods for numerical integration, we 
have only skimmed the surface of the literature and given a few examples 
of each major class. The problem of deciding which procedure to use 
in a specific problem is not easily dismissed because of the many con- 
siderations involved, some of which ai'e only poorly delineated. 

First, probably, comes the question of what method of computation is 
to be used, slide rules, logarithms, desk calculators, medium or large 
digital computers. A method which is convenient for a desk calculator 
may be inconvenient for hand calculation because of the size of the num- 
bers, or it may even be difficult for a high-speed digital computer because 
of the large storage requirements or the type of operation required of the 
arithmetic and control units. On the other hand, a procedure that 
requires a very large number of iterations of a simple type may be per- 
fectly adapted to the high-speed digital computer, but just too time- 
consuming for hand or desk calculation. 

Stability considerations may be very important when a large number of 
steps are necessary, but may be much less significant if the number of 
steps can be reduced to a small number. 

The advantages of a simple procedure with large truncation error must 
be weighed against the fact that a large truncation error implies the need 
of a short time interval h, and therefore a larger number of steps with the 
attendant increased importance of round-off errors. One might prefer 
to use a simple procedure for which an upper bound of error can be 
estimated with confidence, rather than use an elaborate procedure for 
which such a bound is not available. 

This chapter covers four broad classes of numerical-integration 
methods: 

1. Methods based on an assumed variation of the acceleration in a time 
interval 

2. Methods which express the future ordinate as a linear combination of 
present and/or past ordinates and slopes 

3. Methods which also involve the calculation of higher derivatives 

4. Methods in which the determination of the future ordinate does not 
depend on knowledge of the past ordinates 

The first class might be included with the second class and considered 
as the moderate-accuracy group in this category. 

The Euler procedure and its modifications are the simplest methods of 
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the second type. The Adams method is the most frequently used high- 
order-of-accuracy procedure in this class. Except for the basic Euler 
method, these procedures are not self-starting. 

The methods of the third type are useful only when the differential 
equation is of such form that higher derivatives are readily obtained from 
the given differential equation. The Taylor-series method described is a 
very good starting device for other numerical-integration procedures that 
are not self-starting. 

The fourth class, typified by the Runge-Kutta methods, are not 
dependent on previous information and are therefore self-starting. In 
addition, they are particularly well suited to digital-computer operations 
because they require small memory [10]. However, they do have the 
disadvantages mentioned previously. 
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CHAPTER 9 


INTRODUCTION TO ANALOG AND DIGITAL COMPUTERS 
AND THEIR APPLICATION TO DYNAMIC-RESPONSE 
CALCULATIONS 


9.1. General. In Chap. 8 it is indicated that the difficulty or tedious- 
ness of obtaining direct solutions to the differential equations of motion of 
complex physical systems has led to the development of numerical 
methods of analysis, computing machines, and machine methods of com- 
putation, As progress is made in the various fields of engineering the 
problems tend to become more complex, especially since rough approxi- 
mations previously considered acceptable are discarded in favor of more 
precise analyses. As the complexity has increased, the use of desk calcu- 
lators has become prohibitive for many problems because of time and 
cost; and new computing machines and instruments have been developed 
to satisfy the changing requirements. 

Computers are now available in a variety of sizes, speeds, cost, and 
types. The two principal categories are called digital and analog. The 
digital deals in numbers, and the analog is concerned wdth continuous 
physical variables. The digital output is generally a number, whereas 
the analog output is usually a curve. In the digital computer the 
accuracy is limited only by the mathematical method of analysis and the 
time devoted to solution. In the analog computer the accuracy is limited 
by the agreement between the physical analog and the actual problem. 

Increasing the precision of a digital computer is a straightforward 
problem involving only a proportional increase in the size of computer. 
In the analog computer, however, increased precision is attainable only 
by use of more precise components, the cost of which increases sharply 
with increasing precision requirements. 

How much precision to buy in an analog or digital computer is a prob- 
lem governed mainly by the problem to be solved. For the solution of 
some structural dynamic problems where the system parameters are not 
well known and the fabrication is rough, it would hardly be conceivable to 
purchase analog or digital equipment with a precision of 0.01 per cent. 

It is frequently desirable to employ more than one type of computer on 
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a given problem, since each is most effective for certain phases. In 
general, analog and digital computers work well together in sequence, the 
analog indicating the region of interest and the digital operating in the 
indicated region to the necessary precision. Indeed, considerable effort is 
being devoted to the development of analog-to-digital converters, which 
should probably lead to the combination of analog and digital machines 
into so-called “hybrid” computers. 



Slide rule Gun directors Scale models Model dams Equiv. circuits 

Planimeter Operotional amplifier Wind tunnels Heot flow Network analyzer 

Mech.diff. onalyzer Diff, analyzer 

Fig. 9.1. Classification of analog computers. 

In the sections which follow, separate discussions are presented of 
analog computers and digital computers and their application to the 
solution of dynamic equations of motion for physical systems. 

9.2. Analog Computers. Analog computers can be divided into two 
basic groups (Fig. 9.1). The direct analogy is characterized by those 
cases where problem variables and parameters are represented directly by 
corresponding units on the machine. The mechanical direct analog 
computers are most generally scale models such as wind-tunnel models. 
The electrical direct analogs include such instruments as the network 
analyzers and equivalent circuits. In the fluid analog are found such 
devices as model dams and stream beds found in many hydraulic labora- 
tories. Some of the electrical direct analog computers may be classified 
as general-purpose computers because they can be used to solve a class 
of mathematical problems. 

The indirect analog computers are of a type which can carry out the 
solution of algebraic or differential equations. The most common exam- 
ple of a mechanical indirect analog computer is the slide rule. At the 
other end of the spectrum in size and complexity is the differential 
analyzer. Currently the electronic indirect analog computer is probably 
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the most common of the indirect type. The following section is limited 
to a discussion of this type of analog computer. 

a. Description of Electronic Indirect Analog Computers. This type of 
analog computer is divided into two categories: real-time and high-speed 
(repetitive) machines. Compared on the basis of problems which are 
amenable to both high-speed and real-time computation, real-time com- 
puter installations are much more expensive for both basic and nonlinear 
components, operating costs are comparable, but maintenance cost is 
greater for real-time. 

Although individual solution times are nominally in the ratio of 1,600 
or 3,000 for high-speed to 1 for real-time, reports of experience indicate 
complete solution time to be in the order of 1 day for high-speed to 1 week 
for real-time. However, accuracy and precision of the real-time com- 
puter is generally one order better than the high-speed. 

A commercial example of a real-time computer is the REAC manufac- 
tured by the Reeves Instrument Company. Some representative repeti- 
tive computers are the GAP/R by G. A. Philbrick Researches, Inc., and 
the General Purpose Simulator (GPS) by G. P. S. Instrument Co. 

The following is limited to the repetitive type of indirect analog computer. 
Within limits the discussion is applicable to most of the commercially 
available computers. 

The electronic indirect analog computer normally employs high-gain 
amplifiers which, when applied in appropriate feedback loops, will perform 
many mathematical operations. The basic components which are of 
primary interest and utility are the adder, or summing amplifier; the 
coefficient unit, or potentiometer, which is capable of multiplying by 
a constant (in many machines equal to or less than 1.0, but in some 
machines between 0 and 100) ; and the integrator, which is capable of 
integrating with respect to time. These operations are performed 
automatically between input and output voltages. Thus voltage is con- 
sidered to be the analog of the dependent variable, with time as the inde- 
pendent variable. 

In its physical form each component is unidirectional; that is, informa- 
tion flows only from input to output. The output-signal capacity of each 
component is such that the load imposed by the input of another com- 
ponent is negligible. Any component may therefore instruct any number 
of others without correction. 

The three basic units, adder, integrator, and coefficient unit, are all 
that are required to simulate any linear system. However, there are 
many types of nonlinear components that have been developed. 

Some typical components that are analogous to nonlinear relationships 
or mechanical motions are known as bounding, backlash, inert-zone, 
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squaring, square-root, and absolute-value components. The bounding 
component transmits the input directly or inversely within a limiting 
plus or minus voltage that can be adjusted by a dial from zero to 100 per 
cent. The backlash component transmits the input signal only after 
there has been a sufficient change, and then the output lags the input by 
the prescribed amount. If the input is reversed, the output is stationary 
until the input has proceeded the prescribed amount in the opposite direc- 
tion. This unit may be used to represent lost motion, or backlash, in 
mechanical systems. The inert-zone component suppresses a central 
band of variation of the input signal beyond which it transmits the surplus 
at unit sensitivity. The names of the last three listed units are self- 
explanatory. 

It is often necessary to represent functional relationships between two 
variables which cover an unlimited variety of shapes and forms and which 
perhaps are known only empirically. For this purpose components are 
available which can fit such curves by linear segmented polygons with 
angles and lengths adjustable. These are known as function generators, 
or function fitters. 

Perhaps the most important nonlinear operation in computing systems 
is that involving the multiplication of two varying voltage signals. In 
recent years some very reliable high-speed electronic multipliers have 
been developed. 

A complete high-speed electronic computing installation requires, in 
addition to the above-mentioned computing components, auxiliary 
equipment to supply initial conditions, calibrating devices, timing signal, 
display oscilloscopes with the necessary controls, and a power supply. 

6. Use of High-speed Analog Computer. The process involved in the 
solution of a problem by high-speed-analog methods is described by the 
following steps: 

1. Express the relationships at each point in the prototype system by 
writing the differential equations. 

2. Construct a causal block diagram from the relationships expressed in 
step 1. A block diagram is a pictorial equation which describes the 
indirect model of a system. The general technique of forming a block 
diagram is to; 

а. Establish the highest derivative in each local differential equation 
as a function of the lower-order derivatives and of known quantities. 

б. Integrate successively, using blocks until the term of lowest required 
order is attained in each equation. 

c. Perform other functional operations that are necessary to obtain 
the functions needed for the highest-order derivatives. 
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d. Introduce initial conditions where they occur in the physical system. 

e. Connect all blocks into loops to satisfy the differential equations. 
An example illustrating this technique is presented later. 

3. Convert the numerical quantities in the problem to a suitable form for 
computation by scaling or normalizing. 

4. From the block diagram set up the analog by interconnecting com- 
ponents and verify by checking against some known or expected 
solution. 

5. Explore the problem by varying parameters. 

6. Check results and conclusions against digital-computer or hand-com- 
puted results. 

With experience some systems may be modeled directly, with a mini- 
mum of equations or diagrams. Many problems of a high degree of 
complexity may be dealt with in thorough fashion by first studying an 
elementary system. Then, constantly checking against known solutions, 
one gradually adds more and more orders of complexity, verifying results 
at each step until the whole problem is solved. On a repetitive computer 
this method leads to rapid solutions because parameters can be changed 
continuously and the system is altered with minimum effort. A very 
desirable feature in this procedure is the degree of understanding that 
comes to the researcher as the system is developed. 

High-speed electronic-analog techniques utilize voltage ranges of ± 50 
volts and maximum computing times of several milliseconds. The 
physical system might have any units; however, to obtain useful results 
the physical-system data must be scaled to the machine units. There 
are many ways of doing this, all of which should lead to the same result. 

It is desirable to choose scales which result in close to full-scale opera- 
tion of the components without overloading, principally because maxi- 
mum accuracy is obtained at full scale. (Most components are equipped 
with overload lights.) 

c. Example of Analog-computer Solution of a Typical Problem in 
Structural Dynamics, The description of the high-speed analog computer 
and the method of setting up a problem on the computer are best under- 
stood if a typical problem is investigated. 

Consider the differential equation for the dynamic-load factor, as pre- 
sented in Eq. (4.46) . 

&mit) + Oim^^mit) = 

Rewriting the equation with the highest-order term on the left side and all 
other terms on the right side gives 

£)m(0 = — Wm^3D„i(0 + 0)m^f{t) = 5)„,,(i) + f{t)] 
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The block diagram (Fig. 9.2) for this equation is readily constructed, 
using the following symbols: 



infegrotor 

coefficient unit 

adding unit 

multiplier 

arbitrary function 
generator 


The voltage entering integrator A (input) is assunaed to be £»„(«); 
therefore the output must be sb„(0. If this is introduced as input to a 
second integrator B, the minus output for this integration is —3)^(0. 
Refer to the line where a constant voltage is introduced as input to a 
function generator (which is capable of producing an output voltage of 
considerable complexity to match a known function), from which the 
output is the function /(i). Both /(i) and — Dm(0 are combined in an 
adder. The adder output /(O - ^JS) is multiplied by the coefficients 
thus giving S)m(0, which is what is assumed as input for integrator A. 
Thus the output of the coefficient unit is properly the input for the 
integrator A. 

Since the coefficient unit for this particular computer is limited to multi- 
plying by numerical factors from 0 to 1.0 (some computers have a range 
from 0 to 100), it is necessary to divide by a convenient factor K so 
that ciiJ'IK <1. In this example it is assumed that 10 < < 100, a 

convenient coefficient, therefore, being w„Vl00. To obtain the correct 
relationship it is necessary to introduce gain factors of 10 in both inte- 
grators so that the analogous equation that is blocked out is 


t>JS) 

100 


= +/(«)] 


It is not good practice to operate at low voltages because the accuracy 
attributed to any electronic component is based on full-scale operation. 
However, each electronic component also has a limiting voltage. If a 
component voltage exceeds the allowable limit, an overload light indicates 
that the solution is fictitious. Thus to achieve a voltage range that is as 
high as permissible it is only necessary to try increasing values of /(«) 
until an overload light indicates that the selected value is too high. If the 
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input to function generator is 25 volts or 1 volt, the basic block diagram 
is the same except that ^m(f) for 1-volt input may be read directly, 
whereas 3Dw(0 the 25- volt input must be divided by 25 (Fig. 9.2). 

A few precautionary remarks are in order. A coefficient box should not 
follow another coefficient because they are subject to large errors in this 
arrangement. Similarly, cascading of more than two amplifiers should 



/rtpuf from 

master 

generator 

Fig. 9.2. Block diagram for analog-computer solution of Dm(0 + 

be avoided to prevent amplification of the internal noise, which is additive 
and might tend to build up and distort the solution. 

In some computers the components have built-in inverters so that the 
output signal may be taken as positive or negative. In others it is impor- 
tant to note that certain operations invert the signal, and the signs of the 
voltages must be considered carefully. 

9,3* High-speed Digital Computation. This section describes the 
organization and use of high-speed electronic digital computers. This 
treatment is necessarily restricted to a brief description of the highlights 
since the primary purpose of this section is to provide an introduction to 
digital computers and the common techniques used to solve problems by 
digital computation. 

a. Organization of a Computer, The modern automatic computer con- 
sists of four main elements and several possible subsidiary units, depend- 
ing on the size and complexity of the installation. The basic elements are 
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the memory unit, control unit, arithmetic unit, and input-output devices. In 
the memory are stored numbers and instructions, either initially or as 
computing proceeds. The control unit interprets and carries out the 
instructions. The arithmetic unit performs the arithmetic operations on 
numbers delivered to it by the control unit. The input-output system is 
comprised of devices which place numbers and instructions in the memory 
unit and obtain results from the memory for reproduction by automatic 
typewriter, punched tape, or pictures of an oscilloscope screen, to men- 
tion a few possibilities. 



Fig. 9.3. Automatic digital computation. 


The most fundamental operation of a digital computer is the transfer 
of information from a memory location to the arithmetic unit, where it is 
operated on and then returned to a particular location in the memory. 
Figure 9.3 gives a simple diagram of a digital computer relating the basic 
components to each other. 

6. Characteristics of a Memory. A memory unit consists of memory 
cells or locations, which in turn are subdivided into memory elements. A 
memory element is the smallest section of the memory which can be 
altered by the transfer process without regard to its contents and without 
altering any other section. In most machines, information is stored in 
the element in the form of binary digits (scale of 2). 

A word is a group of digits which may be transferred together. A word 
occupies one memory location. Locations are arranged in sequence and 
assigned a location number or address. A memory switch can locate a 
location by its address. 

The most popular memory devices utilized today are based on magnetic 
principles. They may be magnetic cores, drums, tapes, or disks. The 
magnetic-core memory may be described as stationary in contrast to the 
tape and drum, which must be moving for information to be obtainable. 
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Thus the information in the core memory is available immediately, 
whereas the moving units must come around to the reading station. The 
speed with which information can be obtained from the memory is a very 
important factor in determining the speed of the computer. 

The large computers have cores for primary memory and magnetic 
tapes and drums for secondary memory. The medium-size computers 
are generally drum machines with the slower tapes for secondary storage. 
Some of the smaller computers have only a drum without secondary 
storage. 

c. Arithmetic Unit The only important difference between the arith- 
metic unit of a digital computer and a conventional desk calculator is 
the extremely high speed of computation of the former. Otherwise a 
digital-computer arithmetic unit operates on two numbers, adding, sub- 
tracting, multiplying, and dividing, just as in the desk calculator. 

It should be evident that multiplication of two n-digit numbers results 
in a number at least 2n — 1 digits long. Before the number may be 
stored in an n-element memory cell it must be rounded off down to n bits. 
Therefore provision is made for an accumulator register (AC), which is a 
special storage place for intermediate results in a sequence of arithmetic 
operations or a place where a number waits to be operated on. The 
AG has twice as much space as an ordinary memory cell for convenience 
in rounding off the results of a multiplication or for use in double-precision 
operations. Digital computers usually perform the rounding auto- 
matically, In some cases the accumulation of round-off errors may 
become serious and should be considered carefully. 

d. Operation of Control Unit The memory of the digital computer is 
analogous to the notebook of the numerical analyst and the arithmetic 
unit to his desk calculator. To be complete, a computing system must 
also simulate the activities of the human operator as he controls the trans- 
fers and arithmetic operations. This is the role of the control unit. 

One of the more important aspects of modern computers is that the 
control information is stored in the memory with the data that are being 
processed. The information for the control unit is stored in memory 
cells as instructions. An instruction in general consists of two basic 
parts: one part indicates the operation to be performed; the second part 
is an address portion which indicates the memory location or locations 
involved. Some systems indicate the location of the next instruction, 
and others operate sequentially. 

The control unit picks up the instructions and interprets them by 
activating specific circuits, each instruction being a series of binary digits 
that determine the circuit to be selected. 

e. Binary Number System. It is almost universal practice to base the 
operation of digital computers on the number system, having 2 as the 
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base. This results from the fact that many electronic devices operate 
best when required to distinguish between the fewest possible number of 
different conditions, namely two. Because of this a brief comment on the 
binary system (base 2) is presented. Before proceeding it should be 
noted that there are some decimal computers; however, the basic opera- 
tion is still based on the binary system. 

In the binary system each digit is either a 0 or a 1. Digits are coef- 
ficients of powers of 2 rather than powers of 10 as in the decimal-number 
system. Instead of a decimal point a binary point is used. 

In general, the sequence of digits 

dn — 1 • • • (IiCIq * — 2 • • • CC — — '1)0/ — m 

with the binary point between ao and a_i, is the binary representation of 
the number 

an-i2”“^ + 0^2^ + + a_22-2 + . . . 

-f + a-^2-- 

where each a is either 0 or 1. This is exactly comparable to decimal 
arithmetic wherein the decimal representation 

78.5 == 7 X IQi + 8 X 10° + 5 X 

A typical binary number is 1,001.1, which in decimal notation is 9.5. To 
verify this identity we note that there are n = 4 binary digits to the left 
of the binary point, making n-“l=4*-l = 3 the largest exponent of 
2 that is involved. The number is then 

1X28 + 0X22 + 0X2i+1X20-MX2-i = 8 + 0 + 0 

-fl + 0.5 = 9.5 

It can be readily seen that approximately three binary digits are required 
to represent one decimal digit. 

The length of the binary number varies from machine to machine, 
anywhere from 16 to 50 binary digits (bits) being used in contemporary 
machines. Each number or word is stored in a register or memory cell. 
The position of the binary point may be floating or fixed. In floating- 
point arithmetic the word or number consists of two parts, one indicating 
the position of the binary point and the other containing the significant 
digits of the number. This arrangement permits storage of both very 
large and very small numbers. In fixed-point arithmetic the binary point 
is fixed between specific bits, which results in a much smaller range of 
numbers that the machine can accept. Some computers are designed to 
handle both kinds of arithmetic in one problem; others require special 
programming subroutines to do this. 

To overcome the limitations on the size of numbers in a fixed-point 
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machine, it is possible to introduce scale factoi'S which adjust the numbers 
within the machine limits. This phase of programming requires special 
skill and can be quite difficult in nonlinear problems where the range of 
some terms cannot be predicted. 

/. Machine Operation. When a human operator solves a problem using 
a desk calculator he must start out with a set of instructions which specify 
how the computations are to be performed. In like manner the digital 
computer must be provided with a program of instructions which must 
be in the machine code so that it can be understood by the machine. 

Preparation of a program consists of two basic parts: (1) planning the 
sequence of elementary steps, and (2) coding the sequence of steps. 
Coding of a problem requires detailed knowledge of the particular com- 
puter on which the problem is to be solved, because only certain codes 
can be understood by each computer. However, planning a solution, 
generally, may be accomplished without special knowledge of the com- 
puter to be used, although a given problem may frequently be solved 
more efficiently if planned for a specific computer. Large problems from 
the point of view of storage requirements are more readily performed on 
machines having large primary memory. 

Once a program is available in the code of the particular machine, it is 
prepared for reading into the machine by the available input device. 
This may be a photoelectric punched-tape reader, a punched-card reader, 
or a directly connected typewriter. Whatever the input system, in the 
usual case the form of the input is decimal rather than binary, in order to 
simplify the task of the user. The computer contains conversion circuits 
or programs that can convert decimal input into binary machine language 
and, conversely, convert binary information to decimal for output. 

The data and instructions may be stored sequentially or, as in some 
computers, in accordance with predetermined locations associated with 
each word. 

The starting location for computation is controlled by the last informa- 
tion stored or by the console of the computer. 

g. Machine Coding. Some of the basic instructions that are available 
in almost all digital computers are tabulated below to indicate the type of 
operations that can be performed. To simplify the explanation of the 
instruction, use is made of the notation c(a:) to represent the word con- 
tained on register x, reading it as the “contents of where x is the 
address of a memory cell. A real understanding of the potentialities of 
these few instructions can be obtained only by attempting to solve some 
programming problems. Of course, the large machines have many more 
instructions wired in, which means that they can do some things faster 
because the small computer usually requires several of the basic instruc- 
tions to perform the more involved operations. An example of this is 
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the operation to determine the square root of a number, which is available 
on some computers in machine language but which is usually determined 
by the iteration of a relationship such as 



where iV = number 

Ri == approximate root of N 
Ri^i = closer approximate root of N 
i = iteration number 

The alphabetical symbols are actually read into the computer in some 
cases and then translated by the computer into the proper binary or 
decimal code. This is very convenient because it permits the use of 
mnemonic symbols that make the operations easy to remember. In some 
computers decimal operation codes are read in to be translated into 
binary operation codes. 

Basic Instructions for a Digital Computer 


Instruction 

Explanation 

Operation 

Address 

CAD 

X 

CLEAR (AC) and ADD c{x) to (AC) 

csu 

X 

CLEAR (AC) and /SUBTRACT c{x) from (AC) 

ADD 

X 

ADD c(x) to c(AC) and store sum in (AC) 

SUB 

X 

/SUBTRACT c(x) from c(AC) and store difference in (AC) 

TRS 

X 

TRANSFER c(AC) to /STORAGE register a; 

TRD 

X 

TRANSFER address DIGITS of c(AC) to address digit position 

MPR 

X 

in X 

MULTIPLY c(AC) by c(x) and ROUND OFF the product in 
(AC) 

DIV 

X 

D/FIDE c(AC) by c(x), storing quotient in AC 

UTR 

X 

UNCONDITIONAL TRANSFER of control to register x 

CTR 

X 

CONDITIONAL TRANSFER of control to register a; 

If c(AC) is negative, transfer control to register x 

If c(AC) is positive, transfer control to next register 


It should be noted that a word placed in the memory remains intact 
except when the transfer instructions (TRS and TRD) are used. 

An important capability of the modern computer is the ability to pro- 
gram changes in the instructions in accordance with the results of com- 
putations. It is possible to reduce virtually any criterion for choice 
among a number of possible routines to a sequence of yes-no decisions. 
The CTR instruction is designated to accomplish this by comparing a 
known quantity with a computed quantity. This same operation is basic 
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to counting in a computer. Since digital computers are inherently 
desirable for problems that are repetitive, most problems require counting 
in some form. 

h. The Use of Flow Diagrams. Perhaps the most important considera- 
tion in programming is learning to make a program outline or logical flow 



Fig. 9.4. Flow-diagram example. 

chart of the problem. The function of a flow chart is to reduce a complex 
problem into a set of simpler units. If there is no break in the sequence 
of instructions, the logical flow is simple. However, if a jump results 
from a conditional transfer instruction, the alternatives are best illus- 
trated by a flow diagram. 

A flow diagram constructed in the planning stage before much of the 
coding has been performed will save considerable time in all phases of the 
programming. 

Figure 9.4 illustrates the use of a flow chart for the computation of 
y - ax^ + hx + c for three different values of x and four values of a. 
The diagram should be self-explanatory* 
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Flow diagrams are very important in the debugging of a problem. 
It is very diflicult to maintain a clear mental picture of the loops within 
loops that often develop in computer programming, and a written 
graphical record is of tremendous assistance. Furthermore, a flow 
diagram is a must if someone other than the original programmer is to 
attempt to understand the program. 

i. Practical Considerations in the Use of Digital Computers. It should 
be emphasized that the digital computer is only another aid, although a 
very powerful one, for solving engineering problems. The engineer 
should list the digital computer with the slide rule and the desk calculator. 
In fact, for many problems in engineering the other two devices are 
better suited than the digital computer for obtaining solutions. The 
primary utility of the digital computer lies in its ability to repeat a series 
of simple operations at fantastic speed. Thus digital computers are 
best suited for problems that require numerous repetitive solutions of 
the same equations or relationships. Some problems can be solved once 
by the use of desk calculator for a given set of conditions much more 
rapidly than they can be programmed to the point where answers can be 
obtained. An obvious advantage of the digital computer is that once a 
program for a problem has been completed satisfactorily, in general it 
requires no more calendar days to obtain 100 answers than 1 answer. In 
production computations, that is, computations using an established 
program, an engineering office can save considerable time, or, what is 
often more desirable, make a more thorough analysis than is customary 
because of the time required to obtain a solution by conventional desk 
computers. If a problem is solved by conventional procedures and a 
change in basic data is introduced near the end of the process, a revised 
set of computations will ordinarily require the expenditure again of a large 
percentage of the man-hours and calendar-days required for the original 
calculations, whereas with the digital computer, although the original 
programming might require a year, new sets of answers can be obtained 
overnight after the time required to punch the revised data on tapes. 

Each computer has a library of subroutines that are designed to fit 
into any program coded for the particular machine. Subroutines are 
usually available to calculate trigonometric functions, take square roots, 
etc. A well-organized computing center collects new programs that are 
likely to be of use in future problems and provides an explanation to go 
with each one. A well-run office that does programming should collect 
subroutines that are of special interest in its special field of application. 

It requires considerable time to achieve a satisfactory program for 
apparently simple problems. This statement can be made with complete 
ionfidence, especially if the problem consists of a large number of decision- 
making routines which introduce counting and address changing. Each 
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of these operations is straightforward and easily understood by itself, but 
as they intertwine with each other and grow in number the possible mis- 
takes multiply. Mistakes are mostly in omission — leaving out a neces- 
sary instruction or symbol, or, what is more difficult to detect, omitting a 
possible alternative. 

Analyzing a problem for a digital computer is a procedure that may be 
unusual and unfamiliar to many engineers. Analysis for a digital com- 
puter must be comprehensive; no possible alternative can be overlooked. 
If, for example, a term is usually positive but may in rare circumstances 
be negative, the program must be written to consider the unusual case as 
well. The engineer analyzing the same problem by conventional means 
would not be concerned about the negative sign until it turned up, and if 
it did not, would be saved the trouble of considering its implication. An 
engineer performing an analysis can observe the sequence of events and, if 
the sequence is significant, can treat the analysis accordingly. However, 
the computer must be programmed to record the sequence of events and 
provide a different routine to handle each significant sequence of events. 

Unless a comprehensive preliminary analysis can be prepared, program- 
ming is best done by a person who knows the engineering problem 
intimately. As the program develops, if alternatives have been previ- 
ously overlooked, the engineer working on his own program will probably 
recognize the omission, the professional programmer will probably not. 

One of the most important problems in digital-computer operation and 
one to which considerable effort has been devoted is the development of 
procedures for detecting and preventing mistakes. Some of these that 
are built into the computers analyze the input before computation begins 
in order to check, among other things, if the symbolic addresses are con- 
sisteftt, if only legitimate instruction symbols are used, if the program fits 
the limited capacity of the machine. Others operate during the computa- 
tions to ensure against transient malfunctioning of the machine. If the 
built-in mistake-detection systems denote a mistake, an “ alarm results 
which stops the machine and indicates the type of mistake involved. An 
important system for program-error detection is a post-mortem^^ system 
that records, for the benefit of the programmer, the condition of the 
machine memory at the time of an alarm, and some of the steps preceding 
the alarm. It should be possible also to obtain quickly a complete post- 
mortem showing the contents of each register at the time of the alarm. 

The programmer can build into the program certain arithmetic or 
logical checking procedures (if any exist) that are appropriate to the 
problem. One good procedure is to use two different machine techniques 
for performing a computation. Spot checks, by hand calculation or by an 
analog computer, should also be used to verify results. Of course, none of 
these methods is foolproof, but disagreement between analog and digital 
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solutions should be the basis for a careful review of both solutions. A 
very important procedure that should be followed by programmers in the 
fight against program errors is the breakdown of the program into as many 
logical subdivisions as appear to exist and to test-run each for arbitrary 
data that are calculated to cause unusual results to develop, thus testing 
all the conditional responses of the program. Test runs to be verified by 
hand computations should be planned early in the process to provide the 
hand computer some lead time in competing with the programmer and the 
digital computer. Although proving each section of the program before 
incorporating it into the total program does not guarantee that the com- 
bined program will operate correctly, the sources of error are more readily 
detected. 

Although the previous remarks are devoted mainly to the theme that 
programming for an engineering problem can be complex and tedious, 
there is no greater satisfaction, once a program has been written and 

debugged,^’ than watching a production run produce answers that 
previously could be achieved only by a much greater expenditure of 
man-hours, if at all. 

j. Examples of Dynamic Analysis by Digital Computer, Useful applica- 
tions for digital computers can be found in every branch of civil engi- 
neering; however, tliis list includes only structural dynamic applications. 
Some of the recent applications are: 

1. A study of the theoretical dynamic behavior of a series of reinforced- 
concrete shear walls subjected to various impulsive loadings [18]. As 
many as 77 degrees of freedom were considered. 

2. A study of the behavior of a single-span girder bridge under the 
action of a moving truckload [20]. In this problem an analog computer 
was used to determine the effect of various parameters, and the digital 
computer was used to pin-point the results. The objective of this study 
was to obtain curves of maximum displacements for reasonable variations 
of the several pertinent parameters so that a bridge designer could esti- 
mate the dynamic displacements and stresses. 

3. A program to analyze a multistory building frame that has been dis- 
torted into the elasto-plastic range. Such an analysis procedure is 
amenable to use in the study of the effects of earthquakes and winds as 
well as the effects of blast loads [21]. 

4. Many blast-effect analyses for one- and two-degrees-of-freedom 
systems [21], 

5. Many earthquake-effect analyses for various types of models [22, 
24~2b]. 

6. Vibration analysis of a ship propeller shaft to determine critical 
whirling frequencies [23]. 

In each of these problems use is made of one or more of the numerical 
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methods of integrating a second-order differential equation with known 
initial conditions described in Chap. 8. In some of the multidegree 
problems the man-hours required to obtain one complete hand solution 
is about equal in order of magnitude to the time required to program for 
the computer. In the proper circumstances, digital computers repay 
manyfold the effort required to get acquainted. 
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APPLICATION OF STRUCTURAL DESIGN AND ANALYSIS 
TO SPECIFIC CASES INVOLVING DYNAMIC LOADING 




CHAPTER 10 


INTRODUCTION TO BLAST-RESISTANT DESIGN 


10.1. Purpose. The purpose of Chaps. 10 to 15 is to describe methods 
and to present factual information whereby structures can be designed to 
resist the effects of atomic- or hydrogen-bomb explosions. The principles 
of dynamic analysis and design which have been described in other chap- 
ters will be used, along with factual information on (1) dynamic loading, 
as developed by the air-blast pressure wave, (2) thermal radiation and 
fire hazards, (3) instant nuclear radiation, and (4) radioactive fallout. 

While it is difficult to resist the effects of atomic weapons, it is possible 
at even relatively close distances from the bomb. Whether or not it is 
desirable is, of course, a function of the criticality of the installation and 
the cost of protection. However, it is not possible to protect a surface 
structure from a direct hit of any size atomic or hydrogen bomb; but 
there are large areas surrounding an explosion in which conventional 
structures would collapse or suffer severe damage while blast-resistant 
structures would suffer little or no damage and offer protection to con- 
tents. It is for structures to be built in these regions that the following 
information is presented. 

10.2. Weapon Phenomena. Atomic weapons are rated in terms of 
their energy yield, and it is customary to express this yield as the weight 
of TNT which would give the same total energy release. A convenient 
unit is the energy equivalent of 1,000 tons of TNT, and this is expressed 
briefly as 1 KT (1 kiloton). The so-called nominal bomb is one whose 
approximate yield is 20 KT. It was this size bomb that was dropped over 
Hiroshima and Nagasaki. The hydrogen bombs that have been deto- 
nated in the tests at the Pacific Proving Grounds have had energy yields 
equivalent to millions of tons of TNT, expressed as megatons (MT). 

By the use of simple scaling laws, the effects of bombs of other sizes 
may be related to the known effects of a given-size bomb, as described in 
Sec. ll.lrf. 

An atomic bomb may be exploded in the air or at or near the surface 
of the earth. The medium in which the bomb is burst determines to a 
large extent the relative magnitudes of the various damaging effects. 
This text will be limited to air-burst or surface-burst weapons. 
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Fig. 10.1. Blast-pressure curve. 
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The detonation of an atomic weapon releases a large amount of energy 
in a fraction of a second. During this time the bomb components are 
volatilized into a sphere of hot compressed gas at a temperature of millions 
of degrees and a pressure of the order of hundreds of thousands of atmos- 
pheres. This sphere of intensely hot gas expands and radiates thermal 
energy in a band of short wavelengths. Air is nearly opaque in this 
range of wavelengths; consequently, the shell of air surrounding the 

parent gas sphere absorbs radiated 
energy until it is approximately as 
hot as the sphere. Then it in turn 
radiates to another shell of air, and 
so on, until the temperature is 
reduced to a value at which this 
process is less rapid than the trans- 
mission of energy by atomic and 
molecular collision. Thereafter, 
energy transmission is by a shock- 
wave or rapid-pressure rise, which moves radially outward from the point 
of detonation. 

a. Air Blast, At any point along the path of the shock front (except 
in the near vicinity of the bomb) the pressure-time variation in air will 
be of the form shown in Fig. 10.1. This phenomenon is characterized 
by an instantaneous or very rapid rise to a maximum pressure followed 
by a decline to subatmospheric pressure and then a gradual return to 
normal. The portion of the wave in which the pressure is above atmos- 
pheric is termed the positive phase, while the part below atmospheric is 
the negative phase. The peak pressure and the duration of the positive 
phase of the pressure wave vary as functions of size of weapon, height of 
burst of weapon, and distance from point of detonation. 

An effect associated with the presence of high air pressures in the blast 
wave is the mass movement of air commonly called the blast wind. This 
high-velocity surge of wind blows in the direction of the propagation of 
the air blast during the positive phase. The wind velocity decays to 
zero, and then is reversed during the negative phase. The velocity is a 
function of the pressure in the blast wave. The pressure exerted by this 
blast wind is commonly called dynamic pressure. 

b. Thermal Radiation, In addition to the blast, or shock-wave, effects, 
the exploding bomb emits instantaneous radiation of two types, thermal 
and nuclear. The thermal radiation is caused by temperatures which are 
nearly as high as the interior of the sun, occurring in the early stages of 
the explosion of the atomic bomb. This radiation is capable of causing 
severe bums in human beings and animals and of starting fires in com- 
bustible material and structures exposed to direct rays. Roughly about 
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one-third of the total energy release of an atomic bomb appears in the 
form of thermal radiation. 

c. Nuclear Radiation, The nuclear radiation consists of gamma 
rays and neutrons and is capable of causing serious injury to human 
beings and animals. If the burst is not well above the surface of the 
earth, residual nuclear radiation becomes an additional hazard, since all 
matter near the explosion will emit beta particles and gamma radiation 
for some time afterward. If the burst is well above the surface of the 
earth, most of the products of fission are rapidly dissipated and have no 
serious effects except for very-large-yield weapons. Radioactive fallout 
can be an intense hazard extending over very large areas. 

10.3. The Resistant Structure. The resistant structure obviously may 
take any one of many forms, dependent on the function of the structure, 
its location, importance, etc. It may be a small boxlike personnel shelter 
buried underground designed for very-high-pressure levels (100 psi or 
more), or a large boxlike above-ground hospital designed for a relatively 
low-pressure level (10 psi), or an extensive low-rise-surface dome designed 
for high-pressure levels to protect some critical military equipment or 
function. 

а. Design Considerations. A number of considerations enter into the 
design problem of blast-resistant structures. Some of the more impor- 
tant ones are as follows: 

1. The magnitudes of forces imposed on a structure subject to attack 
are very large in comparison with the forces for which the structure would 
normally be designed. 

2. The forces are dynamic in character with a duration of from one to 
several seconds. 

3. The geometry of the building, the amount and arrangement of 
openings, and the type of wall covering affect the magnitude of blast 
forces imposed on the structure. 

4. The danger of fire caused either by the radiation effects of the atomic 
bomb or by such secondary effects as the shorting of electrical circuits or 
the rupture of heating units or fuel lines is so great that special precaution 
should be taken to reduce fire risks. 

5. The thermal and nuclear radiation hazards to human beings must be 
considered. 

б. The distance at which windows will be broken by blast pressure is 
so very large that special precautions are necessary for the protection 
from flying glass of personnel housed in windowed structures. 

h. Dynamic Character of Loading. The facts that blast forces are large 
in magnitude and dynamic in character introduce several new aspects to 
the design problem which require other than normal design procedures. 

First, for example, it is desirable, whenever the function of the structure 
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permits, to design the building to resist the intense blast forces with 
plastic yielding (permanent distortion) of the framing members. If this 
is not done and the structure is designed to resist the dynamic blast 
forces with stresses in all structural members remaining within the elastic 
range (below the yield point), then the resulting structure would be more 
costly, as compared with the structure in which plastic yielding of reason- 
able amounts is permitted. 

The amount of plastic distortion permitted in a structure must be kept 
small enough (1) to provide a margin of safety against collapse of the 
structure, (2) to limit damage of building services, and (3) not to interfere 
with the function of the building. 

Secondly, the dynamic character of the loading, coupled with the fact 
that plastic yielding of structural members may be permitted, requires 
that the design procedure be based on a dynamic analysis. Equivalent 
static loadings may be substituted in certain special cases for the dynamic 
blast loads, and conventional static methods of analysis and design may 
be used. However, the indiscriminate application of such methods may 
result in erroneous or uneconomical designs. 

c. Geometry of Building. The external shape of the building influences 
in a complex way the magnitude and distribution of blast forces imposed 
on the building. For example, certain shapes such as the arch or dome 
tend to reduce the magnitude of blast loads compared with the box-type 
building; and then, for the box-type building, the magnitude of the trans- 
lational blast force is a function of the length of the building in the direc- 
tion of the propagation of blast, the longer building having the larger load. 
This arises from the fact that the translational load is the difference 
between the pressures on the front and rear walls of the building. If the 
rear wall is farther from ground zero, then it is subjected to lower blast 
forces at a later time than if it were closer to ground zero. 

The presence of windows or openings in the building adds further com- 
plication. First, the blast is permitted to enter and act on interior parti- 
tions, personnel, or contents. Second, the magnitude of forces causing 
distortion of the structure may not be reduced at all below that affecting 
the windowless structure. Third, the prediction of the lateral forces is 
less certain than for a windowless structure. 

d. Fire Hazard. The thermal effects of an atomic weapon are defined 
in terms of amounts of radiant energy, in calories per unit area, that will 
be imposed on surfaces at any distance from an atomic bomb. The 
interpretation of thermal energy delivered per unit area as to whether or 
not a surface of a particular material will char or burn can be done for a 
variety of materials. However, the probability of setting fire to a com- 
bustible structure cannot be estimated with any degree of reliability at 
the present time. It is sufficient to note, however, that great fires 
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resulted at Hiroshima and Nagasaki and that fires are likely to occur 
in other targets of A-bombs unless the targets are noncombustibie. 
For this reason, even more rigid control of fire-safety standards are 
recommended for the blast-resistant structure than for conventional 
construction. 

e. Radiation, The instantaneous thermal and nuclear radiations from 
a detonating atomic weapon can cause injury or death to human beings 
if the radiation is sufficiently intense. 

Protection against nuclear and thermal radiation can be furnished by 
the provision of shielding walls of concrete, steel, lead, or other material 
of sufficient thickness to reduce radiation intensities to tolerable levels. 

10.4. Necessary Decisions, The objective of the architect-engineer of 
a blast-resistant structure is to design it so that the structure itself, its 
equipment, contents, and occupants are as invulnerable to the effects of 
atomic weapons as is physically and economically practicable. 

The over-all planning of a resistant structure must recognize the 
potential damaging effects of an atomic explosion on a building and its 
contents, both equipment and personnel. Details of design, which recog- 
nize these effects once a given structural system of resistance has been 
selected, will be illustrated in Chap. 14. 

Prior to the detailed design of a structure to resist given effects of blast 
and radiation, some basic planning must be made. Chapter 13 considers 
factors which may affect these decisions, which are briefly referred to in 
this section as follows. 

а. Site Selection, In general, the cheapest method of securing pro- 
tection against the effects of atomic weapons is to use defense by space, or 
dispersal. Greater safety may also be achieved by location in a non- 
critical area. Frequently this may be impossible, in which case a blast- 
resistant design is required. 

If dispersal is not permissible and construction in built-up or critical 
areas is mandatory, then other factors should be considered. For exam- 
ple, structures should not be located in areas of densely built-up combusti- 
ble buildings because of the great hazard from fire; or if they are, in such 
areas special precautions must be taken to ensure insulation from the 
intense heat and to provide sufficient air for occupants of shelters. 

The potential hazard of radioactive fallout extends over extremely large 
areas (thousands of square miles from one large-yield detonation), mak- 
ing it potentially possible for any structure to be subject to intense 
radiation levels. 

б. Level of Protection, The primary decisions as to whether or not pro- 
tective construction should be employed in a new project, and the level 
of protection needed, is an extremely complex problem. 

Considerations which will contribute to the formation of these decisions 
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involve (1) the probability of attack, (2) the size of weapon and likely 
distance to the structure, (3) the vulnerability of the installation to 
attack, (4) the evaluation of the relative importance of the activity or 
operation to be housed, and (5) the feasibility and cost of various levels of 
protective construction. Information on items 1 to 4 is not available in 
this treatment. 

c. Selection of Structural System — Surface Structure. A number of fac- 
tors affect the selection of the structural system. The function of the 
structure determines, of course, the required space and its arrangement. 
In addition, function may affect the selection of type of wall covering 
used, which in turn affects the decision on choice of structural framing 
system. For example, it may be possible to use a frangible wall covering, 
that is, one that breaks readily under blast. On the other hand, the 
contents of the building may require that the wall panels offer protection 
against blast and flying debris. This requirement would force the use of 
resistant wall panels, which in turn affects the design of the framing 
system and perhaps the choice of type. 

An additional consideration affecting the selection of the structural 
system is the advantage to be gained by the use of geometric shapes of 
building which tend to reduce the intensity of blast loads on the building. 
Shapes such as the arch and dome offer some advantage when compared 
with the box-type structure. 

d. Choice of Underground Construction. The magnitude of blast forces 
to be resisted by the blast-resistant structure can be materially reduced by 
the use of underground construction. In addition, the problem of shield- 
ing against the nuclear radiation becomes simpler since earth is effective 
as a shield (two-thirds as effective as concrete) in reducing radiation 
intensity. These two facts may result in the underground structure being 
a more economical solution to the problem. However, separate designs 
for cost comparisons will probably be required until more experience is 
gained in blast-resistant construction. 

e. Type of Wall Covering. Certain types of construction, notably 
industrial structures, can be adapted to frangible-wall-type construction. 
Frangible walls would fracture under relatively low blast pressure, reduc- 
ing the areas exposed to blast pressure, thus minimizing the cost for maxi- 
mum chance for structural survival. Such construction would be suitable 
only for cases in which no personnel are exposed (separate shelters could 
be provided for personnel) and for cases in which the contents of the 
structure can withstand the missile hazard of the broken walls and the 
weathering problem should an attack materialize. 

Other structures obviously will require blast-resistant walls and gener- 
ally will be windowless. 
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11.1, General. The air burst of an atomic bomb is the most likely 
form of attack against surface structures. It is very efficient in producing 
a destructive air blast which is propagated through the atmosphere to 
great distances with small energy losses. In contrast, in an underground 
burst, energy is absorbed in cratering and melting of the ground, and 
energy is dissipated in overdestruction of the structures located in the 
immediate vicinity of the burst. An additional advantage to the attacker 
of the air burst over the underground burst is the minimization of the 
shielding of one surface structure by another surface structure when the 
shock source is located at an elevation greater than that of the structures 
being attacked. Air-burst bombs are also used to attack buried struc- 
tures which are vulnerable to the ground pressures induced by the air 
blast on the earth’s surface. 

In addition to the mechanical effects noted above, atomic weapons 
produce other effects due to thermal and nuclear radiation emitted at the 
time of the explosion. Thermal radiation refers to heat waves, and 
nuclear radiation refers to gamma rays and neutrons. The phenomena 
of radiation and the conditions under which they are fatal to people and 
destructive to property are discussed in Sec. 11.3. 

a. Air Blast The loads on an above-ground structure resulting from 
the air blast produced by a bomb burst may be discussed under the 
general headings of diffraction loading and drag loading. 

Diffraction loading is the term given to the forces on a structure result- 
ing from the direct and reflected pressure associated with the air blast in 
the initial phases of the envelopment of the structure. The finite time 
required for the air blast to surround the structure completely and the 
presence of large pressures on only the front face cause net lateral loads to 
exist on the structure in the direction of travel of the air blast. The local 
and differential forces thus determined as acting on the structure are 
defined as the diffraction loading. 

Drag loading is the term given to the forces on a structure resulting 
from the high velocity of the air particles in the air blast acting as a high- 
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velocity wind. This type of loading is most important on truss-type 
structures such as bridges, tall chimneys, and buildings in which the wall 
panels fail, leaving the structural frame exposed to the air blast. 

In general, diffraction loading can be neglected and only the drag load- 
ing considered if the minimum dimension of the structure perpendicular 
to the direction of travel of the blast wave and the dimension of the struc- 
ture parallel to the direction of travel of the blast wave are less than 
approximately 5 ft. 

For a structure subject to the air blast resulting from the detonation of 
a nominal-size atomic bomb, the impulse of the drag loading will pre- 
dominate over the impulse of the diffraction loading if the minimum 
dimension of the loaded portion of the structure transverse to the direc- 
tion of travel of the air blast is less than 10 ft. The larger the loaded 
portions of the structure become, and hence the greater the time required 
for the blast to reach the relatively steady condition of drag loading, the 
more important is the impulse of the diffraction loading relative to the 
drag loading. In most cases, except when a precursor exists, the maxi- 
mum pressure on any portion of the structure existing during the diffrac- 
tion period is at least as great, and in most cases greater than, those 
pressures existing during the drag period. 

In the following sections the presentation of the load exerted on struc- 
tures by the air blast is preceded by a description of the formation and 
propagation of the air-blast phenomena from a source located in an 
infinite homogeneous atmosphere (Sec. 11. 1&). The effect on the air 
blast of the presence of the surface of the earth is then introduced for a 
surface-burst weapon in Sec. 11.1c. 

The basic relations involved in scaling the given data of one size of 
weapon to another desired size of weapon is presented in Sec. 11. Id. 
The loading produced on various types of structures by a given air blast 
is discussed in detail, and procedures are presented for computing the 
loads on surface structures under Sec. 11.2. 

b. The Blast Wave in an Infinite Homogeneous Atmosphere, It is neces- 
sary to evaluate various aspects of the air-blast phenomena associated 
with the detonation in air of an atomic bomb in order to determine the air- 
blast loading on a structure. To simplify the presentation of these 
phenomena the initial discussion considers the explosion of a nominal-size 
atomic weapon in a fictitious normal homogeneous atmosphere of infinite 
extent. 

Almost immediately after the detonation occurs, the expansion of the 
hot gases initiates a pressure wave in the surrounding air, as represented 
very roughly by the curve in Fig. 11.1a. This shows the general nature 
of the variation of the air overpressure (or pressure above atmospheric) 
with distance from the explosion at a given instant. As the pressure wave 
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is propagated away from the center of the explosion, the following (or 
inner) part moves through a region which has been previously compressed 
and heated by the leading (or outer) parts of the wave. The disturb- 
ance moves with the velocity of sound, and since this velocity increases 
with the temperature and pressure of the air through which the wave is 
moving, the inner part of the wave 
moves more rapidly and catches up 
with the outer part, as shown in 
Fig. 11.16. The wavefront thus 
gets steeper and steeper, and within 
a very short period it becomes 
abrupt, as indicated in Fig. 11.1c. 

At the advancing front of the wave, 
called the shock front, there is a 
very sudden increase of pressure from 
normal atmospheric to the peak 
shock pressure. The shock front 
thus behaves like a moving wall of 
highly compressed air. 

Initially, in the hot central region 
of the bomb, the pressure exceeds 
atmospheric by perhaps a factor of 
many hundred thousand. The pres- 
sure distribution behind the shock 
front is somewhat as illustrated in 
Fig. 11.1c. It shows the peak over- 
pressure (air pressure above atmos- 
pheric) at the shock front, indicated 
by Pso, dropping rapidly in a rela- 
tively small distance to a value 
about one-half the shock-front over- 
pressure. The magnitude of the overpressure is uniform in this interior 
portion. 

As the expansion proceeds, the pressure distribution in the region 
behind the shock front gradually changes. The overpressure is no longer 
constant but drops off continuously nearer the center. At later times 
when the shock front has progressed some distance from the center, a 
rarefaction develops at the center, causing a drop in pressure below the 
initial atmospheric value. Thus a suction phase develops. The front of 
the shock wave weakens as it progresses outward, and its velocity drops 
toward the velocity of sound in the initial cooler air. The sequence of 
events just described for increasing times U to U is depicted in Fig. 11.2. 
This shows the overpressure distribution in the shock wave as a function 
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Fig. Il.t. Overpressure distribution in 
early stages of shock-front formation 
[Chap. 1, Ref. 8], 
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of the distance from the explosion at different stages in the expansion. 
When the negative overpressure (or suction phase) is well developed, the 
overpressure in the shock wave resembles the heavily drawn curve in 
Fig. 11.2. 

The behavior of the shock wave from this time on can be considered in 
two different ways, as shown in Figs. 11.3 and 11.4. First, in Fig. 11.3, 



Fig. 11,2. Variation of overpressure with distance from center of explosion at various 
times [Chap, 1, Ref. 8]. 


Shock front- 


Blast wove - 


Negative phase 


Positive phase 


Distance from center of explosion 

Fig. 11.3. Variation of overpressure with distance at a given time [Chap. 1, Ref. 8]. 


the heavy curve of Fig. 11.2 is redrawn and, as before, shows the variation 
of shock overpressure with distance at a given time. The symbol P^o 
represents the peak overpressure, or shock intensity, in pounds per square 
inch. XJo is the velocity of the shock front in feet per second. The 
arrows adjacent under the curve show the direction of movement of the 
air mass or blast wind, in the positive and negative phases. The peak 
overpressure in the positive phase is higher than the maximum overpressure 
in the negative phase. Consequently, the blast wind is of higher velocity 
and shorter duration in the positive phase than in the negative, or suction, 
phase. Second, the same wave may be considered alternatively by plotting 
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the variation of overpressure with time at a fixed location, as shown in 
Fig. 11.4. The symbol ta is the time of arrival, or the time in seconds for 
the shock front to travel from the explosion to the given location; to is the 
duration in seconds of the positive phase; and P^o is as previously defined. 



Fig. 11.4. Variation of overpressure with time at a given location [Chap. 1, Ref. 8]. 
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Fig. 11.5. Blast-wave overpressure ratio vs. time ratio [Chap. 1, Ref. 8]. 


The overpressure at time t after the arrival of the shock front is 
given by the expression 

P. = P.0 (l - 

where e == base of natural system of logarithms = 2.7182. 

This expression, which is plotted in Fig. 11,5, is valid only for the 
positive phase of the air blast and the portion of the negative phase 
shown. The peak negative overpressure is approximately one-eighth of 
the peak positive overpressure, and the duration of the negative phase is 
approximately four times the duration of the positive phase of the air 
blast for low overpressures. 




-t/to 


( 11 . 1 ) 
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c. The Blast Wave for a Finite Height of Burst, The discussion in Sec. 
il.16 deals with the air blast from an atomic bomb exploded in an atmos- 
phere of infinite extent. This section considers the influence of the height 
of the burst on propagation and attenuation of the air blast. 

If the bomb is detonated at a distance h above the surface of the earth, 
the shock wave will have the general configuration indicated in Fig. 11.6 
during the brief time interval before it impinges upon the surface. The 
shock wave is, so to speak, unaware of the presence of the plane surface 
below and is behaving as if propagated in an atmosphere of infinite extent. 
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Fig. 11.6. Shock front when its radius is 
less than the height of burst [Chap. 1, 
Ref. 8]. 


Fig. 11.7. Illustration of shock reflection 
where a is less than 45 [Chap. 1, 
Ref. 8]. 


A short time later the radius of the shock front becomes greater than 
hj and that portion of the incident shock wave which impinges upon the 
earth^s surface is reflected back, forming the reflected shock wave illus- 
trated in Fig. 11.7. The arrows at the incident and reflected shock fronts 
indicate the direction in which the shock waves are traveling. The loca- 
tion of the reflected shock front is roughly determined by drawing an arc, 
with center located a distance h below the earth^s surface and directly 
under the point of detonation, joining the points of intersection of the 
incident shock with the reflecting surface. The symbol a represents the 
angle of incidence of the shock wave with the earth’s surface. The 
reflected shock-wave overpressure Pr~a is a function of the incident shock 
overpressure Pso and the angle of incidence a. 

The reflected shock front in Fig. 11.7 travels through the atmosphere at 
a higher velocity than the incident shock and gradually overtakes and 
merges with it to form a single shock front called the Mach stem, as 
shown in Fig. 11.8, The fused shock front thus formed is normal to and 
travels parallel to the earth’s surface. The Mach-stem formation is 
initiated when the angle of incidence a of the shock wave becomes greater 
than approximately 45*^. Once formed, the height of the Mach stem 
gradually increases as the radius of the shock wave becomes greater. 
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Fig. 11.8, Shock-reflection phenomena in region where a is greater than 45° ± [Chap. 1, 
Ref. 8]. 
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Fig. 11.9. Peak overpressure P«o versus distance. 

The region on the earth’s surface within which a is less than approxi- 
mately 45® and no Mach stem is present is called the region of regular 
reflection, while the region for which a is greater than approximately 
45® and a Mach stem is present is called the region of Mach reflection. 
The importance of the Mach-stem phenomenon is that it causes two shock 
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Pig. 11.10. Shock-front velocity vs. peak overpressure. (Validity of dashed portion 
of curve is uncertain.) [Chap. 1, Kef. 8] 





WEAPONS-EFFECTS DATA 


Sec. 11.1] 


247 


waves to fuse into a single shock wave of higher overpressure and of 
greater destructive power to structures located in its path. 

The peak overpressure P,o existing in the shock wave adjacent to the 
ground surface is a function of the distance from the point of burst and the 
yield of the weapon; its value is plotted in Fig. 11.9 for three weapon sizes, 
100 KT, 1 MT, and 20 MT. These curves are for weapons burst at 
ground surface. The shock-front velocity Uo is a function of peak over- 
pressure Pso. Its value for standard atmospheric conditions is plotted 



Fig. 11.12. Reflected overpressure ratio vs. angle of incidence for various peak over- 
pressures [Chap. 1, Ref. 8]. 


in Fig. 11.10. The duration of the positive phase, of the blast wave is a 
function of the peak overpressure P^o and the total energy yield of the 
weapon; its value is plotted in Fig. 11.11 for three weapon sizes, 100 KT, 
1 MT, and 20 MT, burst at ground surface. Durations for other weapon 
yields may be calculated using the scaling relations of Sec. 11. Id. The 
reflected overpressure ratio, Pr-«/P,o, is plotted in Fig. 11.12 as a function 
of angle of incidence a of the shock front. This figure applies to both an 
inclined shock front striking the surface of the earth and a vertical shock 
front striking a vertical surface at an angle of incidence a. 

The peak dynamic overpressure of the blast wave at ground surface 
is plotted in Fig. 11.13 for three weapon sizes, 100 KT, 1 MT, and 20 MT. 

d. Scaling Blast Phenomena, It has been found that air-blast phe- 
nomena such as the pressure and duration at different distances are 
related for different-strength bombs according to the ratio of the cube 
root of the equivalent weights of TNT. These relationships are referred 
to as the scaling laws. 




248 


SPECIFIC CASES OP DYNAMIC DESIGN 


[Chap. 11 

These scaling laws state that if a given peak overpressure is experienced 
at distance n from an explosion of a bomb of total energy yield Wi, the 
same peak overpressure will be experienced at distance ra from the explo- 
sion of a bomb of total energy yield Wa, where 

The same scaling laws also state that while the peak pressures from the 
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Fig. 11.13. Peak dynamic pressure vs. distance. 

two bombs are equal at the two radii ri and r 2 , the durations of the blast- 
pressure waves at the two points are different. If, for example, the dura- 
tion of the positive phase of the pressure wave from the first bomb is 
ioi at distance ri, the duration of the positive phase of the pressure wave 
from the second bomb at distance r 2 will be 

= (11.3) 

11.2. Loading on Structures. The manner in which the blast wave 
loads a structure is a function of the distance of the structure from ground 
zero, the height of burst of the weapon, and the weapon size. 
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The loading on a structure, located within the region of regular reflec- 
tion (Fig. 11.14), is somewhat different in character from that for a struc- 
ture located beyond this region. The procedures presented in this chapter 
for the determination of loads are restricted to structures outside the 
region of regular reflection and in the region of Mach reflection (Fig. 
11.15). 



Reflected 
shock front 


Incident 
shock front 


71177771777777777777777777771/. 
Fig. 11.14. Structure located in region of 
regular reflection [Chap. 1, Ref. 8]. 



Structure 

Fig. 11.15. Structure located in region of 
Mach reflection [Chap. 1, Ref. 8]. 


The problem is that of computing the loading on a structure due to the 
impingement upon it of a shock wave traveling parallel to the surface of 
the earth. The structure is considered as being oriented with one face 
normal to the direction of propagation of the shock wave, since such an 
orientation produces the most severe 
loading on the structural elements. 

For the design of a structure so 
located, it is necessary to predict 
the air overpressures existing on 
various portions of the structure as 
a function of time measured after 
the shock front strikes the front wall. 

a. Loading on Closed Rectangular Structures. The type of structure for 
which the loading predictions of this section are applicable is illustrated 
in Fig. 11.16. The behavior of a shock wave upon striking a closed 
rectangular structure is depicted in Fig, 11.17a to d. This figure shows 
the position of the shock front and the behavior of the reflected and dif- 
fracted wave over the center portion of the structure of Fig. 11.16. As 
the shock front strikes the front face of the building (Fig. 11 .17a) a reflected 
shock wave is formed, and the overpressure on this face is raised to a 
value in excess of the peak overpressure in the incident shock wave. 
This increased overpressure is called the reflected overpressure and is a 
function of the peak overpressure in the incident shock front and the 
angle of incidence of the shock front with the front wall, which is zero 
degrees in this case. At the instant the reflected shock front is formed, 
the lower overpressure existing in the incident blast wave and adjacent to 
the top edge of the front face initiates a rarefaction wave (Fig. 11.176), 



Fig. 11.16. Closed rectangular structure. 
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or a wave of lower overpressure than that which exists in the reflected 
shock wave. This rarefaction wave travels with the speed of sound in 
the reflected shock wave toward the bottom of the front face. Within a 
short time, called the clearing time, the rarefaction wave causes the 
reflected shock wave to disintegrate and reduces the overpressure existing 
on the front face to a value which is in equilibrium with the high-velocity 
air stream associated with the incident shock wave. The overpressure 
on the front face, when equilibrium with the high-velocity air stream is 



Fig. 11.17. Behavior of blast wave along center portion of closed rectangular structure 
[Chap. 1, Eef. 8]. 

reached, is equal to the stagnation overpressure at the base of the front 
face and an overpressure somewhat less than that in the blast wave at 
the top edge of the front face. The stagnation overpressure is defined as 
that overpressure existing in a region in which the moving air has been 
brought completely to rest, causing the pressure intensity to be increased 
by the amount of the kinetic energy of motion. 

At some time after the shock wave strikes the front wall of the struc- 
ture, a time equal to the length of the structure divided by the shock- 
front velocity, the shock front reaches the rear edge of the structure and 
starts spilling down toward the bottom of the back wall (Fig. 11.17c). 
The back wall begins to experience increased pressures as soon as the 
shock front has passed beyond it. The effect is first observed at the top 
portions of the back wall and proceeds toward the bottom. A vortex, 
which is a region of air spinning about an axis at a high speed with low 
overpressures existing at its center because of the Venturi effect, is created 
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on the back wall and grows in size, traveling toward the base from the top 
edge and also moving away from the wall (Fig. 11.17c). The maximum 
back-wall overpressure develops slowly as a result of (1) vortex phe- 
nomena and (2) the time required for the back wall to be enveloped by 
the blast wave. 




Fig. 11.18. Behavior of blast wave along horizontal section through closed rectangular 
structure [Chap. 1, Ref. 8]. 

As the shock front passes beyond the front wall the overpressure exerted 
on the roof of the structure is initially raised to a value nearly equal to 
the overpressure existing in the incident shock wave. However, the 
pressure difference between the reflected overpressure on the front wall 
and blast-wave overpressure on the roof causes the formation of a vortex 
along the top edge of the front wall. The vortex travels with a gradually 
decreasing intensity along the roof of the structure (Fig. 11.17c) at a 
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slower rate than the shock-front velocity. It causes a decay of the over- 
pressures built up by the incident shock wave. After the passage of this 
vortex, the higher overpressure in the shock wave again becomes domi- 
nant and causes a second build-up of overpressures along the roof. 

If a horizontal section through 
the structure is examined, it is 
evident that the effect of these 
phenomena on the roof of the struc- 
ture is sinoilar to that which the 
sides experience, and hence the 
general discussion in the preceding 
paragraph describes the action of 
the shock wave on the sides as 
Fig. 11.19. Illustrative sketch of time- well as on the roof of the struc- 
displacement-factor convention [Chap. 1, ture. Figure 11.18 illustrates this 

phenomenon. 

In determining the loads on a structure, it is convenient to use the 
instant at which the shock front impinges on the front face as a reference 
time (t = 0). In adopting this convention, it is necessary to introduce 
a time-displacement factor which is the time required for the shock 
front to travel from the front face of the structure to the surface or point 
under consideration. Figure 11.19 illustrates this convention. 



Fig. 11.20. Reflected overpressure vs. peak incident overpressure for normal reflection 
[Chap. 1, Ref. 8], 

LOADING ON FRONT WALL. At the moment the incident shock wave 
strikes the front face, the overpressure on the front wall is immediately 
raised from zero to the reflected overpressure (which is higher than 
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the peak overpressure of the incident shock wave). Reflected overpres- 
sure is plotted in Fig. 11.20 for zero angle of incidence as a function of the 
peak overpressure of the incident shock wave. The value of Prdi from 
Fig. 11.20 is the same as Pr-a for a — 0°, using Fig. 11.12. The incident 
shock front continues its motion over the top of the structure, while the 
reflected shock front moves away from the front of the building in the 
opposite direction. Initially, the air pressure between the reflected shock 



Fig. 11.21. Velocity of sound in reflected-overpressure region vs. peak incident over- 
pressure. (Validity of dashed portion of curve is uncertain.) [Chap. 1, Eef. 8] 

front and the front wall is higher than the pressure behind the incident 
shock. This causes air to move around to the sides and over the top of 
the structure into the lower-pressure zone behind the incident shock. 
The rarefaction wave thus caused moves from the edges toward the center 
of the front wall with the speed of sound for the pressure existing in this 
region of reflected overpressure. 

For the range of shock strengths used in the Princeton shock-tube 
experiments [2], which correspond to peak shock overpressures of 2 to 
50 psi in a standard atmosphere, it has been found that the time required 
to clear the front face of reflection effects is determined by the dimensions 
of the front face and the peak overpressure of the incident shock wave. 
This clearing time U is given by the relation 

= — (11.4) 

Crefl 

where == clearing height, taken as either half the width or full height of 
front face, whichever is smaller 

Crefi = velocity of sound in reflected region, plotted as a function of 
peak overpressure of incident shock wave in Fig. 11.21 
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Table 11.1. Incident Ovbbprbssubb Variation with Time 


t - h 

P. 

t - id 

P, 

t - td 

P. 

to 

P*o 

. to 

Poo 

to 

Poo 

0.00 

1.000 

0.35 

0.458 

0.70 

0.149 

0.01 

0.980 

0.36 

0.447 

0.71 

0.143 

0.02 

0.961 

0.37 

0.435 

0.72 

0.136 

0.03 

0.941 

0.38 

0.424 

0.73 

0.130 

0.04 

0.922 

0.39 

0.413 

0.74 

0.124 

0.05 

0.904 

0.40 

0.402 

0.76 

0.118 

0.06 

0.885 

0.41 

0.392 

0.76 

0.112 

0.07 

0.867 

0.42 

0.381 

0.77 

0.106 

0,08 

0.849 

0.43 

0.371 

0.78 

0.101 

0.09 

0.832 

0.44 

0.361 

0.79 

0.095 

0.10 

0.814 

0.45 

0.351 

0.80 

0.090 

0.11 

0.797 

0.46 

0.341 

0.81 

0.085 

0.12 

0.780 

0.47 

0.331 

0.82 

0.079 

0.13 

0.764 

0.48 

0.322 

0.83 

0.074 

0.14 

0.748 

0.49 

0.312 

0.84 

0.069 

0.15 

0.732 

0.50 

0.303 

0.83 

0.064 

0.16 

0.716 

0.51 

0.294 

0.86 

0.059 

0.17 

0.700 

0.52 

0.285 

0.87 

0.054 

0.18 

0.685 

0.53 

0.277 

0.88 

0.060 

0.19 

0.670 

0.54 

0.268 

0.89 

0.045 

0.20 

0.655 

0.55 

0.260 

0.90 

0.041 

0.21 

0.640 

0.56 

0.251 

0.91 

0.036 

0.22 

0.626 

0.57 

0.243 

0.92 

0.032 

0.23 

0.612 

0.58 

0.235 

0.93 

0.028 

0.24 

0.598 

0.59 

0.227 

0.94 

0.023 

0.25 

0.584 

0.60 

0.220 

0.96 

0.019 

0.26 

0.571 

0.61 

0.212 

0.96 

0.016 

0.27 

0.557 

0.62 

0.204 

0.97 

0.011 

0.28 

0.544 

0.63 

0.197 

0.98 

0.008 

0.29 

0.531 

0.64 

0.190 

0.99 

0.004 

0.30 

0.519 

0,65 

0,183 

1.000 

0.000 

0.31 

0.506 

0.66 

0.176 



0.32 

0.494 

0.67 

0.169 



0.33 

0.482 

0.68 

0.162 



0.34 

0,470 

0.69 

0,155 
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During the time required to clear the front face of reflection effects, 
the average overpressure on the front face decreases from the reflected 
overpressure to a value which is given by the following equation [2, 3] : 

= P. + 0.85g (11.5) 


where P, = overpressure in incident blast wave at front wall at any 
time t — td, as given by the equation 


P. 


(‘ 





( 11 . 6 ) 


Equation (11.6) is tabulated in Table 11.1. 



0 2 4 6 8 10 12 14 16 18 20 22 24 '26 

Stotic overpressure, Pg, (psi) 

Fig. 11.22. Dynamic pressure vs. static overpressure. 


The dynamic pressure q is given by g = pw^/2, where p is the mass per 
unit volume of air, and u is the velocity of the air particles. The peak 
value of q is given as a function of distance from ground zero and weapon 
size in Fig. 11.13, based on weapons tests. The dynamic pressure q 
may be related theoretically to the static overpressure P, by the following 
equation: 




14.7 


^4(P./14.7)^ ~ 
1 + H(7"./14.7)_ 


(11.7) 


This relationship is plotted in Fig. 11.22. 

The peak dynamic overpressure is given by Eq. (11.7) using P„ 
for P,. To obtain g as a function of time it is convenient to use the ratio 
g/g„, which is tabulated in Table 11.2 and given by the following 
expression: 





( 11 . 8 ) 
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Table 11.2. Dynamic Pressure Variation with Time 


t - u 


t - td 


i - td 


to 

Qo 

to 

Qo 

to 

Qo 

0.00 

1.000 

0.35 

0.191 

0.70 

0.026 

0.01 

0.956 

0.36 

0.182 

0.71 

0.024 

0.02 

0.914 

0.37 

0.173 

0.72 

0.022 

0.03 

0.873 

0.38 

0.164 

0.73 

0.021 

0.04 

0.835 

0.39 

0.156 

0.74 

0.020 

0.05 

0.798 

0.40 

0.148 

0.75 

0.018 

0.06 

0.762 

0.41 

0.141 

0.76 

0.017 

0.07 

0.728 

0.42 

0.133 

0.77 

0.016 

0.08 

0.695 

0.43 

0.127 

0.78 

0.014 

0.09 

0.664 

0.44 

0.120 

0.79 

0.013 

0.10 

0.634 

0.45 

0.114 

0.80 

0.012 

0.11 

0.606 

0.46 

0.108 

0.81 

0.011 

0.12 

0.578 

0.47 

0.102 

0.82 

0.010 

0.13 

0.552 

0.48 

0.097 

0.83 

0.009 

0.14 

0.527 

0.49 

0.092 

0.84 

0.008 


0.15 

0.503 

0.50 

0.087 

0.85 

0.008 

0.16 

0.480 

0.51 

0.082 

0.86 

0.007 

0.17 

0.458 

0.52 

0.078 

0.87 

0.006 

0.18 

0.437 

0.53 

0-074 

0.88 

0.006 

0.19 

0.417 

0.54 

0.070 

0.89 

0.005 

0.20 

0.397 

0.55 

0.066 

0.90 

0.004 

0.21 

0,379 

0.56 

0.062 

0.91 

0.004 

0.22 

0.361 

0.57 

0.059 

0,92 

0.003 

0,23 

0.344 

0,58 

0.055 

0.93 

0.003 

0.24 

0.328 

0.59 

0.052 

0.94 

0.002 

0.25 

0.313 

0.60 

0.049 

0.95 

0.002 

0.26 

0.298 

0.61 

0.046 

0.96 

0.001 

0.27 

0.284 

0.62 

0.043 

0.97 

0.001 

0.28 

0.270 

0.63 

0.041 

0.98 

0.001 

0.29 

0,257 

0.64 

0.038 

0.99 

0.000 

0,30 

0.245 

0.65 

0.036 

1.000 

0.000 

0.31 

0.233 

0.66 

0.034 



0,32 

0.222 

0.67 

0.032 



0.33 

0.211 

0.68 

0.030 



0.34 

0.201 

0.69 

0.028 
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Using the above quantities the curve of average front-wall overpressure, 
jPfront? versus time may be determined. Figure 11.23 shows a typical 
front-face average-overpressure curve. The curve abc is defined by 
Eq. (11.5). Point d, the reflected overpressure, is connected by a straight 
line to point 6, the average overpressure at time t -- td = tc> Since the 
resulting discontinuity at point 5 is not compatible with actual behavior 
of the loads on the front face, these two curves are smoothed by fairing in 
curve ef as shown. The curve of average overpressure vs. time on the 
front face is then defined as curve 0-(fc/c. 



The overpressure on the front face of a structure is not uniformly dis- 
tributed. The maximum value occurs at the mid-point of the base, and 
the minimum value occurs along the edges. Those portions of the front 
face nearest to the edges are cleared or relieved of the reflection effects in a 
shorter time than the remainder of the front face, and the overpressure 
existing at those points is lower, following the clearing stage. The net 
effect of this vertical and horizontal variation is of questionable value for 
design purposes. Hence, the front-wall loading is assumed to be dis- 
tributed uniformly over the front-wall surface. For the same reasons, 
the rear-wall loading given next is assumed to be uniformly distributed 
over the rear wall. 

LOADING ON BACK WALL. For the back wall, the time-displacement 
factor td is L/f7o, where L is the length of the building in the direction of 
propagation of the shock. 

When the shock front crosses the rear edge of the structure, the foot 
of the shock spills down the back wall. The overpressures on the back 
wall behind this differential wave are considerably less than those in the 
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incident blast wave because of the vortex which develops at the top and 
travels down the wall. A period of time longer than that required for 
the passage of this diflFracted shock to the bottom of the wall must pass 
before the back-wall average overpressure reaches its peak value. The 
time required for this build-up to occur, fe, measured from the instant at 
which the shock wave reaches the back wall, is equal to 4/i'/co, where A' is 
the clearing height of the back wall, taken equal to either the full height 



Fig. 11.24. Average back-wall overpressure ratio vs. time, closed rectangular structure 
[Chap. 1, Ref. 8]. 


of the back wall or half the width of the building, whichever is smaller, 
and Co is the velocity of sound in undisturbed air, 1,115 ft/sec. 

The peak value of the average overpressure on the back wall after this 
build-up has been completed is 

(Fbaclc)n.ax = P.5(3^)[l + (1 ^ (11.9) 

where == incident blast-wave overpressure at back face at time 
t — id ^ % 

(Aaok)max = pcak valuc of average overpressure on back wall which 
occurs at time t td + k 
= 0.5P,o/14.7 

e = 2.7182 == base of natural logarithms 
It is assumed that P,a in the incident blast wave does not diminish in 
strength as the wave passes over the structure. 

Figure 11.24 illustrates the variation of the ratio Pbaok/P« with time, for 
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Fig. 11.25, Average back-wall overpressure vs. time, closed rectangular structure 
[Chap. 1, Ref. 8]. 



Fig, 11.26. Net horizontal overpressure vs. time, closed rectangular structure [Chap. 1, 
Ref. 8]. 


times in excess of t -- td = h, given in the following equation: 

back (-^back) max 

TT Pab 

where to = duration of positive phase. Figure 11,25 shows a typical 
back-wall average-overpressure curve. 

AVERAGE NET HORIZONTAL LOADING Considering as positive all 

overpressures exerted on the structure and directed toward the interior, 


1 + 


(Pback) n 
Pa5 


t -- (td + k) 

to “* t}) 


( 11 . 10 ) 


Poot ~ P h 


( 11 . 11 ) 
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Area 
affected 
by presence 
of vortices 


where and Pback are given in terms of time. Figure 11.26 illus- 

trates graphically the variation of net average horizontal overpressure 
with time. 

LOCAL ROOF OVERPRESSURE P^oof- The procedure developed for pre- 
diction of overpressures on the roof of a structure is predicated primarily 

on a curve-fitting technique with the 
Princeton and Michigan shock-tube 
data [2, 4, 8] providing the basis for 
the method. 

During the passage of the blast 
wave across the structure, low-pres- 
sure areas develop on the roof and 
sidewalls because of vortex formation 
as indicated in Figs. 11.17 and 11.18. 
Shock-tube data indicate that this 
vortex detaches itself from the front 
edges and moves across the structure 
with gradually increasing speed. Vortices are formed all along the line 
dbcd of Fig. 11.27. At corners h and c where they are aligned at 90° to 
each other, the vortices tend to interfere with each other and to move 
away from the roof and wall surfaces. This results in a diminution of the 
effects of the vortices at these edges which proceeds along the axis of the 



wave 


d e 

Fig. 11 .27. Areas on roof and sides most 
affected by vortex action [Chap. 1, 
Ref. 8]. 



Fig. 11.28. Location of loading zones on roof and sides of structure [Chap. 1, Ref. 8]. 


vortices from corners h and c as the vortices move toward the rear of the 
building. Consequently the regions on the roof and side walls which are 
strongly affected by the vortices do not extend to all edges of the roof, but 
are triangular or trapezoidal in shape, as indicated in Fig. 11.27. 

These observed results indicate a variation of overpressures on the roof 
in a direction parallel to the shock front in addition to that variation 
along the roof in the direction of propagation of the wave. Although this 
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lateral variation is a smooth one, the roof has been divided into three 
zones as illustrated in Fig. 11.28, 

Zone 1 : This zone is a strip on the roof extending from the sides toward 
the centerline a distance equal to one-quarter of the length L of the 
building. 

Figure 11.29 is a plot of the ratio Prooi/Ps, the ratio of the local over- 
pressure at any point on the roof in terms of time t, to the incident air 



Fig. 11.29. Local roof or side-wall overpressure vs. time, zone 1, closed rectangular 
structure [Chap. 1, Ref. 8]. 


pressure, where id = U jTJo is the time displacement and L’ the distance 
from the front edge of the roof to the point under consideration. 

Figure 11.29 reveals that the local-overpressure- vs.-time curve for any 
point in zone 1 is the incident free-air overpressure curve displaced in time 
by a factor U = UfUo^ This is consistent with observed vortex dis- 
integration as illustrated in Fig. 11.27. 

Zone 2 : This zone is a strip on the roof of width equal to one-quarter of 
the length of the structure measured from the edge of zone 1 toward the 
center of the roof. 

Figure 11.30 is a plot of the ratio Proof/F* for any point a distance L' 
from the front edge of the roof. Here again, P,oo{ and P* incorporate the 
time displacement id == V/Uo^ tm is given by Eq. (11.12) below. 

Zone 3 : This zone includes all points on the roof not included in zones 
1 and 2. Figure 11.31 is a plot of the ratio P^oof/Ps for all points in this 
zone. 

The effects of the vortex traveling across the roof of the structure are 
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confined to zones 2 and 3. The difference in the overpressures existing in 
these zones is due to the severity of vortex effects. 

As the shock front passes over the point being considered, the local 
overpressure is raised to the overpressure in the incident shock wave. 
This equality between local and incident blast-wave overpressures is 



Fig. 11.30. Local roof or side-wall overpressure ratio vs. time, zone 2, closed rec- 
tangular structure [Chap. 1, Ref. 8]. 


maintained until the vortex developed at the front edge of the roof 
detaches itself and moves toward the rear edge, causing a decrease from 
the overpressure in the incident blast wave at the point being considered. 
The local overpressure reaches its minimum value at the time that the 
vortex is over the point in question. The time required for the vortex 
to travel the distance L' is 

4 . = ^ ( 11 . 12 ) 

where v = vortex velocity, obtained from reduction of data [2] and given 
by the relation 


0.108L'' 
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The value of the ratio of Prooi/Ps at time ^ is 

p' = = 4 . (k 114-10 fll 141 

P,m (14.7) \L 7 ^ 

For points located in zone 2 the minimum value of Eq. (1L14) is 0.5; 
for points located in zone 3 the minimum value is zero. 



Tlme^ t 

Fig. 11,31. Local roof or side-wall overpressure ratio vs. time, zone 3, closed rectangular 
structure [Chap. 1, Ref. 8]. 

As soon as the vortex has passed the point in question, the local over- 
pressure starts to build up until at time t = tm + lbh*IUo (where W is 
the clearing height of the structure) it is once again equal to the over- 
pressure in the incident shock wave. 

AVERAGE OVERPRESSURE ON THE ROOF P^oof- Having established the 
variation of local overpressure, the average overpressure on the roof 
at any time is correctly obtained through the summation of the local 
overpressure curves over the entire roof at a given time U If there were 
no lateral variation of local overpressures, such a method would be used 
to develop a general procedure applicable to all structures. However, 
the presence of this lateral variation complicates any procedure to such 
a degree that only the limiting case zone 3 is considered. The ratio of 
the average roof overpressure Proof is plotted in Fig. 11.32 for times in 
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excess of time t = L/!7o, where incorporates the time displacement 
td = LI2Uo. The average overpressure on the roof varies linearly from 
zero at time if = 0 to the value of Proof given in Fig. 11.32 at time t = L/Uo- 
The assumption that Proof can be expressed as a proportion of Ps is valid 
only if the time required for the shock front to travel the length of the 


Wote 


: P”- 0.9 + 0.1 ^1.0 ” ; except not exceed 1.0. 

2.0-(^+l)(|-')'''^r 0.5 + 0.125 ( 2 -^)' 
whichever is smaller; except not be less than zero. 



Fig. 11.32. Average roof or side-wall overpressure ratio vs. time, zone 3, closed rec- 
tangular structure [Chap. 1, Ref. 8]. 

building is small compared with the duration of the positive phase. For 
values of {L/U^/to less than 0.1 this assumption is reasonable. 

A further restriction which must be imposed is due to the importance 
of the lateral variation of overpressures on the roof. If the width of the 
structure normal to the direction of travel of the shock wave is greater 
than twice its length, the average roof overpressures as determined by 
Fig. 11.32 are satisfactory. For structures whose width is less than their 
length, the average roof overpressure for times greater than time t — L/Uo 
is more correctly given by the relation 

Proof = Ps (11.15) 

where P, incorporates the time displacement t = Ll2Uo- The average 
roof overpressure varies linearly from time t — 0 to the value calculated 
by Eq, (11.15) at time t = LfUo- For structures which are approxi- 
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mately square in roof plan, neither method is more correct and an average 
of the two should be used. 

LOCAL AND AVERAGE SIDE-WALL OVERPRESSURES P^iae AND Pside- The 

sides of a structure are loaded in the same manner as is the roof ; accord- 
ingly Figs. 11.29 to 11.31 determined for the roof of a structure apply 
equally well to the sides. 

DRAG COEFFICIENTS, , FOR VARIOUS 
STRUCTURAL CROSS-SECTIONS 


Direction of wind 


Shape 


Shope 

Co 

□ 

2.0 


2.0 

1 

2.0 

o 

1.0 

U 

2,0 

tl^ 

2.0 

*h-. 

1.8 

t -tir 

2.0 

L 

2.0 


2.2 

n 

1.8 



* Stondord 

or wide flange 

sections 



t Built up sections, either riveted or welded 


DRAG COEFFICIENTS, FOR WINDWARD (UNSHIELDED) 
TRUSS OF BRIDGES 


's given os o function of the solidity ratio, = where /? is the 
total area included within the limiting boundories of the truss, -4^is the 
actual oreo of the members in o plane normal to the wind direction. 


For single spon trusses: 

e < 0.25 = 1.8 

S > 0.25 (Cz?)^ = 1.6 


For multiple span or very long span trusses-. 


0.00 < S < 0.20 = 

0.20 < G < 0.30 = 

0.30 <<?< 0.90 
0.90<(?<1.00 

Fig. 11.33. Drag coefficient for various structural shapes 


2.0 

1.8 

1.6 

2.0 

and trusses [Chap. 1, Ref. 8]. 


The side walls are divided into three zones, as shown in Fig. 11.28, 
for the determination of local overpressures P side. Figures 11.29 to 11.31 
present these local overpressures in the form P^mJ P«j where P swe Ps 

incorporate the time displacement td == L^/Uo. L' is the distance from 
the front edge of the side wall to the point under consideration. 
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The average overpressure on the side is given as the ratio P aidj Pa in 
Fig. 11.32, where Ps is the overpressure in the incident shock wave with a 
time displacement td = L/2Uo- This figure is applicable only if the 
height h of the side wall is greater than half the length L. If this restric- 
tion is not satisfied, the average overpressure on the side is more correctly 



Fig, 11.34. Drag coefficients for leeward trusses [Chap. 1, Ref. 8]. 
given by the relation 

Paido - p. (11.16) 

6. Loading on Exposed Structural Framework, The blast-wave loading 
on structures such as bridge trusses, open steel framework, or steel indus- 
trial structures following the destruction of frangible walls is caused 
almost entirely by the drag pressure resulting from the high-velocity 
blast wind which follows directly behind the shock front. The load due 
to the unbalanced pressures resulting from reflection and diffraction of 
the shock front can be neglected because of the extremely short duration 
of these effects. 
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A structure of this type consists of structural elements whose dimen- 
sions are so small that their front-face clearing times are less than 10 msec. 
In addition, the members are so small that they are enveloped by the 
shock wave in a similar short length of time. 

The total load on the structure is obtained by computing the load on 
the individual elements, front and back wall, and intermediate framing 



elements and adding them together on a common time basis. The total 
drag overpres.sure on an element can be computed from the formula 


Drag overpressure = Coq (H-17) 


where Cd = coefficient of drag obtained from Figs. 11.33 and 11.34; 

this coefficient is applied to individual structural elements 
q = dynamic pressure due to air velocity in incident blast wave 
at any time 


ff = 


pM^ 

~2 


(11.18) 


and is determined from Fig. 11.13 or 11.22 and Table 11.2. 
Shielding is an important factor, and wind-tunnel tests performed at 
MIT by Biggs [15, 16] on bridge models and by King [9] give useful 
information. King’s data are reproduced as Fig. 11.35. 
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Figure 11.36 illustrates the net overpressure-time curve for an element 
located at distance L from the front portion of a structure. The total 
load on the element is obtained by multiplying the drag overpressure (at 
any time) by the projected area of the member transverse to the direc- 
tion of travel of the shock wave. The total load on the structure is 
obtained by summing the loads on the individual members, based on 



Fig. 11.36. Drag overpressure vs. time on 
exposed structural elements [Chap. 1, 
Ref. 8]. 



Fig. 11.37. Drag overpressure vs. time on 
front wall. Elements supporting fran- 
gible wall panels [Chap. 1, Ref. 8], 


time t referenced to the instant the frontmost elements of the structure 
are struck by the shock wave. 

The overpressure-time curve for the front-wall supporting elements of a 
frangible wall structure is shown in Fig. 11.37, The overpressure on the 
front wall prior to the time of failure is determined as previously described 
for the front wall of a closed rectangular structure. The time of failure is 
actually a very short time for frangible elements compared with to, and 



Fig. 11.38. Definition sketch for cylindrical-arch notation [Chap. 1, Ref. 8]. 

the load transmitted to the supporting elements is subjected to the drag 
overpressures given by Eq. (11.17). 

The overpressure-time curve for the back-wall supporting elements is 
similar to that for the front wall except that all times are displaced by 
the appropriate time-displacement factor td = where L is the dis- 

tance between the front and back wall. After failure of the back wall the 
back- wall supporting elements are subjected to the drag overpressures 
given by Eq. (11.17). 
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c. Loading on Cylindrical-arch Surfaces, Cylindrical-arch Overpressure 
Peyi, A-xis Parallel to Shock Front Figure 11.38 is a definitioi#sketch for 
the notation used in the determination of the loads on a cylindrical-arch 
surface. Structures in this category are illustrated in Fig. 11.39. These 
consist of exposed arch structures and surface structures of various 
shapes covered by an earth fill. If the arch or earth-fill surface is not 




Fig. 11.39. Illustration of structures with cylindrical-arch surfaces [Chap, 1, Eef. 8]. 

truly circular, it is approximated by an arc of a circle as illustrated by 
dashed lines in Fig. 11.39, and the loads are computed for the equivalent 
circular surface. The procedures given in this paragraph determine the 
air-blast loading as a function of time on the cylindrical-arch surface 
exposed to the air blast, whether it be the surface of the arch on the 
exposed structure or the surface of the rounded fill over the covered 
structure. With this procedure, zero time is the instant at which the 
incident shock front first strikes the cylindrical-arch surface at its inter- 
section with the horizontal ground surface along the line defined by 
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Figures 11.40 and 11.41 illustrate the variation of the local overpressure 
Pcyi with ttoie on the surface of a cylindrical arch. Each of these figures is 
valid only within a certain range of 6 values, which are determined by the 
clearing time peculiar to each. These times and the sequence of over- 
pressures within them are defined in Fig. 11.40 for 0^ < 6' < 6 < 90° and 
in Fig. 11.41 for 90° < ^ < 180°. 



Fig. 11.40. Local overpressure on front surface of cylindrical arch vs. time, axis 
parallel to shock front. 0° < ^' < ^ < 90°. [Chap. 1, Ref. 8] 



Fig. 11.41. Local overpressure on leeward surface of cylindrical arch vs. time, axis 
parallel to shock front. 90° < ^ < 180°. [Chap. 1, Ref. 8] 

The overpressure at a given point on the windward side of the cylinder 
rises instantaneously from zero to Pr~a at time td = x/Uo^ The value 
of Pr-a is given in Fig. 11.12 as a function of a, the angle of incidence 
of the shock wave. For the cylinder of Fig. 11.38, <x = 6. Clearing of 
reflection effects occurs at time t = ta + to, where clearing time tc is 
given by 

4h 



WEAPONS-EFFECTS DATA 


271 


Sec. 11.2] 

The local overpressure at any point after the clearing of reflection 
effects is given by Eq. (11.20). Pcyi acts normal to the surface of the arch. 

Pcyi = Gi>q + P« (11.20) 

where q — dynamic pressure incorporating time-displacement factor ta 
Cj) = local drag coefficient, a function of 6, obtained from Figs. 

11.42 to 11.46, as discussed below 
Ps — overpressure in incident blast wave at any time t — td 



Fig. 11.42. Local-dynamic-pressure coefficient for cylindrical-arch axis parallel to 
shock front, supersonic Mach numbers [Chap. 1, Ref. 8]. 

The distribution of dynamic overpressures about an arch is a function 
of both the Reynolds number Re and the Mach number M of the high- 
velocity wind in the blast wave [10, 11]. The Reynolds number, a dimen- 
sionless quantity of the type uDp/fXj is a parameter which characterizes 
the relative importance of viscous action in steady nonuniform flow. 
Since the viscosity /x and the density p appear as a ratio in the Reynolds 
number, it is convenient to treat this ratio of fluid properties as a property 
itself. Thus, the Reynolds number involves only the arch diameter D, 
a velocity u, and the fluid property p/p. The Mach number, also a 
dimensionless quantity, is the ratio of the actual velocity to the velocity 
of sound. 
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Fig. 11.43. Local-dynamic-pressure coefRcient for cylindrical arch, axis parallel to 
shock front, high subsonic Mach numbers. 0.4 < M < 1. [Chap. 1, Ref. 8] 



Fig. 11.44. Local-dynamic-pressure coefficient for cylindrical arch, axis parallel to 
shock front. Re > 5(10)^ and M < 0.4. [Chap. 1, Ref. 8) 
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In the following discussion, the distribution of dynamic pressures about 
the circular arch is assumed to be the same as the distribution about a 
circular cylinder having the same diameter. Then the results of experi- 
mental studies conducted on flow past circular cylinders can be utilized 
for this problem. This procedure will introduce some error, but it is 
believed to be insignificant compared with the uncertainty associated 
with the basic data. 



0 20 40 60 80 100 120 140 

6 , (deg) 


Fig. 11.45. Local-dynamic-pressure coefficient for infinitely long cylindrical arch, axis 
parallel to shock front. Re < 5(10)^, and M < 0.4. [Chap. 1, Ref. 8] 

For flow at low Mach numbers, the pressure distribution and the total 
drag force change abruptly for a Reynolds-number range between 3(10)^ 
and 5(10)'\ This transition is very sensitive to the smoothness of inci- 
dent flow, temperature gradients, and roughness of the surfaces. The 
explanation advanced for this change in pressure distribution and 
decrease in drag is that the boundary layer changes from laminar to 
turbulent at this critical Reynolds number and causes the separation 
point to move farther back, resulting in the redistribution of dynamic 
pressure. 

As the Mach number of the flow is increased, this decrease in total drag 
and redistribution of pressure at the critical Reynolds number becomes 
less pronounced, until at a Mach number of about 0.4 it no longer occurs. 
The separation point does not move when the boundary layer changes 
from laminar to turbulent and is probably fixed by the presence of shock 
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waves. For flows with a free-stream Mach number greater than 0.4, 
the pressure distribution is not influenced by the Reynolds number but 
it is somewhat dependent upon the Mach number, the distribution being 
different for supersonic flow than for subsonic flow. 

Four pressure distributions are necessary in order that the entire 
ranges of Reynolds and Mach numbers can be considered. The criti- 
cal values of Reynolds and Mach numbers are arbitrarily taken as 


Fro. 11.46. Mach numbers of undisturbed stream vs. time ratio for various peak over- 
pressures [Chap. 1, Ref. 8]. 



Re = 5(10)®, M = 0.4 and 1.0. These dynamic-pressure coefficients 
are applicable for steady-flow conditions, and since the flow about the 
arch is far from steady, their use may introduce some additional error. 
The order of magnitude of the error could be ascertained by comparing 
the results obtained by this procedure with direct measurements in field- 
tests in which unsteady effects are present. 

The expression for the local-pressure coefficient when Re < 5(10)® is 



( 11 . 21 ) 
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where (7^ == local-pressure coefBcient for an arch infinitely long when 
Re < 5(10)' (Fig. 11.45) 

L — length of axis of arch 
D — diameter of arch 

The Mach number is plotted in Fig. 11.46, and the ratio of Reynolds 
number to cylinder diameter is plotted in Fig. 11.47 for a range of incident 
peak overpressures as a function of (t — td)/to* 



Fig. 11.47. Reynolds-number ratio of undisturbed stream vs. time ratio for various 
peak overpressures [Chap. 1, Ref. 8]. 


The overpressure at any point on the leeward side of the cylinder rises 
instantaneously from zero to a finite overpressure at time i — fa = 0, 
given by 

-(‘•*>-150)'’" 


oyl 


( 11 . 22 ) 


This initial overpressure clears to the value of Pcyi 
(11.20) at time i = fa + fa, where 

. _ 4Ji d 


as given by Eq. 
(11.23) 


The appropriate local dynamic-pressure coefficient Cj> is obtained from 
Figs. 11.42 to 11.45 as discussed above. 

AVEEAGE END-WALL OVERPRESSURE P^rxdy AXIS PARALLEL TO SHOCK 
FRONT. The average overpressure Pend, on the ends of a cylinder oriented 
as in Fig. 11.38, is given in Fig. 11.48. It is assumed that the variation 
of incident overpressure in the time required for the shock ^ave to travel 
across the cylinder is linear and that the average overpressure on the ends 
is equal to the overpressure in the incident blast wave P*, with the time- 
displacement factor fa — (D cos d')f2Uo- 
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d. Loading on Cylindrical-arch Surfaces, Axis Perpendicular to Shock 
Front The local overpressure at any point on the periphery of the 
cylindrical arch oriented with its axis perpendicular to the shock front is 
the overpressure in the incident blast wave Ps, with a time-displacement 
factor td = L^fUo) where L' is the distance from the front end to the point 
at which the overpressure is desired. 

The average overpressure on the front and back ends of a cylindrical 
arch oriented with its axis perpendicular to the shock front can be com- 
puted as outlined in Sec; 11.2a. The clearing height for the front wall 



and the build-up height for the back wall are equal to h, as shown in 
Fig. 11.38. 

e. Loading on Spherical-dome Surfaces, The notation convention used 
to designate a point on the surface of a dome is illustrated in Fig. 11.49. 
With the notation adopted, any point on the periphery of a spherical 
dome is located by the two angles 6 and Denoting by p any point on 
the sphere, 6 is the angle between the horizontal diameter parallel to the 
direction of travel of the shock and radius Op joining the surface point to 
the geometrical center of the sphere. The elevation of the point above a 
horizontal plane through the center of the sphere is R sin 6 sin <!>, where 
is the angle between the horizontal plane through the center of the sphere 
and the inclined plane containing points 0, O', and p. 

The variation with time of the local overpressure Pdomo normal to the 
surface of the dome is similar to that for a cylinder as shown in Figs. 
11.40 and 11,41. The overpressure at a given point rises instantaneously 
from zero to Pr-^ at time td == x/Uo, where x = d/2 ■— R cos 6, with 
d being the distance across the dome at its base, and Uo is the shock-front 
velocity. The angle of incidence at the impinging shock wave is equal to 
6, For values of d less than 90® the reflected overpressure is obtained 
from Fig. 11.21; for 6 greater than 90° the maximum overpressure is given 
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Fig. n.49. Definition sketch for spherical-dome notation [Chap. 1, Ref. 8], 
by the relation 

Pdom. = (l.5 - ^ P,o (11.24) 

The initial maximum overpressures are cleared in time tcj as given by 
Eq. (11.25), where h is the height of the dome above its base. 

tc = — iov d < 90“ 

C„fi 

3A 9 
Crefl 90 


ti 


for 6 > 90' 


(11.25) 
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The local overpressure at any point after the clearing of reflected over- 
pressures is given by Eq. (11.26). 

Pdome = Cnq + P. (11.26) 

where q == unit drag pressure incorporating time-displacement factor ta 
Cd = local drag coefficient plotted as a function of d in Figs. 11.50 
and 11.51 

The ratio of the Reynolds number of the air-blast wind to the diameter 
of the sphere is plotted in Fig. 11.47 for various incident overpressures as a 
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9 , (deg) 

Fig. 11 .50. Local drag coefficients for spherical domes, Re > 10® [Chap. 1, Ref. 8]. 

function of (i^ — td)/to^ At the Reynolds number Re = 10®, the value of 
the drag coefficient changes abruptly. The ratio of {t — associated 
with this value of Re determines the applicability of either Fig. 11.50 or 
11.51 to obtain Cd for use in Eq. (11.26). 

The loading on domes calculated by the methods presented in this 
paragraph can be in error for overpressures greater than 15 psi. How- 
ever, use of the present method, with reservations as to its accuracy, for 
high overpressures is recommended until a more suitable procedure is 
evolved. 

11.3. Radiation. An exploding atomic bomb emits large amounts of 
thermal and nuclear radiation. The thermal radiation may have serious 
effects on structures in addition to the destruction caused by the air blast. 

The temperatures reached in the explosion are nearly as high as those 
of the sun, but the distances involved are much less; therefore the result- 
ant thermal radiation causes intense heat on all exposed surfaces. It 
will cause severe burns to humans and to animal life and will ignite cmo- 
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bustible material, causing fires in structures. Complete or partial shield- 
ing is provided by buildings and by clothing. 

Nuclear radiation produces a variety of harmful effects in human beings 
and animals, some of which are not immediately apparent. If a large 
amount of radiation is absorbed, the consequences can be very serious 
and often fatal. Some of the nuclear radiation is nearly instantaneous, 
but the products of fission will emit beta and gamma particles for a long 
time after the explosion. 



Fig. 11.51. Local drag coefficients for spherical dome, Re < 10® [Chap. 1, Ref. 8]. 

a. Thermal Radiation, phenomena. The energy liberated per unit 
of mass is much greater for an atomic-bomb detonation than for a high- 
explosive detonation. Therefore the temperatures attained are much 
higher, resulting in a larger proportion of the energy being emitted as 
thermal radiation, roughly one-third of the total energy of the atomic 
bomb. The thermal energy reaching any particular point is a function 
of the distance from detonation, the yield of the weapon, and the effect 
of the scattering and absorption caused by the atmosphere. The coef- 
ficient of atmospheric attenuation is a function of the visibility, or the 
horizontal distance at which a large dark object can be seen against the 
sky at the horizon. The distances at which various thermal-energy levels 
are delivered for various total-energy yields of a bomb are given in Fig. 
11,52 (reproduced from Fig. 7.67 of Ref. 1). 

SCALING. If two atomic bombs with total energy yields of *Wi and ^2 
are exploded, the proportion of the total energy emitted as thermal radia- 
tion is approximately the same for each weapon; therefore the thermal- 
radiation energy is proportional to the yield. At a given distance from 
the detonation the total amount of radiant energy on a unit area is also 
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proportional to the yield and is shown by the expression 

Q2 
Qi 


^2 


( 11 . 27 ) 

where Qi and Q2 = radiant energy on a unit area for the two weapons. 



Fig. 11.52. Thermal energy received at various slant ranges [1]. 

EFFECT ON MATERIALS. A surface exposed to thermal radiation will 
absorb part and reflect part of this radiation, and in some cases a portion 
of the radiation will pass through to fall on material beyond. The 
amount of the absorption depends on the material, and especially upon 
its color, since the darker-colored materials will absorb a much larger 
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proportion than light-colored materials. The absorption causes the 
temperature to rise, and damaging effects may result. 

The most important physical effects of the high temperatures due to 
the absorption of thermal radiation are, of course, charring or ignition of 
combustible materials and the burning of skin. It is very difficult to 
establish definite conditions under which these effects will or will not 
occur and their extent; however, for convenience, it is found necessary 
to use total energy per unit area as a criterion until such time as it is 
possible to predict the influence of intensity to include the range available 
in very-large-yield weapons. 

Figure 11.53 shows diagrammatically how the quantity of heat neces- 
sary to cause charring of a given 
species of wood varies with the rela- 
tionship between the total amount 
of energy supplied and the rate at 
which it is supplied. It will be 
noticed that as the rate of heat 
supply increases, the total energy 
necessary decreases rapidly at first 
and then reaches a nearly constant 
limiting value called the critical en- 
ergy. This indicates that for high 
intensities of thermal radiation, such 
as occur in an atomic-bomb burst, 
there is less total energy required to 
cause charring of wood. This apparently happens to other materials sub- 
jected to high surface temperatures. 

Although a serious hazard, injury from thermal radiation can be more 
easily avoided than can some of the other damaging effects of atomic 
weapons. Shelter behind any object which will prevent direct exposure 
to rays from the detonation is sufficient protection, A wall or a tree or, 
unless fairly close to ground zero, even clothing will provide a shield from 
thermal radiation. 

b. Nuclear Radiation. Nuclear radiation has no incendiary effect, 
but is capable of producing serious harmful effects in human beings and 
animals. The possibility of exposure to radiation in a damaging amount 
must be considered in protective construction. Under some conditions, 
protection against radiation may govern the size of walls and roof of a 
protective structure. 

Nuclear radiation is arbitrarily divided into two types: initial and 
residual. Initial radiation may be considered as that which occurs dur- 
ing the first minute after detonation, and residual radiation as that which 
occurs more than one minute after detonation. 



Fig. 11.53, Thermal energy required for 
ignition of wood as a function of rate 
of supply [Chap. 1, Ref. 8]. 
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The initial radiation from the detonation of an atomic bomb consists 
of gamma rays, neutrons, beta particles, and a small proportion of alpha 
particles. The range of the alpha and beta particles is very limited, but 
the gamma rays and neutrons are capable of penetrating to appreciable 



distances. Nuclear radiation has no incendiary effect, but both gamma 
rays and neutrons are capable of causing serious injury to human beings 
and animal life. At distances close to the bomb it is much more difficult 
to provide adequate shielding from nuclear radiation than from thermal 
radiation. 
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Gamma rays and neutrons are very different in their behavior; how- 
ever, the relative intensity of these two types of nuclear radiation in the 
explosion of an atomic bomb is such that exposure to neutrons in addition 
to gamma rays would not represent an additional hazard, as the range at 



which the initial neutron intensity is lethal is much less than the range at 
which the initial gamma rays are lethal. Hence, if one is shielded from 
the gamma rays, he is also safe from the neutron radiation, but not vice 
versa. 

The nuclear-radiation dosage to which an individual may be exposed is 
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measured in terms of a unit called the roentgen (r), which is a standard 
measure of the ionization caused by gamma rays in their passage through 
matter, and hence of the injury which is caused to the body of living 
organisms. 



Ranges for various initial gamma-radiation dosages from various-yield 
weapons are presented in Fig. 11.54 (taken from Fig. 8.39 of Ref. 1). 

Ranges for various initial neutron biological dosages from various-yield 
weapons are presented in Fig. 11.55 (taken from Fig. 8.72 of Ref. 1). 
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PROTECTION REQUIRED. The effects of gamma radiation on living 
organisms depend on the total amount of the radiation absorbed, the 
rate of absorption, and the area of the body exposed. In this section 
we are interested only in protection from the initial radiation or that 
occurring within one minute after the explosion; hence the rate of the 
radiation dosage is very fast and the total amount absorbed by the body 
is the important criterion in determining its effect on human beings. 

Three different degrees of exposure within a short period of time are 
here defined [1]. They are the lethal dose (600 r or more), which is fatal 
in nearly all cases; median lethal dose (400 r), which results in death to 
50 per cent of those exposed; and moderate dose (100 to 300 r), which is 
generally not fatal. 

The attenuation of initial gamma radiation afforded by various mate- 
rials is presented in Fig. 11.56 [1]. 

c. Fallout [1, 12-14]. When an atomic bomb is detonated near the 
ground a large quantity of pulverized debris is drawn high up into the 
atmosphere. This dust serves as a collector for the radioactive material 
by condensing it; slowly the now radioactive dust settles to the earth. 

The duration and pattern of fallout is a complex phenomenon, depend- 
ent to a large extent on the meteorological conditions. In general, the 
fallout will be diffused and, if the wind is blowing, will travel in a lateral 
direction with the wind. Of course, the winds at all altitudes up to about 
80,000 ft have an effect on the settling dust. 

The fallout radiation can be serious over an area of several thousand 
square miles from large-yield weapons. Information of particular value 
on fallout may be found in the testimony of Machta [14] and particularly 
in Ref. 1. 

Protection against radiation from fallout may be supplied by having 
material between the people and the radiating source. The greater the 
thickness and the denser the material, the better. A reduction in radia- 
tion intensity of about 5,000 will generally give adequate protection from 
fallout. This would require about 36 in. of earth, 24 in. of concrete, 
or 3 in. of lead. 

It may be practicable to wash off the roof or protective structures with 
a sprinkler system, carrying away a good per cent of the radioactive 
fallout, thus lowering the radiation intensities. Such a system may be 
desirable for particularly critical installations. 
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CHAPTER 12 


BEHAVIOR OF STRUCTURES UNDER BLAST LOADS 


12.1. Introduction. The behavior of structures under blast loads can 
be and has been studied both theoretically and experimentally, but a con- 
sideration of the Hiroshima and Nagasaki incidents and the results of a 
few of the structures tested in the nuclear experiments that have been 
released publicly will lead to a greater understanding of the requirements 
of a blast-resistant structure. It is necessary, however, to extrapolate 
the results of this data to the large-yield (multimegaton) weapons that 
are likely should a war develop. Extrapolation must be based on sound 
theoretical principles. 

The behavior of a surface structure under blast loading can be visual- 
ized in the following manner. If the structure has a strong roof and walls, 
these elements will serve to transmit the dynamic-blast load to the struc- 
tural frame. The effect of the pressure wave on the building is similar to 
that of a heavy blow followed by a more or less steady force. This force 
acts first on the side of the building nearest the explosion; then, as the 
blast wave passes, it acts on the remaining sides and roof, loading each 
of the exterior elements (walls and roof) in an inward direction. The 
net load on the structure (front-wall minus back-wall loads) acts to dis- 
tort the frame laterally. Any element in the system (wall, roof, columns, 
footing, beams) may be deformed so much plastically that it fails duc- 
tilely, by buckling, or in a brittle manner, or the building may be sepa- 
rated from its foundation or from the ground if it is insufficiently restrained 
against sliding or overturning. 

If the walls or roof of the structure fail, as would be the case if the walls 
are of asbestos cement or light sheet metal, then the frame of the building 
is subjected to severe drag forces, which can distort the frame, causing 
collapse of the structure if located in a high enough pressure region. 

12.2. Hiroshima and Nagasaki Data. The case histories of these two 
explosions have been recorded in reports prepared by the U.S. Strategic 
Bombing Survey [1-6]. The bombs dropped on these cities had energy 
releases of approximately 20 KT. Based on an analysis of the Strategic 
Bombing Survey reports, the various types of damage and the radii 
within which they are expected to occur are estimated as for a 20-KT 
bomb [7]: 
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Yirhially complete destruction will occur out to a radius of approximately one- 
half mile from ground zero, corresponding to an area of destruction of about 
three-quarters of a square mile. 

Severe damage, defined as major structural damage that would result in 
collapse or liability to collapse of the building, will occur out to a radial distance 
which is slightly in excess of 1 mile from ground zero. This corresponds to an 
area of 4 square miles in which the damage ranges from severe to destructive. 

Moderate damagCy short of major structural damage but sufficient to render the 
structure unusable until repaired, will occur out to a radius of about 1% miles, 
giving an area of 8 square miles in which the damage ranges from moderate to 
destructive. 

Partial damage will be inflicted out to a radius of approximately 2 miles, adding 
4 additional square miles of damage area, and making a total of 12 square miles 
subject to some degree of damage in excess of plaster damage and window 
destruction. 

Light damage, which is mostly plaster damage and window breakage, may 
extend out to a radius of 8 miles or more, giving a light damage area of the order 
of 200 square miles. 

Hiroshima suffered, in addition to very extensive blast damage which 
will be discussed below, an extensive firestorm which developed from some 
hundreds of fires initiated by direct radiated heat and from secondary 
sources. Hiroshima was an excellent target for the atomic bomb from 
the fire standpoint since no rain had fallen for 3 weeks and the city was 
extensively built up of predominantly combustible buildings over flat 
terrain. The area suffering fire damage finally extended over 4.4 sq 
miles. Of a total of 130 buildings which were studied, the floor area of 
72 per cent of the fire-resistive buildings, 50 per cent of the noncom- 
bustible buildings, and 80 per cent of the combustible buildings was 
burned in addition to suffering blast and debris damage. Of the buildings 
within or adjacent to the burned-over area, 58 of 64 fire-resistive build- 
ings, 8 of 12 noncombustible buildings, and 41 of 54 combustible buildings 
had fire damage. Damage by fire to the interior and contents of the fire- 
resistive buildings greatly exceeded the damage by blast and debris. 

One hundred and seventy-three buildings were included in the Hiro- 
shima study, including practically every reinforced-concrete, every steel- 
frame, and every load-bearing brick-wall building within the area of 
blast damage. In addition, a sample of wood-frame structures was 
included to give evidence on this type of construction. The damage to 
residential-type construction was also studied. The various con- 
struction types were as follows [1]: 

a. Because of aseismic design, multistory construction in Hiroshima generally 
was 50 per cent heavier and 50 to 70 per cent stronger than in comparable United 
States practice. However, a small number of buildings of substandard design or 
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construction was found. Concrete was quite variable in quality, some being very 
poor and the best being about comparable with good United States quality. 

h. Light, steel-frame buildings were of excellent workmanship and materials 
but were slightly lighter than those in United States used for similar occupancies. 

c. Load-bearing, brick-wall construction was excellent and compared favorably 
with better United States and European construction, being if anything, some- 
what heavier and stronger than United States construction for similar occupancies. 

d. Wood-frame construction, although employing heavier trusses, was weaker 
than usually found in the United States for similar occupancies because of poor 
details. Present in Hiroshima was a large number of buildings of weak, wood- 
pole construction. . . . 

Blast damage to buildings spread uniformly in all directions, resulting in an 
approximately circular area of devastation. Limiting distances to which build- 
ings were damaged depended upon their strength and construction. Thus the 
heavy, strong, multistory, steel- and concrete-frame structures were damaged 
only in an area relatively near the point of detonation and their burned-out, but 
otherwise undamaged, structural frames rose impressively from the ashes of the 
burned-over section where occasional piles of rubble or twisted steel skeletons 
marked the location of brick or steel-frame structures. At greater distances steel 
and brick structures remained undamaged. Blast damage to wood-frame 
buildings and residential construction beyond the burned-over area gradually 
became more erratic and spotty as distances were reached at which only the 
weakest buildings were damaged. In the outer sections of the city there were 
locations where there was no damage other than breakage of glass or minor 
disturbances of tile roofs. 

In Nagasaki damage to buildings occurred over an area of 1.8 sq miles. 
“The blast completely demolished dwellings and other structures within 
a radius of % miles of ground zero and caused various degrees of damage 
to other structures within a radius of 2\i miles'^ [4]. The area which was 
damaged was irregular in shape, partly because of the hilly terrain of the 
city and partly because of the areas which were built up. 

The degree of damage to buildings varied according to their relative distance 
from GZ, the materials of which the buildings were constructed, the design of the 
buildings, the relation of the long axes of the buildings to GZ, and the sliielding 
effect of hills or man-made structures. 

а. The variation in degree of damage depended on distance from GZ. . . . 

б, Generally, buildings of reinforced concrete were less susceptible to the effects 
of the bomb than those of industrial type, steel-frame construction or buildings 
with load-bearing masonry walls. Wood-frame buildings were the most easily 
destroyed, and, in addition, had the properties which made entire destruction by 
fire possible. Steel frame structures, roofed or sided with corrugated asbestos, 
suffered less structural damage than those covered with corrugated iron or sheet 
metal. The corrugated asbestos crumbled easily and the blast pressure equalized 
itself rapidly around the main framing members, while the steel siding transferred 
the pressure to the structural members, causing general collapse. 
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c. Variations in design caused different degrees of damage to buildings in the 
same general building classification. Some specially designed concrete structures 
built to withstand earthquakes with heavy beams, well-placed steel reinforcing, 
and haunches between columns and beams withstood the blast pressures at rela- 
tively short distances — as close as 1,200 feet from GZ. Steel-frame buildings 
with pitched monitor-type roofs, especially those with knee braces extending 
from roof members to a point below the eaves on the columns, suffered less damage 
than structures with saw-tooth roof framing. 

d. Structures of all kinds with their long axes parallel to the force of the blast 
were less deformed than those which received the pressure on the greater area of 
their sides. 

e. Due to the height of the point of detonation of the bomb (estimated 1,700 
feet above sea level), the screening effect of structures within 5,000 feet of GZ was 
negligible. Buildings in the Nakashima Valley, which extended in a north- 
easterly direction from Nagasaki Harbor, were shielded from the blast by the 
intervening hills which rose to heights of 900 feet at a distance of approximately 
6,000 feet southeast of GZ [4], 

Professor Bowman, who directed the Hiroshima and Nagasaki surveys, 
has summarized the extent of damage to various types of structures in an 
Engineering News-Record article of Jan. 26, 1950. His interpretation of 
the data is presented in Fig. 12.1. 



Fig. 12,1. Damage at Hiroshima and Nagasaki from nominal atomic bomb. {Reprint 
from Eng. N ewB^-Record, Jan. 26, 1950.) 

12.3. Nuclear Experiments. Tests of a variety of structures under 
various-size atomic bombs have been performed at the Nevada and Pacific 
Proving Grounds. Specific information has been released on the tests 
conducted in Nevada by the Federal Civil Defense Administration [8, 9]. 

In Operation Doorstep, performed in March, 1953, two two-story con- 
ventional wood-frame houses were exposed to the blast and radiation 




291 


Sec. 12.3] behavior of structures under blast loads 

effects of a 15-KT bomb burst 300 ft aboveground. One house located 
3,500 ft from ground zero was severely demolished by the blast-pressure 
wave with a peak incident overpressure of 7 psi. The second house, 
located at 7,500 ft from ground zero, remained standing under the blast 
wave, which had a peak incident overpressure of 2 psi. The house was 
badly damaged and probably would have to be wrecked because of exten- 
sive damage to joists and rafters. 

In addition to the two houses tested. Operation Doorstep also included 
a variety of small underground backyard types of shelters which success- 
fully withstood blast pressures from 20 to 45 psi. 

Operation Cue, which was completed in the spring of 1955, was a much 
more extensive test involving houses, utilities, shelters, and small pre- 
fabricated metal buildings. A report [9] on the housing summarized the 
test as follows: 

Ten residential structures of wood, brick, lightweight reinforced concrete 
block, and lightweight precast concrete slabs were exposed in pairs to the effects of 
a nuclear device . . . of approximately 30 kiloton yield detonated atop a 500-foot 
tower. 

Two houses were two-story and basement structures of wood frame construc- 
tion redesigned and strengthened on the basis of studies of the findings on similar 
houses exposed to the effects of a nuclear device in 1953. One of the houses 
(31.1-bl) was exposed at approximately 4 psi overpressure, the other (31.1-b2) at 
approximately 2.6 psi overpressure. 

Two houses were two-story and basement structures of brick and cinder block 
exterior walls, cinder block basement walls, and wood-frame floors, partitions and 
roof, one (31.1-al) exposed at approximately 5.1 psi overpressure, the other 
(31.1-a2) at approximately 1.7 psi overpressure. The size and layout of these 
houses was similar to the strengthened frame houses, but they were of conven- 
tional construction. 

Two houses were one-story wood-frame rambler type, one (31.1-cl) exposed at 
approximately 5.1 psi overpressure, the other (31.1-c2) at approximately 1.7 psi 
overpressure. 

Two houses were built of reinforced lightweight concrete blocks with precast 
lightweight concrete roof slabs, one (31.1-fl) exposed at approximately 6.1 psi 
overpressure, the other (31.1-f2) at approximately 1.7 psi overpressure. 

The final two houses were one-story structures built of precast lightweight con- 
crete wall, partition and roof panels, one (31.1-el) exposed at approximately 
6.1 psi overpressure, the other (31.1-e2) at approximately 1.7 psi overpressure. 

Each type of house was tested in a pair; one house at an anticipated overpres- 
sure at which collapse or major damage might be expected; the other house, its 
counterpart, at an anticipated overpressure at which damage without collapse 
might be expected. 

The above ground portion of the two-story brick and cinder block house 
(31.1-al) located 4,700 feet from the explosion, was almost completely destroyed, 
and the first floor system was partially collapsed into the basement. None of the 



292 SPECIFIC CASES OF DYNAMIC DESIGN [ChAP. 12 

exterior walls remained standing, and the structure as a whole was beyond repair 
even for emergency shelter from the elements. 

The one-story frame rambler (31.1-cl), located near the two-story brick 
dwelling 4,700 feet from the explosion, was likewise almost completely destroyed. 
Only the reinforced concrete bathroom shelter remained intact. 

Both the one-story reinforced lightweight concrete block house (3Ll-fl) and 
the one-story precast lightweight concrete house (31.1-el) suffered only minor 
structural damage. These houses were also located 4,700 feet from the explosion. 
With the replacement of doors and window sash, both houses could be made 
habitable. 

At 5,500 feet from the explosion the two-story redesigned frame house (31.1-bl) 
suffered severe damage and would not be suitable for occupancy without extensive 
major repairs, which would hardly be economically advisable. 

At 7,800 feet from the explosion the two-story redesigned frame house (31.1-b2) 
suffered relatively heavy damage, but its condition was such that it would be 
made available for emergency shelter from the elements by shoring and not too 
extensive repairs. 

The two-story brick and cinder block house (31.1-a2) located 10,500 feet from 
the explosion suffered considerable damage to the roof and second floor ceiling, 
with minor damage to walls and floors. The masonry appeared to suffer little 
or no damage, although there was considerable damage to window sash and doors. 
At a reasonable cost this house could be made suitable for emergency housing. 

The one-story precast light aggregate concrete house (31.1-e2) and the one- 
story reinforced masonry block house (31.1-f2), both located 10,500 feet from the 
explosion, suffered relatively minor damage. Only minor repairs would be 
required to make these dwellings suitable for reoccupancy. 

The one-story frame rambler (31.1-c2), also located 10,500 feet from the 
explosion, suffered relatively heavy damage, but nevertheless could be restored 
to condition suitable for occupancy at moderate costs. 

Out of the ten houses included in the test, the condition of seven were such 
that they could be made habitable for emergency occupancy by shoring and 
repairs. In practically all of the houses the windows and exterior doors were 
destroyed. In all except the two collapsed houses, the greatest danger to the 
occupants would appear to have been from missiles of glass, Venetian blinds, 
furniture and other fragments. 

12.4. Extrapolation to Large-yield Weapons. While it is interesting 
and informative to have estimates of the extent of damage from the low- 
yield (approximately 20-KT) weapons as detonated at Hiroshima and 
Nagasaki and in the Nevada Test Site experiments, it is of greater inter- 
est to have estimates of radii of damage from the large-yield hydrogen 
weapons. These estimates can be made by an application of the basic 
theoretical methods of dynamic analysis, blast-load prediction, and ulti- 
mate strengths of structural elements as outlined in Chaps, 1, 2, 7, and 
11 and are presented in Table 12.1. 
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Table 12.1. Distances at Which Various Types op Construction Will 
Suffer Damage prom 1-MT and 20~MT Weapons 


Class of structure 

Severe-damage 
distance, yd 

Slight-damage 
distance, yd 

1 MT 

20 MT 

1 MT 

20 MT 

Single-story light-steel-frame indus- 

i 




trial building 

5,500 

17,000 

9,000 

25,000 

Single-story medium-steel-frame in- 





dustrial building 

4,600 

14,000 

9,000 

25,000 

Single-story heavy-steel-frame indus- 





trial building 

3,700 

11,000 

9,000 

25,000 

Multistory steel-frame building 

4,000 

12,000 

7,000 

19,000 

Multistory reinforced-concrete build- 





ing 

3,700 

11,000 

7,000 

19,000 

Wood-frame housing 

7,000 1 

19,000 

' 25,000 

i 

70,000 
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CHAPTER 13 


BLAST-RESISTANT-DESIGN CONSIDERATIONS 


13.1. The Problem. The principal objective of the architect-engineer 
of a blast-resistant structure, as stated in Chap. 10, is to design the build- 
ing so that the structure itself, its equipment, contents, and occupants 
are as invulnerable to the various effects of atomic weapons as is physi- 
cally and economically practicable. 

This chapter presents the problems that face the designers and ac- 
quaints them with factors which will assist in determining the degree of 
protection that it is practical to attempt. It deals with general methods 
of attaining resistant construction and with the importance of good 
planning through site selection, type of structural framing, the external 
geometry or shape of the building, internal arrangement, and selection of 
materials, all of which are directly related to the problem of achieving the 
protection required. It does not attempt to tell the architect or engineer 
how to design a specific building but rather to show him the way toward a 
solution which is as economical as is consistent with the more severe 
design requirements which are imposed. 

13.2. Criteria for the Building Program. The various criteria of the 
building program must be established by the owner with the advice of 
his architect-engineer. A number of questions may be posed which will 
assist in delineating the program. They are as follows : 

1. What are the possible sites for building? How far are they from 
target areas? Is it possible to locate the building at great distances from 
such areas and out of the possible fallout areas? 

2. Is it intended that all contents of the structure are to be protected, 
or only a certain number of types, or are the contents expendable? 

3. Are some or all of the occupants to be protected at their normal work 
locations, or are central areas required within the building? 

4. Is it possible to take advantage of terrain features, tunnels, or 
abandoned mines? 

5. Is it possible and feasible to construct the structure underground? 

6. Will emergency housing of personnel be required for extended 
periods of time? 

The answers to these questions will be affected by a number of factors 
including: 
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L The relative importance of the structure, its function, contents, and 
occupants to the continued ability of the community to operate during 
and after exposure to the effects of atomic explosion. 

2. The economic practicability of building resistant construction of the 
resistance required to give reasonable protection. 

3. The probability of successfully resisting determined enemy attack. 

13.3. Type of Construction. The functional requirements of the pro- 
posed project form a primary basis for selection of type of construction. 
However, the requirements imposed on the structural frame, wall and 
roof panels, entrances, etc., by the air-blast wave and radiation loads may 
and probably will serve to modify the normal solution to the design prob- 
lem. Many of the requirements of normal construction will be com- 
promised, and the resulting structure may not be as desirable in some 
respects as a conventional building. However, the severe “design loads 
will necessitate compromises with normal building practice. 

Several types of construction may be used. Probably the greatest 
level of protection can be secured in buried or semiburied construction. 

а. Buried or Semiburied Construction, If practicable, advantage 
should be taken of the high blast resistance of earth-covered structures 
either above or below ground since this form of construction is extremely 
resistant to high blast pressures. Factors which contribute to this 
resistance are: 

1. Reduction in the blast loading on the structure occurs because of 
the streamlining effect of the earth cover. 

2. A further reduction in the blast load will result if the structure is 
below ground, because of the elimination of reflected pressures and also 
because of the attenuation of pressure in the earth. 

3. The mass of the earth increases the inertia of the structure and 
accordingly may reduce the net loads on the structure, thus reducing 
stresses and deformation. 

4. The soil can act as an earth arch over the structure, carrying a good 
portion of the blast load and reducing the required structural strength. 

The earth cover will add to the shielding material for protection of 
personnel against nuclear radiation. The shielding thus provided applies 
to the entire structure, and separate or specially shielded areas are not 
required, as may be necessary in aboveground structures. 

The function of the structure or ground conditions may prohibit buried 
construction or even semiburied construction, in which case one of several 
forms of surface structure may be considered. 

б. Shear-wall Construction, For surface structures the shear-wall 
system should be used whenever possible since this type is superior to the 
conventional rigid-frame system in regard to strength and cost. The 
shear walls, floors, and roof should preferably be of reinforced concrete. 
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However, shear walls of reinforced-brick masonry may find some applica- 
tions, and floor and roof may be of steel construction provided they are 
detailed to transmit the lateral blast forces from the exterior walls to 
the shear walls. 

c. Arch and Dome Construction. This type of construction possesses 
two advantages which can be exploited to obtain a high level of blast 
resistance. The first advantage is a reduction in load, which results 
because a curved surface is presented to the incident blast wave. The 
second advantage is in the high efliciency which such structures possess 
from the standpoint of strength. 

Disadvantages of this type of construction arise from restricted space 
arrangements and the higher cost of constructing curved or warped 
surfaces. 

d. Rigid-frame Construction. The rigid-frame system of construction 
should be used only when the shear wall or arch or dome forms of con- 
struction cannot be used. Such situations might arise because of severe 
space requirements. However, even if this is the case, it may be possible 
to secure some of the economy of shear-wall construction by incorporat- 
ing shear walls in portions of the structure. 

e. Single-story vs. Multistory Construction. Single-story construction is 
generally preferable to multistory construction although cost com- 
parisons may be necessary to establish priority in some cases. The 
economy of single-story construction arises because very great lateral 
loads are developed on exposed vertical surfaces, requiring greater lateral- 
resistance capabilities in the lower stories of multistory structures. 

/. Exterior Walls. A fundamental planning decision must be made 
with respect to type of walls. Either they should be strong enough to 
keep the blast out at the desired degree of resistance, or they should be 
designed to fail readily, preferably breaking into small pieces that will 
not form dangerous missiles. If these are to be frangible, a wall of cor- 
rugated asbestos cement is probably preferable. 

If the walls are to be blast-resistant, they probably should be window- 
less because of the great difldculty in securing the necessary blast resist- 
ance in a fenestrated wall. 

Reinforced concrete is probably the best material, although carefully 
designed reinforced masonry may find application for lower-pressure 
levels. Some types of metal siding, if properly attached to closely spaced 
girts, can also be used. Structurally weak materials such as unreinforced- 
brick or concrete-block masonry, asbestos cement siding, weak steel 
siding, etc., cannot be used. 

g. Windowless Construction. Windowless construction is recom- 
mended for all structures planned for pressure levels above 10 psi.* For 

* It is possible that inswinging sash can be developed, permitting the glass to remain } 
unshattered at pressure levels up to 10 psi. | 

I 

I 

I 

( 
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certain types of blast-resistant construction there may be an advantage 
in the use of frangible exterior walls or windows, with an interior area of 
the structure of blast-resistant construction. 

There may be objections to windowless buildings by certain users who 
would like to have blast resistance and daylight too. This cannot be 
done for an entire structure except for relatively low pressure levels as 
mentioned above. Accordingly, a consideration of the advantages of 
windowless construction may offset the disadvantages: 

1. Windowless blast-resistant construction provides resistant areas for 
the entire area of the building. 

2. The elimination of windows means more usable wall space. 

3. There will be less heat loss in the winter and less heat gain in the 
summer. 

4. Illumination can be made more uniform, with all areas becoming 
equally desirable from this standpoint. 

5. The cost of windows is generally greater than the cost of a blank 
wall. 

6. The very great hazard from window breakage from blast is elimi- 
nated. The area of glass breakage around an exploding atomic or hydro- 
gen bomb is so much greater than that for structural damage from blast, 
or personnel injury from nuclear or thermal radiation, that the elimination 
of this hazard is a very real gain. 

Of course, there are obvious disadvantages to windowless construction, 
including the following: 

1. Mechanical ventilation and probably air conditioning are required. 

2. The loss of daylight is aesthetically undesirable in many cases. 

3. For certain types of buildings, particularly industrial structures, a 
more economical blast-resistant structure could result if frangible wall 
construction were used along with a strengthened frame. The use of 
such construction would entail the loss of the weather covering should an 
attack develop. 

h. Geometry, In all protective construction, wall heights should be 
kept to a minimum. This reduces the area exposed to lateral blast load, 
and accordingly the total lateral load, and also further reduces the bend- 
ing moments in columns or shear walls by the reduction in height. 

Long-span construction becomes very costly when blast resistance is 
required. Thus hangars, auditoriums, armories, etc., will be costly and 
difficult to construct for high levels of blast resistance. The arch or dome 
shapes may be more economical for hangars. 

Building heights greater than three stories can be designed without 
serious difficulty but probably will be costly in comparison with lower 
buildings. However, the cost will be related to the proportions of the 
building, for buildings of slender proportions will be more costly than 
those with broader proportions and therefore must be avoided if possible. 
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1. Doors and Openings, All access openings must be protected by 
blast-resistant doors or covers. Such elements must be capable of resist- 
ing the incident blast pressures, both positive and negative. The hinge 
and lock details must be carefully designed so that permanent deforma- 
tions will not occur at the design load, to preclude the possibility of 
jamming. Additional sealing doors may be required to exclude radio- 
active contamination. 

Covers for ventilation openings may have to be automatically closing, 
actuated by the blast itself or by the light from the explosion. 

j. Foundations, Foundations must be capable of resisting much larger 
vertical loads than normal, but loads of a transient nature. Soils are 
generally able to resist much larger dynamic loads than static loads, but 
the relationships are incompletely defined at the present time. In 
addition to the transient vertical load there is a transient horizontal load 
and an overturning effect imposed on the foundation. The tendency of 
the structure to overturn and slide under the large transient forces must 
be checked (Sec. 13.7). 

13.4. Functional Considerations, a. Space Arrangement. Normal ar- 
rangements of space might be affected. Some of the causes might 
include the following: 

L The requirement of Shelter areas for personnel in specific locations 
may alter normal arrangement of space. 

2. The possibilities of reducing the amount of blast load on a structure 
through the use of domed or other specially shaped surface structures may 
impose special limitations on ceiling heights near the periphery of the 
building. 

3. The requirement of providing strength in the framing of the struc- 
ture against lateral loads may impose certain limitations on arrangements 
of space. 

6. Shelter Areas. The provision of a shelter area which may consist of 
only a small fraction of the area of the building to essentially the entire 
building is a basic requirement for a blast-resistant structure housing 
personnel, unless shelter facilities external to the building are to be 
provided. 

c. Building Services. Building services such as gas, water, steam lines, 
electrical connections, elevators, stand-by water should all be designed 
so that possibilities of failures are minimized. Location of connections 
from the outside to the building is a particularly critical point. The 
avoidance of having connections in areas where differential displacements 
are likely to occur is of paramount importance. 

The provision of stand-by water supplies for fire fighting and for the 
maintenance of pressure in sprinkler systems demands primary con- 
sideration because of the very great danger of fire resulting from second- 
ary effects. 
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Shelter areas should, in general, not house any of the utility lines 
mentioned in the previous paragraph, which would offer hazards if broken. 
High-pressure steam, gas, and water in large quantities may offer poten- 
tial hazards, which should be avoided. 

13.6. Structural Design. The evolution of the design of a protective 
structure after the level of protection has been established involves several 
steps: 

Step 1 : Selection of type of construction 

Step 2: Preliminary layout of the structure, including size and shape 

Step 3: Determination of type of behavior — elastic, elasto-plastic, or 
plastic — and amount of plastic deformation permitted on the various 
structural elements 

Step 4: Determination of the blast-pressure-vs.-time curves for all 
surfaces of the structure 

Step 5: Dynamic design of the various structural elements 

а. Preliminary Layout After the type of construction has been 
selected a preliminary layout must be made of clearance required, 
framing arrangements, and minimum allowable sizes of the structural 
elements. The minimum sizes may be based upon the required static- 
load capacity, building-code specifications, ov practical-construction 
requirements. 

б. Type of Behavior, It is recommended for reasons of economy that 
designs be based on plastic behavior whenever possible. Some per- 
manent deformation and cracking of the concrete or steel may be toler- 
ated where no harm would be done to the contents of the structure and its 
usefulness for its major function would not be impaired (Sec. 13.7). 

Elastic design may be required for certain important structures or in 
cases where personnel will be sheltered in relatively confined areas. 

c. Blast-pressure Loading Curves, The blast loading on all exterior 
surfaces of the proposed structure must be determined for the given 
‘^design loads,” which include an initial blast overpressure and dura- 
tion toj consistent with a given atomic weapon and distance from point of 
detonation. The selected Ps and U effectively determine the level of 
protection. 

Procedures for calculating the blast-loading curves for various types 
of surfaces are given in Chap. 11. 

d. Dynamic Structural Design, Since the applied loads are dynamic 
in character and of high intensities it is necessary that the structural- 
design procedure involve (1) a consideration of the acceleration and 
motion of the elements and (2) the ultimate strength of elements. Such 
design procedures are inherently more complex than the conventional 
static-design procedures (Chaps. 7 and 14). 

The ultimate strengths of structural elements of steel or reinforced 
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concrete can be predicted easily following methods outlined in Chaps, 1 
and 2. Since the response of elements of the structure is dynamic, and 
accordingly rapid, advantage is taken of higher yield stresses under rapid 
response of steel and reinforced concrete. 

13.6. Personnel Shelters. Personnel shelters may be separate com- 
plete structures or strengthened areas within a partially resistant build- 
ing. In either case there are no special structural-design problems. 

Considering the separate shelter, blast doors are required for all 
entrances and access openings to exclude radiation, heat, and blast. 
Because of possible prolonged occupancy due to the fallout hazard, ven- 
tilation and filtering systems will be required. 

For shelter areas within buildings, the blastproof doors and air-filtering 
systems may not be required. 

For all shelter areas the following criteria must be met: 

1. Shielding must be sufficient to reduce the dosage from initial gamma 
radiation to between 25 and 100 r. 

2. Blast, heat, and radioactive particles must be excluded from the 
shelter area. 

3. The structural system must be capable of sustaining the design 
blast loads with elastic behavior only. 

4. Prolonged occupancy must be considered a possibility. 

Elastic behavior of the structural system is recommended to preclude 
the possibility of injury to personnel from concrete spalling (which is not 
significant structural damage) and from excessive movements which 
might develop if plastic action were permitted. 

13.7. Deflection Criteria for Plastic Design. The allowable maximum 
deflection of a building frame may be dependent upon its function or the 
contents, such as mechanical equipment or instruments which cannot be 
isolated from the building. Mechanical equipment and utilities would 
require special design consideration to provide sufficient flexibility to 
prevent failure if large displacements are permitted. 

Perhaps more important and difficult to evaluate is the amount of 
plastic deformation that a structural system or element can be subjected 
to and still be able to perform its normal structural function. 

The structural adequacy of reinforced-concrete and steel structures to 
carry conventional dead and live loads may not be affected seriously by 
permanent distortions of limited magnitudes. Tests of reinforced- 
concrete and steel structures in the atomic tests conducted by the United 
States have shown that they can withstand relatively large permanent 
distortions without seriously affecting their ability to carry normal loads. 

The results of static tests [1-4] that have been carried to the point of 
failure will provide a guide to the establishment of design criteria for 
plastic behavior. The results of these tests are presented in terms of a 
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ductility ratio. For any element this ductility ratio /3 is defined as the 
ratio of the maximum deflection of the member at the point of collapse to 
the maximum elastic deflection: 

0 ^ (13.1) 

For plastic design, a deflection greater than Xe and less than Xc should 
be used. If a design factor a having a value less than 1.0 is introduced, 
the design maximum deflection is 


Xjh 


(13.2) 


The factors a and p vary with type of element and material of construc- 
tion. Considerations which play an important part in determining values 
of a are the economics of construction, the sensitivity to dynamic loads, 
the function and content of the structure, etc. 

Although considerable investigating remains to be done before the 
variation in cost of construction can be used as a firm guide for choosing 
a for all types of elements, it is clear from a limited study that for all 
elements there is a minimum value of a above which there is no significant 
reduction in the cost of construction for a given design overpressure. 
Slight variations in magnitude and duration of the applied load, as well 
as in the anagnitude of the yield stress, mass, and spring constant of the 
element, may lead to changes of considerable magnitude in the maximum 
displacement. For this reason, deflection criteria should be given by a 
range of values rather than by a particular value. 

Pending further investigation, it is recommended that the value of a 
be permitted to vary from one-half to one-third. The maximum deflec- 
tion would then be 


^Xe 


^ Xjn ^ 




(13.3) 


Results of tests on a large number of reinforced-concrete beams using 
a structural grade of steel yield the following conclusions in regard to the 
ductility ratios of such members [2] : 

1. Concrete strength has little effect on the energy-absorbing capacity 
of beams failing initially in tension but does have an effect on the energy- 
absorbing capacity of beams failing in compression. 

2. The ductility of a beam depends on the per cent of reinforcing steel. 

3. The compression reinforcement adds to the ductility of a beam. 
The addition of compression reinforcement enables a larger-angle change 
to take place before the concrete crushes, and thereby increases the deflec- 
tion which the beam can undergo before collapse. 

4. To be most effective, the compression reinforcement must be well 
tied. 
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(13.4) 


5. For rectangular beams reinforced in tension only, 

V 

where p is the ratio of tension reinforcement to the area A limiting 
value of ^ is 50. 

6. For doubly reinforced rectangular beams, 

0.1 


- 


V 


(13.5) 


where p and = the ratios of area of tension and compression reinforce- 
ments, respectively, to area hd. A limiting value of /3 is 50 for the case in 
which 0 < (p — pO < 0.002. 

A short series of tests of I beams [3] subjected to concentrated load at 
mid-span was conducted in which the specimens were loaded to destruc- 
tion. In long spans, local buckling preceded lateral buckling. The 
average ductility ratio was 26.4 for specimens loaded in the strong direc- 
tion. In similar tests with superimposed axial load equal to three- 
fourths the ultimate lateral load, the ductility ratio ^ was 8.1. The 
combination of axial load and lateral load on a beam reduces the elastic 
stiffness, decreases the maximum lateral load, decreases lateral-load 
resistance after reaching maximum load, and decreases the ductility 
ratio Comparative tests of beams loaded in either the strong or weak 
direction indicated little difference in ductility ratio. 

Welded portal frames [4] tested to ultimate under vertical load with 
sidesway and lateral buckling prevented by special supports showed a 
range of ductility ratios from 6 to 16. The ratio of failure deflections to 
the span varied from 0.036 to 0.068. The range of values resulted from 
varying the size of component elements. 

Composite concrete and steel T beams [5] with channel shear connec- 
tors subjected to a concentrated load at mid-span produced an approxi- 
mate ductility ratio of 8 and an approximate ultimate-deflection ratio to 
a span of 0.016. This latter ratio indicates the stiffness of composite- 
beam construction. 

A summary of these test data is tabulated below: 


Test 

Ductility 

ratio 

Ultimate-deflec- 
tion-to-span ratio 

Ref. 

Reinforced-concrete beams 

0.1 0.1 


2 


V ' V —v' 



Steel beams, lateral load 

26.4 

0.097 

3 

Steel beams, lateral and axial load 

8.1 

0.025 

3 

Welded portal frames,* vertical load 

6^16 

0.06&-0.036 

4 

Composite T beam ... 

8 

0.016 

5 
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The data summarized are intended only as a guide to the designer. 
Indicated therein is the order of magnitude of collapse deflection for 
certain specific loading conditions. In a particular design condition, the 
loading and response must be considered very carefully in determining 
the allowable deflection. Very few buildings will be designed to collapse 
under the design load, so it is necessary to utilize a reduction factor, 
designated herein as a, to modify the test value 13 in determining the 
plastic-design deflection. 

13.8. Design of Foundations. Buildings which are subjected to 
large horizontal blast loads from atomic weapons will tend to slide 
laterally and rotate. The primary consideration in the design of founda- 
tions for such structures is to prevent both of these motions, or at least to 
limit these motions to reasonable magnitudes. 

The sliding of buildings is resisted by passive pressure on the rear 
vertical faces of the foundations and by friction between the soil and the 
foundation. In buildings on pile foundations, lateral movements of the 
foundation are resisted by lateral shearing and bending forces in the piles. 
Batter piles may be required in some cases. 

To limit the sliding of the foundation it is necessary to utilize all the 
available resistance forces. This requires the use of foundation struts or 
floor slabs acting as deep beams to distribute the lateral forces to the 
points where resistance can be provided. In all types of buildings the 
horizontal blast loads tend to overturn the building, thus causing unequal 
distribution of foundation pressure, with the higher pressures occurring 
at the rear of the building. Since the friction forces under the footings 
are proportional to the vertical foundation pressure, the available fric- 
tional resistance at the front of the building is generally small. This 
lack of sufficient frictional resistance at the base of footings for the walls 
and columns near the front of buildings makes it necessary to utilize the 
lateral resistance furnished by the passive pressure on the back of these 
footings, or to provide footing struts or floor-slab diaphragms connected 
to the rear footings where the bearing pressures are high and large friction 
forces can be developed. The resistance to passive pressure on the rear 
vertical face of rear-wall footings is also much higher than for the front- 
wall footings because of the effect of the blast pressure on the ground sur- 
face at the rear of the structure. 

In the case of shear-wall buildings with interior columns carrying large 
vertical loads but no lateral loads, the large column loads permit develop- 
ment of large frictional forces which may possibly be needed to resist 
the lateral loads on the shear walls. In this case the column footings 
may be tied to the shear walls by horizontal floor-slab deep beams, or a 
mat foundation may be used. 

For buildings which resist horizontal blast loading through rigid-frame 
action, it is advantageous to provide maximum restraint against rotation 
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at the bottoms of the frame columns. This requires that individual 
footings for these columns be rather large by conventional standards. 
This condition makes it advantageous in some cases to use continuous 
strap footings or mat foundations. 
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Fig. 13,1. Sources of lateral resistance on spread footing foundations. Case I: 
pW < potential passive pressure behind front footing. Case II: passive pressure 
behind footing < fxW. 


If a footing moves laterally against the soil, the soil develops passive 
pressure on the rear face of the footing, as indicated in Fig. 13.1. In 
the case of interior- or front-wall footings, the resistance available due to 
passive pressure is a function of the depth to the surface of the soil and 
the weight of the soil enclosed between the footings. The maximum 
resistance that the soil enclosed between the footings can provide is the 
lesser of (1) the resistance due to passive pressure of the soil, or (2) the 
frictional resistance approximated by the product of the coefficient of 
friction and the weight of the soil between footings. Wherever backfill is 
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necessary in the construction of the footing, it is recommended that com- 
pacted sand and gravel be used so that the frictional resistance may be a 
maximum. For the development of maximum frictional resistance it is 
preferable to pour foundations against undisturbed soil. The resistance 
to passive pressure on the rear face of the foundation is increased by the 
blast pressure acting on the ground surface at the rear of the building. 
The increase is determined by assuming a depth of overburden sufficient 
to cause the same pressure on the ground surface and applying the stand- 
ard soil-mechanics procedures [6], The blast pressure on the ground also 
causes soil pressures to develop on the front face and top surface of the 
front footings. The pressure on the top of the footings at the front of 
the building due to the blast pressure on the ground surface is a very 
important source of resistance to overturning. It may be found neces- 
sary in some cases to increase the projection of the footings in front of the 
building so that a large downward load will be developed along the front 
wall or column footings. If a building is subject to blast from any 
direction, it is of course necessary to provide the same footings projection 
on both the front and rear, and possibly on the ends of the building. The 
blast pressure on the ground and the projecting footings is identical with 
that on the wall directly above the footing. 

A study of typical foundations based on assumed soil data indicated 
that (1) if friction equal to or greater than the net lateral force can be 
developed, the lateral motion of the foundation will be negligible; and (2) 
if friction alone is not great enough but if friction plus passive pressure 
equal to or greater than the net lateral force can be developed, the footing 
motion will be limited to an order of magnitude approximating 4 per cent 
of the footing depth. To design a foundation by a conservative quasi- 
static approach so that its lateral motion will be small, it is recommended 
that the resistance available from passive pressure at any time be made 
equal to, or greater than, twice the difference between the total lateral 
load on the footing and the available friction. 

In many foundation designs it will be found uneconomical to prevent 
lateral motion of the structure by providing friction and passive pressures 
to resist the total lateral dynamic reactions on the footings. In these 
cases, a dynamic analysis should be performed to determine the magni- 
tude of the footing motion. 
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CHAPTER 14 


EXAMPLES OF BLAST-RESISTANT DESIGN 


14 . 1 . General. Two examples are presented of buildings designed to 
resist a 10-psi blast wave from a small-size atomic bomb (18 to 20 KT). 
The first example presented is that of a steel-frame one-story building, 
while the second is a one-story reinforced-concrete shear-wall building. 
The various steps in the structural design of the one-story steel-frame 
building are described, and some of the computations are presented for 
purposes of illustration. 

14 . 2 . Single-story Steel-frame Building. As an illustration, the first 
example presented is that of one bay of a windowless, one-story, rigid- 
frame building. Figure 14.1 illustrates the cross section and plan view of 
the building with some of the finally designed sizes indicated. 

The arbitrarily selected design overpressure is 10 psi from an 18-KT 
weapon. Other pressure levels from other sizes of weapons could have 
been chosen, but the design steps outlined would have been essentially 
the same. 

Other structural arrangements, such as an arch or dome, or a shear- wall 
type of framing or underground construction could have been used. 
The proper selection will, of course, be based on a number of considera- 
tions (Sec. 13.3). 

In this example, it is contemplated that resistant, rather than frangible, 
walls will be used. One-way reinforced-concrete slabs are used for the 
roof and walls, while the purlins, columns, and girders are wide-flange 
structural shapes. 

Various steps are involved in the structural design. They are described 
in the following sections. 

а. Loading, The incident-overpressure-vs.-time curve along with the 
front-face-, rear-face-, net-lateral-, and average-roof-overpressure-vs.- 
time curves are constructed following procedures outlined in Sec. 11.2a. 
The results of such computations give the curves of Figs. 14.2 to 14.6. 

б. Design of Wall Slabs. All wall slabs are generally designed for the 
front-face-overpressure curve since the direction to ground zero is gener- 
ally uncertain. In this particular case the wall is designed as a one-way 
reinforced-concrete slab which is permitted to deform into the plastic 
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region. The pressure-time curve given in Fig. 14.3 is idealized into a 
triangular load-time curve so that the design coefficients given in Secs. 
7.6 and 7.7 may be used. The extent of plastic action permitted is estab- 
lished. In this case an x^jxei value of 5 is adopted. Based on this, a 
wall section 11 in. thick with a depth to steel of 9.5 in. is selected. Checks 
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Fig. 14.1, Plan and section of steel-frame building for 10 psi from an 18-KT bomb 
[Chap. 1, Ref. 8]. 

on the bond and shear stress are made for selected reinforcing, using 
dynamic reactions calculated from the formulas of Sec. 7.6. An actual 
check of the deflection of the element may be made, using the numerical- 
analysis procedures outlined in Chap. 8. 

c. Design of Roof Slab. The roof slab is the next element to be de- 
signed. In this case it is designed as a one-way reinforced-concrete slab 
spanning continuously over purlins located at the third points of the sup- 
porting girder. Other structural arrangements could be used. 

The slab is permitted to deform into the plastic range, developing 
plastic hinges at both supports and mid-span. 
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0 0.1 0.2 ' 0.3 0.4 0.5 0.6 0.7 

Time, t (sec) 

Fig. 14.2. Incident-overpressure-vs.-time curve [Chap. 1, Ref. 8]. 



Fig. 14.3. Front-face-overpressure-vs.-time curve [Chap. 1, Ref. 8]. 


The critical roof-slab loading is the incident-overpressure-vs.-time 
curve (Fig. 14.2). This loading results from the blast wave moving paral- 
lel to the long axes of the rather narrow building. Since the slab is 
framed perpendicular to the direction of the blast wave, the load is uni- 
formly distributed along each slab span. The individual 1-ft-slab ele- 
ments along the purlin reach their maximum deflections at different times; 
however, they provide little restraint to adjacent elements, and this effect 
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is neglected. The roof loading for a blast wave moving perpendicularly 
to the long axis of this building would be less. 

The blast-loading curve of Fig. 14,2 is idealized to a triangular load of 
10 psi peak value and a duration of 0.38 sec. 



Fig. 14.4. Rear-face-overpressure-vs.-time curve [Chap. 1, Ref. 8]. 



Fig. 14.5. Net-lateral-overpressure-vs.-time curve [Chap. 1, Ref, 8]. 

Following the dynamic-design procedure of Sec. 7.3, a slab thickness 
of in. is determined. A numerical-integration procedure is used 
then to actually determine the reactions of the slab for use in the next 
design step. 
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d. Design of Roof Purlins. The purlins are framed flush with the tops 
of the girders and are provided with moment-resisting connections to 
the girders. Connectors attached to the top flanges of the purlins are 
imbedded in the concrete slab to provide lateral support to the top com- 
pression flange and to prevent separation of the slab from the purlins 
during reversals in stress. 

The purlins are designed for plastic behavior so that plastic hinges are 
developed at mid-span and at the supports, with an Xm/Xei of 6 allowed. 



Fig. 14.6. Average roof overpressure vs. time curve [Chap. 1, Ref. 8]. 

The loading for the purlins is a little more complicated than in previous 
cases. 

For the blast wave moving normal to the long axis of the building, and 
thus normal to the axis of the purlin, the loading may be considered to 
be uniformly distributed along the length of the purlin. For this con- 
dition the pressure-vs.-time variation at each point along the roof is a 
function of its position. In addition, the load on a purlin is a function of 
the length of the slab spans because the load on the purlin builds up to a 
maximum value in the time required for the blast wave to traverse the two 
adjoining slabs. In the preliminary design of the purlins the design load 
is the simplest form of the roof load obtained from the incident-over- 
pressure-vs.-time curve. The rise time, slab dynamic reactions, and 
local variation are all neglected in this preliminary step. 

For the blast wave moving parallel to the long axis of the building, 
and thus parallel to the axis of the purlin, the load varies along the span 
as a result of the time required for the blast wave to traverse the purlin 
span. At any point along the purlin the time variation of the load is the 
same and defined by the incident-overpressure-vs.-time curve. 
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The local overpressures on the roof are plotted for the middle third 
points of the purlin in Fig. 14.7, following procedures of Chap. 11. 

The roof slab is analyzed for the local overpressure curves of Fig. 14.7, 



0 0.1 0.2 0.3 0.4 , 0.5 0.6 0.7 

Time, ^(sec) 

Fig. 14.7. Local roof overpressure for purlin [Chap. 1, Ref. 8], 



and the reactions are plotted in Fig. 14.8 and combined to give the purlin 
load. 

Based on these loads a purlin is selected following the dynamic-design 
procedures of Sec. 7.3, allowing plastic deformation with a deflection 
ratio Xrajxa of 6. Based on these criteria a 16WF36 purlin is selected. 



Sec. 14.2] examples op blast-resistant design 313 

e. Preliminary Column Design. A single-story frame subject to lateral 
load behaves essentially as a single-degree-of-freedom system if the load is 
applied at the level of the girder. The columns act as the spring in the 
dynamic system. It is therefore unnecessary to substitute an equivalent 
system for the original structure, and the mass and load factors (Chap. 7) 
which are necessary in the design of beams and slabs are not used in the 
design of single-story frames. 

For purposes of preliminary design the frame girders are assumed to 
be infinitely rigid, thus simplifying the determination of the column 
spring constant. It is desirable that the energy-absorption capacity of 
the columns be greater than the work done to provide an allowance for 
factors which are neglected in preliminary design. These factors include 
(1) the effect of direct stress on the plastic-hinge moment, (2) the effect 
of lateral deflection of the column on its resistance, and (3) effect of girder 
flexibility. 

The design lateral load on the frame is obtained from the dynamic 
reactions at the top of the front wall minus the reactions of the rear-wall 
slab if they are important at the proper time. However, for preliminary- 
design computations it is satisfactory to use the net-lateral-overpressure 
curve of Fig. 14.5. The net lateral load applied to the walls is assumed to 
be divided equally between the foundation at the base of the walls and 
the frame at the top. This results in a conservative load for the frame 
since the dynamic-reaction equations for the wall slab result in footing 
reactions that are larger than the roof reactions. 

The design load may be idealized as shown in Fig. 14.5 so that the 
design charts of Chap. 7 may be used. The mass used in the dynamic 
calculation includes the total roof-system mass plus one-third (mass of 
columns plus walls). 

Plastic deformation of the columns is permitted with a deflection ratio 
Xm/xei of 12 allowed. A column section is selected and tested for 
adequacy, and then checked to see that it satisfies allowable shear stresses, 
local-buckling criteria (Sec. 1.4c), and the slenderness criteria for beam- 
columns (Sec. 1.4d). 

/. Design of Roof Girder. The girder is designed for elastic behavior, 
even though the rest of the structure is permitted to undergo plastic 
deformation. This is desirable since the lateral strength of the frame 
depends upon restraint at the tops of the columns. If plastic hinges were 
formed in the girders because of vertical loads, these members probably 
would not provide the restraint necessary for the columns to carry lateral 
loads at the same time. 

The preliminary column design which was mentioned in the section 
above revealed that the plastic moment in the columns at the upper ends 
would be approximately 318 kip~ft. The purlins have been previously 
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designed, and the dynamic reactions determined by numerical integration. 
From the latter it was concluded that the blast load on the girder by the 
two purlins in one girder span could be idealized as shown in Fig. 14.9. 
The total dead reaction from the same two purlins is 15.3 kips. 



Fio. 14.9. Design blast load for girder [Chap. 1, Ref. 8]. 


Thus the total stress in the girder is the sum of three effects: 

1. The static purlin reactions and the weight of the girder itself 

2. The dynamic purlin reactions 

3. The dynamic moments introduced by the columns and caused by 
the lateral blast loads 


The design criteria are that the total stress due to the maximum 
moment which occurs at the center column shall equal the dynamic 
yield stress of 41.6 ksi. The computations are given in some detail 
below. 

Since the two spans of the girder are loaded almost simultaneously, 
and since the exterior columns are relatively slender, it is permissible to 
consider each span as a beam fixed at one end and pinned at the other. 
Referring to Table 7.3 we obtain the following factors: 


For the concentrated mass and loads, 

Kl - 0.81 Km = 0.67 == 


QMp 


For the uniform mass, 


Km = 0.45 


_ IZ2EI 


A preliminary-design trial indicates that a 33WF160 section might be 
satisfactory. We shall proceed to check the adequacy of this selection. 
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33WF160: 


I = 9,739 in.^ 

S = 541 in.* 

= 1.05/d,S = (1.05)(41.6) (541^2) = 1,970 kip-ft 

33,300 kips/a 


Concentrated mass = = 0.475 kip-secVft 


Uniform mass = ^^ 32 ^ 2 ^^^ (1.15 for details) = 0.114 kip-secVft 

Total equivalent mass = mu = (0.475)(0.67) + (0.114)(0.45) 

= 0.37 kip-seo*/ft 

K = (33,300) (0.81) = 27,000 kips/ft 

- 2 , 0.0232 sec 


From Fig. 7.13, 


^ 0.016 ^ 
r„ 0.0232 

DLF™,. = 1.38 


Maximum moment at center column due to dynamic 

purlin action, - DLF (f ) - flr?gIgS6)(20) 

= 1,640 kip-ft 
(15 3)(20) 

Moment due to concentrated dead loads = — - 

= 51 kip-ft 


Moment due to distributed dead load = 


(0.16)(20)2 


(1.15) == 9 kip-ft 


Moment due to plastic moment in column 

= H(Afp)ooi == = 159 kip-ft 

Total moment == 1,859 kip-ft < 1,970 OK 

Thus the section is adequate for bending moment. In order to check 
the shear we must compute the maximum dynamic reaction. 

From Fig. 7.13 we note that tm/Tr = 1.19; thus is equal to 0.016 
X 1.19, or 0.019 sec. Since tm is greater than Tr the maximum resistance 
and maximum load occur simultaneously and the two should be combined 
for maximum dynamic reaction. From Table 7.3 

Fa = 0.33i2 + 0.33P 

where Fa = shear due to dynamic load 
R - 1.38P 


Thus, 


Fa = (0.33)(1.38)(356) + (0.33)(356) = 280 kips 
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The shear due to dead load is 12 kips and the shear due to the lateral blast 
load on the frame is 48 kips. Thus the total shear-stress intensity is 


V 



340 

(36) (0.653) 


= 14.5 ksi < 21 


.% OK 


We must now check the possibility of local buckling according to the 
criteria of Sec. 1.4c. When the design is completely elastic the con- 
ventional width-thickness requirements are adequate. However, in this 


300 ^ 


200 ^ 


300f^ 


P 




Fig. 14.10. Loading for column design. 


case, we anticipate the development of the full plastic resisting moment 
at the center column. Since this requires some plastic redistribution of 
stress on the cross section, the requirements of Sec. 1.4c should be followed 
in this region. 


h 

if 

a 

tw 


12 

1.02 


= 11.8 < 17 


33.96 

0.653 


= 52 < 70 


OK 

OK 


g. Final Column Design. The preliminary column design of Sec. 14.2c 
above may at this time be defined to account for the variation of plastic- 
hinge moment with direct stress, the variation of column resistance with 
lateral deflection, the effect of girder flexibility on the stiffness of the 
columns, and the difference between the load on the wall slab and the 
dynamic reactions from the wall, which are used as the lateral design load 
for the frame columns. 

The final design of the columns should be done by numerical integra- 
tion because of the variety of time-varying loads involved. However, 
we shall limit our discussion to an approximate solution based on the 
curves of Chap. 7, which are often adequate for practical purposes. 

The horizontal load is equal to the dynamic reaction at the top of the 
side walls. The analysis of these elements indicates that the frame load 
may be idealized as shown in Fig. 14.10. The vertical-column loads are 
the dead and dynamic reactions of the girders. For this approximate 
analysis it may be assumed that these loads are constant as shown in 
Fig. 14.10. It is also assumed that the three column loads are equal. 
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This simplifies the analysis since it enables us to consider only the total 
lateral resistance of the frame rather than that of the three columns 
separately. It does not introduce serious error since the resulting 
decrease in the resistance of the exterior columns is essentially balanced 
by the increase for the interior columns. All these columns are of the 
same cross section. The permissible lateral deflection of the frame is 
taken between 1.25 and 1.50 ft, which implies considerable plastic 
deformation. 

The mass of the equivalent one-degree system taken as the total mass 
at the roof level plus one-third the mass of the walls and columns is equal 
to 2.64 kip-sec/ft. In order to determine the spring constant the lateral 
deflection at the top of the frame due to a unit load at the same point is 
computed by conventional methods. The spring constant is thus com- 
puted to be 815 kips/ft. The detailed computations for the maximum 
frame deflection follow: 

Assume Cr = 0.2 Required i? = 0.2 X 595 = 119 kips 

The total resistance when plastic hinges have been formed at both ends 
of all three columns is equal to 3(2MD/h), where Md is the maximum 
moment, taking into account direct stress. The height of column h is 
taken as the clear height to the bottom of the girder, or 14.5 ft. Thus, 

Required Md = = 287 kip-ft 

Try 10WF77: S = 86.1 in.^ 

I = 457.2 in.^ 

A = 22.67 in.2 


Check for local buckling according to Sec. 1.5a: 


tw 

h 

tf 


8.89 

0.535 

10.195 

0.868 


= 16.6 < 43 
= 11.75 < 17 


•. OK 
OK 


Compute Md according to Sec. 1.6a: 

Mp = (1.05) (41. 6) = 314 kip-ft 

Pp = (41. 6) (22.67) = 945 kips 


Eq. (1.14), Ml = 296“'-' 

Eq. (1.15), Pi = 175''‘»' 

Eq. (1.17), Mb = 314 - 30%75(314 - 296) = 283 kip-ft 


OK 
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Now, check the original assumptions for Cr by an analysis of the equiva- 
lent system. Note that the load and mass factors are both unity. 


R. 


X,l 


m, . (6)g|) _ 

h 14.5 

0.144 ft 




T _ 0.094 _ 117 _ 


From Fig. 7.11, 


^ = 8.0 

X,l 


= (8.0) (0.144) = I.IS ft .-. OK 

Having satisfied the deflection criteria, we should now check the pos- 
sibility of lateral-torsional buckling of the columns. Using Eq. (1.18) 
and Tables 1.1 and 1.2, 


K'Ld _ (0.14)(14.5)(12)(10.62) 


lOObtf 

K"L 

15r 


(100) (10.195) (0.868) 
(0.50) (14,5) (12) 


= 0.292 


(15) (2.60) 


2.23 


Note that the columns are assumed to be fully fixed in both directions at 
both ends. 


2^^14(0.292) + 30^^5(2.23) = 0.98 < 1 /. OK 

Thus the 10WF77 columns are completely satisfactory by this approxi- 
mate analysis. 

As mentioned previously, the column design in some cases should be 
finally checked by numerical integration. This would differ from the 
above approximate analysis in the following aspects: 

1. In each time interval the horizontal load on the frame is taken as 
the actual dynamic reaction from the side walls rather than the idealized 
value. 

2. The time-varying dynamic reaction from the purlins is used rather 
than the constant value assumed above. 

3. The buckling criteria [Eq. (1.18)] are checked at each time interval to 
ensure that the left side of the equation at no time exceeds unity. 

4. The effect of the moment caused by the horizontal movement of the 
points of application of the vertical loads is taken into account. As 
these loads move they produce a sidesway effect, which augments the 
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lateral deflection due to the horizontal blast force. In effect, the resist- 
ance of the frame is reduced by an amount equal to Fxl\ where F is the 
total vertical load. This is an appreciable effect, and for this reason the 
approximate analysis probably underestimates the lateral deflection. 

h. Frame Connections, The connections form an important part 
of any structural design. This is particularly true under dynamic loads 
because of the uncertainties regarding stress concentrations. It is 
also significant that the material in connections tends to be more brittle 
than that in the body of the member. Allowable stresses for connection 
material is given in Sec. 1.7. It is recommended that connections be 
designed conservatively. 

No new analysis is required for connection design since the gross forces 
are simply those at the end of the connected members. Referring to the 
frame design given above, the column-girder connection and the column- 
base detail are both designed for the maximum bending moment and 
direct stress carried by the columns. This frame design anticipated the 
formation of plastic hinges at both ends of the columns, and the question 
is raised as to whether the hinge forms in the connection or in the body of 
the member. However, the ductility of the connection is questionable 
because the stress paths are not straight, the stress distribution is uncer- 
tain, and the quality of the welds cannot be completely controlled. For 
this reason, and because the frame design requires considerable ductility, 
it is recommended that the connection be made slightly stronger than the 
member itself. Thus the plastic hinge will form in the member itself 
where the desired ductile behavior is more certain. 

Figures 14.11 and 14.12 show welded details which were designed for 
the building frame under discussion. As in conventional design welded 
connections are more easily adapted to rigid-frame construction than are 
riveted or bolted details. Actually, the details shown are little different 
from those that would be used in conventional design, and no unusual 
problems are encountered. 

Since ultimate-strength theory is used for both connection and member, 
the capacity of the former is little more than would be required to connect 
the same members in a conventional structure. 

L Design of Foundation, The design of a foundation is subject to a 
number of uncertainties: first, the dynamic capacity of soils is very uncer- 
tain; second, the dynamic problem is sufficiently complex so that exten- 
sive calculations are required, making it almost an impractical design 
procedure. Because of this uncertainty regarding soil strengths and the 
complexity of an accurate dynamic analysis, a quasi-static-analysis pro- 
cedure has been evolved (Sec. 13.7). The first requirement of the quasi- 
static analysis is a tabulation of all the lateral and vertical loads on the 
foundation. To assist in this tabulation a preliminary plan of one bay 
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Fig. 14.11. Purlin-to-girder connection [Chap. 1, Eef. 8]. 

of the foundation is prepared as indicated in Fig. 14.13. The locations 
of the forces on the foundation are shown in Fig. 14.14. The vertical 
loads include the column and footing blast loads and the dead load of the 
entire structure. The front'-wall-footing projection is subjected to 
vertical blast forces (front-face overpressure) and assists the foundation to 
resist overturning. The total load on all these columns is given in Fig. 
14.15, and Fig. 14.16 presents the sum of the total column load and the 
blast load on the front-footing projection. 

The lateral loads on the footing include the shear in the columns and 
the front- and rear-wall-slab reactions at the wall footings. The total 
lateral load is given in Fig. 14.17. 

Based on the above loads the footing-plan size is determined. The 
required plan area is determined by using the dynamic-design-bearing 
capacity of the soil. 

The size of the wall footing is determined using the maximum value of 
the blast load on the footing projection and adding to it the dead load of 
the wail and the overburden. 

The depth of the foundation is set by first determining the unbalanced 
lateral load, determined by subtracting the available frictional force 
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Fig. 14.14. Force on foundation [Chap. 1, Ref. 8]. 



from the total lateral load. Figure 14.17 gives the total lateral load, and 
from this is subtracted the frictional resistance to sliding. (Frictional 
resistance to sliding equals total vertical load times friction coefficient.) 
The total vertical load includes the dead load of the structure. 

The procedure of Sec. 13.7 requires that the depth of footing be that 
necessary to develop sufficient passive-pressure resistance to equal twice 
the unbalanced lateral load at any time. 

The foundation is checked for adequacy against overturning. Figure 
14.18 illustrates the load positions which are active in this case. The 
overturning moment is determined as a function of time and combined 
with the total vertical forces to determine whether the allowable dynamic 
soil stresses are exceeded. Following the above, the structural elements 
of the foundation are designed by conventional procedures. 




Sec. 14 . 3 ] 


EXAMPLES OP BLAST-RESISTANT DESIGN 


323 



Time, if (sec) 

Fig. 14.16. Total vertical load on footing [Chap. 1, Ref. 8]. 



Time, f{sec) 

Fig. 14.17. Total lateral load on footing [Chap. 1, Ref. 8]. 

14.3. Single-story Reinforced -concrete Shear-wall Building. This 
section presents illustrations of portions of the design of a windowless 
one-story reinforced-concrete shear-wall building designed to resist a 
peak air-blast pressure of 10 psi from a 20-KT atomic-bomb burst. The 
steps in design are similar to those described in Sec. 14.2, except for the 
manner of handling the shear wall. 
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Fig. 14.19. Plan of orie-story reinforced-concrete shear-wall building [Chap. 1, Ref. 8]. 

Figure 14.19 illustrates the plan of the building showing locations of 
shear wall. The columns are used to carry vertical load only. Sections 
of the building and also a partial foundation plan are indicated in Fig. 
14.20. 

The properties of various sections of the building have been designed 
for locations as indicated in Fig. 14.21. 

The various sections A-A to E-E are indicated in Figs. 14.22 to 14.26. 



Sec. 14 . 3 ] 


EXAMPLES OP BLAST-RESISTANT DESIGN 




E B 

Fig. 14.21. Perspective showing locations of designed sections [Chap. 1, Ref. 8] 
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. 14.24. Section C-C [Chap. 1, Ref. 8]. 
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P'lG. 14.25. Section D-D [Chap. 1, Ref. 8]. 





CHAPTER 15 


DISCUSSION OF LABORATORY AND THEORETICAL 
DEVELOPMENTS FOR IMPROVED BLAST-RESISTANT 

DESIGN 


16.1. Introduction. Three general areas of information relating to 
blast-resistant design have been developed in the past ten years by 
theoretical and laboratory investigations. These areas have included 
blast loads on buildings by means of shock tubes, static and dynamic 
properties of structural elements by laboratory investigations using 
specially devised loading machines, and theoretical developments of 
dynamic-analysis and -design procedures. Many investigators have 
participated in these developments, a number under the sponsorship of 
government agencies and some under private sponsorship. 

16.2. Laboratory Studies of Blast Loading. The important problem 
of predicting the time character of dynamic loading on a structure, given 
the initial peak overpressure and the duration and shape of the positive 
and negative phases of the blast wave, can be approached in four ways; 
the laboratory shock tube, theoretical analysis, the use of high-explosive 
charges to develop blast waves, and lastly, the full-scale nuclear test. 
The principal developments have been made, however, in the laboratory 
shock tube, with additional investigations using high-explosive charges, 
both results being confirmed by the relatively full-scale nuclear tests in 
Nevada and at the Pacific Proving Grounds. 

Pioneering in the shock-tube studies were the group at Princeton Uni- 
versity under the leadership of Professor Walker Bleakney and the group 
at the Ballistics Research Laboratory, Aberdeen Proving Grounds, under 
Dr. Curtis Lampson. The field of investigators expanded to include 
groups at the University of Michigan, Armour Research Foundation, 
Massachusetts Institute of Technology, and others. 

The shock tube is admirably suited to studies of this nature, although 
it has some disadvantages. On the plus side, it provides a laboratory- 
controlled method for obtaining shock waves of desired peak pressures in 
a relatively inexpensive manner. These shock waves may be imposed on 
structural models of arbitrary shapes but of limited dimensions. Accur- 
ate pressure-time measurements can be made on each face of the model. 
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Disadvantages of the shock tube relate to the following: limited control 
of the shape of the pressure pulse following the initial peak; limited dura- 
tion of pressure pulse, particularly as higher peak pressures are used; 
limited time of observation due to reflections from sides of shock tube; 
limited peak pressures. However, despite these disadvantages it has 
been an extremely powerful tool. 



The shock tube may consist of a straight tube of arbitrary but generally 
of uniform cross section separated into high- and low-pressure portions 
by a diaphragm. Figure 15.1 illustrates the dimensions of the MIT shock 
tube which was constructed under Air Force sponsorship (Contract 
AF33-038-8906). Bursting of the diaphragm permits the propagation of 
first a compression wave into the low-pressure region and a rarefaction 
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Fig. 15.3. X-T diagram of shock-tube 
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wave into the high-pressure region. The compression wave rapidly 
becomes a shock wave as it progresses down the tube. Figure 15.2, 
drawn from Ref. 15.1, indicates diagrammatically the propagation of the 
pressure and rarefaction waves. The interaction of the rarefaction wave 
with the closed high-pressure end of the tube and the compression wave 
with the closed or open low-pressure end of the tube will cause reflections 
which will eventually alter the character of the shock front. However, 
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prior to this time 
conditions at the 



there will exist for a short period of time stable flow 
test section. Figure 15.3 illustrates the shock-tube 
wave motion. 

For the purpose of studying the 
force-time characteristics of the 
loading on the various faces of a 
structure, nondeformable models of 
proper size may be inserted in the 
test section of the shock tube. 
Pressure measurements may be 
made using very small 
gauges made of quartz 
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barium titanate, or other types of transducers, or by the use of the optical 
interferometer, which will determine the density of the air, and accord- 
ingly may be used to determine pressure distributions. 
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Many reports have been published [2-14] on the diffraction of shock 
waves around two- and three-dimensional objects and have served as a 
partial basis for the loading equations presented in Chap, 11. 

16.3. Strength Properties of Structural Elements. As in the case of 
the blast-loading problem extensive investigations of both the static- and 
dynamic-strength properties of structural elements have been conducted 
under the sponsorship of various government agencies and private organi- 
zations. Properties of materials, steel and concrete, and structural 
elements of steel and reinforced concrete have been determined at a num- 
ber of institutions, the Bureau of Standards, California Institute of 
Technology, Lehigh University, Stanford University, the University of 
Illinois, and the Massachusetts Institute of Technology, as well as at 
other locations. 

Preliminary work on the dynamic behavior of reinforced-concrete 
beams under impact was conducted by Richart and Newmark during 
World War II [15-17]. Following the advent of the atomic bomb the 
Massachusetts Institute of Technology under contract to the Corps of 
Engineers conducted an extensive study of the behavior of reinforced- 
concrete elements under dynamic loads. Figure 15.4 illustrates diagram- 
matically the machine and the character of the load-time pulse which was 
used to deform reinforced-concrete beams and frames and steel beams 
both elastically and plastically. Results of these studies [18-27] have 
been extensively used in establishing the dynamic yield stresses which 
were presented in Chaps. 1 and 2. More recently additional studies 
have been conducted at the University of Illinois under contract to the 
Corps of Engineers and U.S. Air Force. Most of these have been con- 
cerned with the static-strength characteristics of structural elements 
[28-39], but a new type of dynamic-loading machine of 50 kips capacity 
has been developed and is just now being used in a new series of dynamic 
tests on beams and beam-column connections. Figure 15.5 illustrates 
diagrammatically the machine, which utilizes compressed gas as the 
actuating force. No results of these studies are as yet available. 

The Massachusetts Institute of Technology under contract to the Corps 
of Engineers has constructed a dynamic-loading machine with a 300-kip 
capacity to be used in a study of the dynamic characteristics of shear walls 
and columns. This machine will utilize a hydraulic system, with accumu- 
lators supplying the necessary power. Figure 15.6 illustrates the system 
under construction. 

The dynamic-strength characteristics of plain concrete have been 
studied by the Bureau of Standards [40], using an impact pendulum. 

The static-strength characteristics of shear walls have been studied at 
MIT [41] and more recently at Stanford [42-50]. 

The static-strength characteristics of structural-steel connections have 
been studied by the University of Michigan [51]. 
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Fig. 15.6. Schematic of hydraulic system of MIT shear-wall machine. 
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A unique rapid-load machine was developed at the California Institute 
of Technology by Wood and Clark [52] which has been used to run 
dynamic-tension tests on specimens of various materials [53]. 

16.4. Dynamic-analysis and -design Procedures. The material pre- 
sented in Chaps. 3 to 8 summarizes in essence the dynamic-analysis and 
-design procedures currently in use. Much of this material has been 
based on developments made by the MIT group under contract to the 
Corps of Engineers. However, many other groups have contributed to 
the analysis procedures used in blast-resistant design, including the 
University of Illinois [54-56], the University of Michigan [57-60], the 
consulting firm of Ammann and Whitney in New York City [61], and 
Armour Research Foundation [62]. 

Some of the development has been simplification of classical dynamic 
analysis, the application of numerical-analysis techniques (Chap. 8), 
and the application of analog and digital computers to the numerical 
problems involved in dynamic analysis. 
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CHAPTER 16 


EARTHQUAKES AND EARTHQUAKE EFFECTS 
ON STRUCTURES 


16.1. Earthquakes. Much more is known concerning the immediate 
causes of earthquakes than about the processes which lead up to the 
event. Earthquakes may be of tectonic or volcanic origin. For tectonic 
earthquakes, the elastic-rebound theory proposed by Professor H. F. Reid 
offers a reasonable explanation. Because of such causes as thermal con- 
traction of the earth, isostasy, drifting continents, and/or radioactivity 
and convection currents, there is constant geological activity in the 
interior of the earth, resulting in accumulation of strains in the faults of 
earth blocks. When the strains become greater than it can endure, the 
earth crust ruptures and the strained crust blocks rebound until the 
strains are wholly or partially relieved. In this process, seismic waves are 
created which propagate in different directions, sometimes to great dis- 
tances, depending on the amount of energy released. Displacements on 
fault planes cause vibrations to be propagated as elastic waves to the 
surface and cause damage to structures near the source of disturbance. 

The building up of stress differences may be a slow process, and there 
may be a long period of unstable equilibrium Avhich may be terminated 
abruptly by forces such as those resulting from atmospheric disturbances 
during vstorms. Such forces which are not directly related to the forces 
to be released, and possibly insignificant compared with them, are known 
as trigger forces. Before and after the main shock, there are frequently 
shocks to complete the adjustments within the earth crust. Those 
occurring before the major disturbance are called foreshocks and those 
occurring later aftershocks. These shocks are believed to be due to 
partial or excessive rebound of the earth masses. Earthquakes ordinarily 
originate at depths of 7 to 30 miles from the surface, although some deep- 
seated earthquakes have originated at depths greater than 400 miles. 
The point of origin of an earthquake is called the focus, and the point on 
the earth surface directly above the focus is the epicenter. Volcanic 
eruptions such as the one which blew off the top of the island of Krakatoa 
near Java in 1887 can be violent and produce high sea waves and nearby 
destruction, but the energy release is small compared with earthquakes 
of tectonic origin [1]. 
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16.2. Geographical Distribution of Earthquakes. Most of the world^s 
destructive earthquakes occur in well-defined seismic zones. One is the 
Circum-Pacific seismic zone, which forms an almost continuous circle 
surrounding the Pacific Ocean. It extends from New Zealand, the 
Philippines, Japan, the Aleutians, the coast of North, Central, and South 
Americas, almost to the tip of Cape Horn. Another is the Alps-Cauca- 
sus-Himalaya seismic zone, or the Alpide belt, which extends from the 
Azores across the Alpines of Mediterranean Europe and across Asia to 
Burma along the front of the Himalayan range. One branch shoots 
northward toward the upper course of the Yellow River in China, and 
the other branch turns southward, passing through Sumatra and Java, 
and merges with the Circum-Pacific belt. There are other minor active 
zones in the Arctic, Atlantic, and Indian Oceans, and earthquakes of 
considerable magnitude occur occasionally in areas considered to be 
stable. 

In the United States, the Pacific Coast is most active seismically, 
although the greatest earthquakes have occurred in southern Missouri in 
the Mississippi Valley in 1811-1812. Professor P. Byerley lists the seis- 
micity of the western states in the following order: California, 10.0, 
maximum reference; Nevada, 1.17; Utah, 1.14; Washington, 1.08; 
Montana, 0.57; New Mexico, 0.33, according to his evaluation scale. 
Oregon 0.27 presents an anomaly because the seismic belt is 100 miles or 
more at sea off the coast of Oregon [2]. 

Japan is also located on the Circum-Pacific belt, and with the exception 
of certain regions in the northern island of Hokkaido and the southern 
island of Kyushu, all structures are vulnerable to earthquake damage. 

16.3. Earthquake Waves. The complex ground motion resulting from 
an earthquake is composed of body waves and surface waves. Two 
well-known types of body waves are (1) the longitudinal and (2) the 
transverse waves. Surface waves are (3) the Rayleigh and (4) the Love 
waves. Other types have been discovered and reported by Leet on 
detonating the atomic bomb on July 16, 1945, in New Mexico [3]. The 
speed with which any wave travels through earth medium is controlled by 
the elastic properties of the medium and by its density. The intensity of 
ground motion is affected by the physical characteristics of the ground 
near the surface and is intimately related to earthquake damage of man- 
made structures. 

1. Longitudinal (compressional, irrotational) P waves. The symbol P 
is used to denote this fast wave as it arrives first to be recorded on seis- 
mographs. These stress waves are created by motion of particles moving 
back and forth (tension and compression) in the direction of propagation, 
characterized by change in volume but free from rotation. The velocity 
range is between 4.3 and 8.6 miles/sec. 
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2. Transverse {shear ^ rotational) S waves. The symbol S for secondary 
is used to denote this wave, which is slower than P waves. A particle in 
the path of a transverse wave may oscillate in any direction in the plane 
normal to the direction of advance of the wave, characterized by no 
change in volume, but possesses rotational quality. Although slower 
than longitudinal waves, transverse shear waves transmit more energy 
than P waves. When the body waves strike the ground surface, they 
are reflected and set up surface waves which propagate along the surface 
of the ground. 

3. Rayleigh R waves. The symbol R is used in honor of Lord Rayleigh, 
who showed that this type of wave motion could be propagated along the 



9 ] ? minutes eP- First P wave 

eS- firsts wove 

Time of arrival of eP wave ~i6 hours, 14 minutes, IBS seconds 
Time interval between eP and eS ~ 58 A seconds 
Fig. 16.1. Tokyo seismograms- (Central Meteorological Observatory^ Tokyo,) 

surface of a homogeneous elastic solid. This wave is a combination of 
the two wave types mentioned above. 

4. Love Q waves. The symbol Q is ordinarily used to denote this type 
of wave. Love showed that such waves could be propagated under cer- 
tain conditions. These waves vibrate transversely to the direction of 
wave travel without a vertical component. 

Because of reflection, refraction, and dispersion of seismic waves, 
seismograms disclose complex oscillations. These records are necessary 
to understand the characteristics of the exciting force of earthquakes and 
in the development of more rational methods to resist such forces. The 
seismogram recorded at Tokyo at the time of the Fukui earthquake, 
June 28, 1948, is shown in Fig. 16.1. Tokyo is located almost 200 miles 
approximately east of Fukui. 
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16.4. Earthquake Magnitude and Intensity. The magnitude of an 
earthquake is measured by the quantity of kinetic energy released by the 
shock. The earthquake magnitude, as defined by Richter for California 
earthquakes, is the logarithm of the maximum trace amplitude expressed 
in thousandths of a millimeter with which the standard short-period 
torsion seismometer (having a free period of 0.8 sec, static magnification 
of 2,800, and nearly critical damping) would register an earthquake at an 
epicentral distance of 100 km. When the focus is 18 km, the relation 
between the energy E released by the shock, in ergs, and the magnitude of 
the earthquake M is given by Richter-Gutenberg [5] as follows: 

E = (16.1a) 

Expressing the energy in foot-pounds, the expression becomes 

E - (74,000) (10) (16.16) 

The magnitude assignment based on instrumental records enables the 
determination of the total strain energy released by any earthquake, 
which equals the total energy dissipated in vibrations and other energy 
losses. The magnitude of earthquakes varies as the logarithm of the 
energy released. 

The earthquake intensity is estimated on the basis of noninstrumental 
observation of damage to structures caused by any particular earthquake. 
The intensity will vary depending on the distance from the epicenter, 
geologic conditions, and type and quality of construction at any locality. 
The Modified Mercalli (MM) scale, having 12 divisions, as described in 
Table 16.1, was adopted by the U.S. Coast and Geodetic Survey in 1931 
to describe the intensity of earthquakes. 

In Japan, earthquake intensity is evaluated by the scale used by the 
Central Meteorological Observatory, Tokyo (CMO), which is shown in 
Table 16.2. 

An addition of grade VII to indicate exceptionally strong and destruc- 
tive earthquakes has recently been put into effect. 

Of approximately 40 intensity scales existing, the Rossi-Forel scale 
consisting of 10 divisions (1884) and the Mercalli II scale consisting of 9 
divisions (1902), which are adapted to Italian earthquakes, are the better 
known. 

Observation of earthquake damage and evaluation of intensity are 
necessary to supplement instrumental records to further the understand- 
ing of earthquakes and their effects on structures. 

16.6. Earthquake Spectra and Spectrum Intensity. The determina- 
tion of earthquake spectra for records of ground motion obtained from 
Pacific Coast earthquakes through 1938 by M. A. Biot and of the El 
Centro, Calif., earthquake of 1940 by E. C. Robison marks a significant 
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Table 16.1. The Modified Meecalli Intensity Scale (Condensed) 

I. Not felt except by a few under especially favorable conditions. 

II. Felt only by a few persons at rest. Delicately suspended objects may swing. 

III. Felt quite noticeably under favorable circumstances, but many people do 
not recognize seismic nature of tbe disturbance and many do not notice it. Standing 
automobiles may rock slightly. Like passing of a truck. Duration estimated, 

IV. Felt by many or most. Some awakened. Dishes, windows, doors dis- 
turbed; walls crack. Sensation like heavy truck striking building. 

V. Felt by nearly everyone; many awakened. Some dishes, windows, etc., 
broken; a few instances of cracked plaster; unstable objects overturned. Disturbance 
of trees, poles, and other taU objects sometimes noticed. Pendulum clocks may stop. 

VI. Felt by all; many frightened and run outdoors. Some heavy furniture 
moved; a few instances of fallen plaster or damaged chimneys. Damage slight. 

VII. Everybody runs outdoors. Damage negligible in buildings of good design 
and construction; slight to moderate in w^ell-built ordinary structures; considerable in 
poorly built or badly designed structures; some chimneys broken. Noticed by people 
driving motor cars. 

VIII. Damage slight in specially designed (brick) structures; considerable in ordi- 
nary substantial buildings with partial collapse; great in poorly built structures. 
Panel walls thrown out of frame structures. Fall of chimneys, factory stacks, col- 
umns, monuments, and walls. Heavy furniture overturned. Sand and mud ejected 
in small amounts. Changes in well water. Disturb persons driving motor cars. 

IX. Damage considerable in specially designed (masonry) structures; well- 
designed frame structures thrown out of plumb ; great in substantial (masonry) build- 
ings, with partial collapse. Buildings shifted off foundations. Ground cracked con- 
spicuously. Underground pipes broken. 

X. Some well-built wooden structures destroyed; most masonry and frame 
structures destroyed with foundations; ground badly cracked. Rails bent. Land- 
slides considerable from river banks and steep slopes. Shifted sand and water. 
Water splashed (slopped) over banks. 

XI. Few if any (masonry) structures remain standing. Bridges destroyed. 
Broad fissures in ground. Underground pipelines completely out of service. Earth 
slumps and land slips in soft ground. Rails bent greatly. 

XII. Damage total. Waves seen on ground surfaces. Lines of sight and level 
distorted. Objects thrown into the air. 


Table 16.2. Japanese Eakthquake-intbnsity Scale 

I. Felt by persons at rest. Acceleration 0.5 to 2 gals (980 gals equals gravity 
acceleration g), 

II. Felt by everyone. Acceleration 2 to 8 gals. 

III. Rattling of latticed sliding doors (partitions); swinging of chandeliers and 
other hanging objects; movement of liquids. Acceleration 8 to 32 gals. 

IV. Overturning of unstable objects; spilling of liquids; motion severe enough to 
cause fear. Acceleration 32 to 128 gals. 

V. Overturning of stone lanterns and tombstones; damage to old houses and to 
mud-plastered warehouses; cracking of masonry chimneys. Acceleration 128 to 
512 gals. 

VI. Landslides; partial or total destruction of houses. Acceleration greater than 
512 gals. 
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development in engineering seismology. An earthquake spectrum is a 
curve showing how the maximum response of an elastic one-degree-of- 
freedom structure produced by the actual ground motion of a particular 
earthquake varies for various values of the fundamental period of such a 
structure. The spectrum curves determined by Biot and Robison repre- 
sented acceleration response, and the two curves showed remarkable 
similarity in shape with peak response at 0.2 and 0.25 sec, respectively 
(Fig. 17.3). These spectrum curves also represent the variation of the 
base shear of an undamped one-mass system. In the formulation of the 
Lateral Force Code by the Joint Committee of the San Francisco Section, 
ASCE, and Structural Engineers Association of Northern California [4], 



Fig. 16.2. Average-velocity spectrum. 

great importance was attached to the significance of these acceleration 
spectra. 

Earthquake-spectra technique has further been improved by Professors 
Martel, Housner, Hudson, and others at California Institute of Tech- 
nology for practical engineering application to structural analysis for 
problems involving seismic forces [8]. The spectrum for the maximum- 
relative-velocity response (or for brevity, the response spectrum) is con- 
sidered to be most useful for application in engineering seismology and is 
denoted by Sv in view of the fact that the physical dimensions of this 
quantity are those of velocity. Housner defines the spectrum intensity 
of an earthquake to be the area under the response-spectrum curve 
between the periods 0.1 and 2.5 sec. As buildings possess appreciable 
damping, the spectrum curve for 0.2 of critical damping (that is, n = 0.2) 
may be taken as a better measure of damage than the undamped curve, 
n == 0. 

The family of curves shown in Fig. 16.2 represents the average shapes 
of the response-spectrum curves obtained by Housner based on data for 
the El Centro, 1934; El Centro, 1940; Olympia, 1949; and Taft, 1952, 
earthquakes [8]. 
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The response spectrum Sv is related to the seismic coeflScient C in the 
expression for determining the earthquake force F as follows: 

F = CW W = ^ SvW 

9 g Tg 

P-TT 

Hence C^^Sy (16.2) 

The use of the response spectrum to show the physical characteristics 
of ground motion and establish seismic coefficients for structural behavior 
is fully explained in papers by Hudson and Housner [7, 8]. 

16.6. Period of Vibration of Buildings. The period of vibration of 
simple idealized structures may readily be calculated. The application 
of theory to actual buildings and structures is more difficult. Conse- 
quently, recourse to actual observation of vibration of buildings has been 
made. The Coast and Geodetic Survey has measured the period of 
vibration of hundreds of buildings, water-tank towers, and g:round vibra- 
tions. Some of the results of the work done by the Survey have been 
reported [9], and the Joint Committee on Lateral Force considered avail- 
able data on the subject in proposing an empirical relation for the period 
of vibration of buildings, taking into consideration the height and width 
of buildings, as follows: 

= 0.06 ^ sec (16.3) 

where H = height, ft 

b = width, ft, in direction of motion considered 
The Joint Committee has, however, recommended the use of a more con- 
servative coefficient of 0.05 in the above equation in the computation of 
the seismic coefficient C = 0.015/r. The total lateral seismic force V 
is determined from the relation V = CW, where W represents the weight 
of the building considered in seismic computations. 

Similar observations have been made for certain buildings in large 
cities in Japan. Based on his numerous observations. Dr. T. Taniguchi 
of Tokyo Institute of Technology has suggested the following empirical 
relation for the fundamental period of buildings, where N is the number 
of stories: 

Tn == (0.07 to 0 , 09 )N sec (16.4) 

In addition to the proportions of buildings, relative rigidity influences 
the period. The effect of rigidity on the period may be illustrated by the 
following observations on the Marunouchi Building facing Tokyo Station, 
When the building was completed, its period was 0.94 sec; after the semi- 
destructive earthquake of Apr. 26, 1922, when the building suffered slight 
damage, the period increased to 1.01 sec. Repairing and strengthening 
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of the building (eight stories aboveground with one basement story) 
reduced the period to 0.71 sec. The building again suffered serious dam- 
age in the 1923 earthquake and in this condition had a period of 1.18 sec. 
After rehabilitation, the period of free vibration is 0.48 sec, which is 
indicative of its high rigidity. Japanese buildings, limited to a maximum 
of nine stories because of height restriction of 102 ft (31 m), generally 
have periods ranging from 0.1 to 1.3 sec. The period of vibration of 
buildings in an actual earthquake may be somewhat higher because of 
yielding of the ground under the foundations. 

Detailed investigations on certain buildings, such as the Alexander 
Building in San Francisco, have been performed by Blume [10], Clough 
[11], and others, covering the numerous phases of dynamic response under 
earthquake motion, which shed considerable enlightenment on the 
subject. 

16,7. Strong-motion Programs. Accurate records of ground motion 
due to strong earthquakes are necessary to further our knowledge of 
earthquake characteristics. The strong-motion program, initiated in 
1932 by the TJ.S. Coast and Geodetic Survey, succeeded in obtaining use- 
ful records of the Long Beach earthquake of Mar. 10, 1933, and complete 
records of strong motions of the El Centro, Calif., earthquake of May 18, 
1940, and subsequent earthquakes. Strong-motion seismographs, which 
usually register the ground-acceleration components in two horizontal 
directions perpendicular to each axis and one vertical direction, are of 
sturdy construction. The accelerographs and other instruments used 
in the early stage of the program and other phases of the program are 
described in a special publication of the Survey [12]. 

The types of strong-motion seismographs and supplementary instru- 
ments currently used were described by Cloud at the World Conference 
on Earthquake Engineering, June, 1956 [13]. Approximately 60 strong- 
motion seismographs are distributed in the Pacific Coast states of Cali- 
fornia, Washington, Montana, Nevada, Utah, and Oregon. 

In spite of frequent and often calamitous earthquakes that occur in 
Japan, only limited records of ground motion have been obtained. The 
Strong-Motion Acceleration Committee, which was established in 1951, 
has developed the strong-motion accelerograph known as SMAC, shown 
in Fig. 16.3, These SMAC instruments have been installed in various 
buildings in Tokyo, Osaka, and Nagoya, and they will be installed in 
increasing numbers as funds for the program become available. The 
accelerograph consists essentially of three pendulums set at right angles 
to each other; a spring motor for driving the recording paper; a time- 
marking clock; and an electric starter. These instruments begin operat- 
ing automatically at accelerations greater than 10 gals and run for 3 min 
and stop. They are geared to repeat the above operation three times. 
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Special-purpose instruments for studying microtremors of different 
soil types, direct-reading instruments for measuring the amplitude 
distribution and mode of vibration of buildings, inexpensive accelero- 
graphs not recording the acceleration in the vertical direction, and other 
instruments are described in a paper by Takahasi of the Earthquake 
Research Institute, Tokyo University [14], 



Fig. 16.3. SMAC accelerograph. 

16.8. Earthquake Effects on Structures. The history of past great 
earthquakes records amazing loss of life and damage to property. It is 
recorded that 830,000 lives were lost in the earthquake of Feb. 2, 1556, 
affecting the three provinces of Shensi, Shansi, and Honan in China. A 
more recent and minor earthquake of Dec. 16, 1920, which affected only 
the province of Kansu, caused the death of 100,000 persons [15], The 
Kanto earthquake of Sept. 1, 1923, which occurred a few seconds before 
noon, nearly wiped out Tokyo and Yokohama. The resulting conflagra- 
tion caused most of the loss of property and approximately 100,000 lives. 
The Fukui earthquake of June 28, 1948, resulted in the death of approxi- 
mately 5,000 persons, mostly due to persons being caught in falling debris 
and engulfed in flames by the fires that followed after the shocks. Well- 
documented reports of earthquake-damage investigations are available 
for recent earthquakes. 

From the point of view of contributing to earthquake engineering, the 
following earthquakes may be selected as being of significance: the San 
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Francisco earthquake of Apr. 18, 1906, which put to actual test buildings 
of modern construction; Kanto earthquake of 1923, resulting in the 
adoption of a seismic coefficient of 0.1; Santa Barbara earthquake, 
which contributed to the formulation of the Uniform Building Code; 
Long Beach earthquake of Mar. 10, 1933, which resulted in the enactment 
of the Riley and Field Acts and also yielded useful records of strong 
ground motion; El Centro earthquake of May 18, 1940, which yielded the 
first complete record of the strong ground motion; and the Fukui earth- 
quake of 1948, which caused the structural collapse of a four-story rein- 
forced-concrete building. 

Experience from past earthquakes in Japan indicates that damage to 
buildings and other types of structures is closely related to design, con- 
struction, types of construction, and soil or geologic conditions. Based 
on statistical studies of earthquake damage, certain generalized conclu- 
sions may be drawn. 

For wooden-frame buildings, often with heavy roof tiles, high degree 
of damage is suffered when they are located on soft alluvial soil. Less 
damage occurs for locations on firm soil. Frequently, two-story houses 
become one-story, the first story being crushed between the ground and 
the second story, which sways excessively and falls. The deforma- 
tion of the first story is great in any case. Wooden buildings are inher- 
ently flexible, as constructed in Japan, and the large amplitude and 
greater period of ground motion in soft soils adversely affect this type of 
construction. 

For masonry construction of brick or for bamboo-reinforced-mud con- 
struction, a high degree of damage is suffered for locations on firm soil. 
The damage is less for locations on soft soil. The lack of elastic give 
and the vulnerability to shock in this type of construction are believed to 
be important. A group of brick buildings in downtown Tokyo (alluvial 
soil) that were built prior to the 1923 Kanto earthquake with great care 
have survived the numerous subsequent earthquakes with little damage. 

Reinforced-concrete buildings of good design and construction usually 
give fine performance, although there are exceptions when design, con- 
struction, or other factors detract from the quality. The Daiwa Depart- 
ment Store building is the case in point. It had suffered wartime fire 
and possessed structural weakness and collapsed in the Fukui earthquake. 
The Fukui Broadcasting Station building, although of a smaller scale, of 
reinforced concrete rode through the same earthquake without damage. 

The steel frame encased in reinforced concrete for fire protection, 
durability, and strength is another type of construction which has given 
satisfactory performance. The structural-steel members have built-up 
sections, consisting of nominal-size angles and plates. 

Steel-frame buildings with brick or tile walls have suffered badly 
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Those provided with seismic walls of reinforced concrete deform less 
and consequently suffer less damage. Attention to structural details 
and construction is important to minimize damage. 

16.9. Failure of Daiwa Department Store Building. The site of this 
building consisted of deep, soft alluvium with a high water table near the 
surface. The north and west elevations of the building before the earth- 
quake are shown in Fig. 16.4. The X-X' and F-F' sections through the 
building, indicated in Fig. 16.7, are shown in Fig. 16.5. The foundation 
plan and the view at section Z-F' are shown in Fig. 16.6. The floor plans 
are shown in Figs. 16.7 to 16.9. 

The long axis of the building extended north and south. The building 
may, for convenience, be considered to consist of three portions: (1) the 
front (north) triangular portion with the main entrance and tower, (2) 
the six-story sales portion, and (3) the rigid eight-story portion with a 
basement that contained elevator shafts, stairways, and toilets. Portion 
3 was the most rigid, having in addition a mat foundation, and portion 2 
the least rigid, having footings connected in two directions by nominal tie 
beams. Continuous footings were provided under the exterior walls of 
the building. 

As evident from Fig. 16.6 there was foundation discontinuity between 
portions 2 and 3 where structural distress from the earthquake was most 
pronounced. The building sagged at column row 7, pulling portion 3 a 
distance of 13 in. at the top and portion 1 a distance of 18 ft 4 in. at the 
top as indicated in Fig. 16.10. 

The appearance of the damaged building from the outside and inside 
after the earthquake is sketched in Fig. 16.12. 

At the time this building was built (May to December, 1937), reinforc- 
ing bars were becoming scarce because of the demands of the military, 
and restrictions on new department-store construction were beginning to 
be enforced. These circumstances contributed to the speed-up of the 
construction, which may well have influenced structural planning and 
design as well as construction. 

As mentioned previously, portion 3 was provided with a basement and 
a mat foundation, creating a differential of 8.75 ft in the foundation depth 
between portion 3 and the adjoining portions 1 and 2. Wooden piles of 
15-ft length were driven under portions 1 and 2, and piles of 12-ft length 
under portion 3. The connection of the foundation between portions 2 
and 3 in the longitudinal direction was by nominal tie beams without due 
consideration for earthquake effects. 

There was also a lack of symmetrical placement of seismic shear walls 
in the building, as is evident from the inspection of the floor plans. The 
lack of uniform rigidity could cause large deformations in the flexible 
portion 2. The interior columns in row 3 in the fifth and sixth stories 
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Fig. 16 . 7 . First-floor plan. 
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were eliminated to provide large exhibition space, which contributed 
further to the weakening of portion 2. 

In August, 1945, this building suffered serious fire damage. The one- 
story wooden wing (Fig. 16.7) was destroyed, and the main building was 
gutted by fire. After the war, the main building was rehabilitated, but 



in a manner not entirely satisfactory. In some instances, the reinforcing 
bars exposed by spalled concrete were barely covered with plaster. 

The Fukui earthquake caused the connections between columns and 
girders to fail. In practically all cases, the failure was noted at the 
beginning of the haunches in the girders. The bent between column rows 





Fig. 16,11. Ground-floor elevation after earthquake. 


6 and 7 practically disappeared because of crushing together of portions 
2 and 3. 

Inspection of the original design disclosed that the exterior wall girders 
were given a value of the seismic-distribution coefficient D of 3, whereas 
the actually designed members were found incapable of taking the stresses 
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Fig. 16.12. Collapse of Daiwa Department Store, (a) West elevation; (h) section 
(see Fig. 16.7). 
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developed under the design assumption. Insufficient consideration was 
accorded the discontinuity existing between portions 2 and 3 from the 
foundations to the top of the building. To ensure unified action of a 
shear-type building such as this building, the members at this junction 
should have been made much stronger and rigid than was the actual case. 
Wartime fire also had an adverse effect on concrete properties, which did 
not benefit from the careless rehabilitation after the war. Unfavorable 
site conditions, an exceedingly high-intensity quake, and indifferent 
structural planning, design, and construction caused the failure of this 
building. 

Although the failure of the Daiwa building in the Fukui earthquake 
was the most impressive, damage to water, gas and electric systems, roads, 
bridges, levees and chimneys, and elevated water tanks was widespread. 
As has been well substantiated from past earthquake experience, there were 
buildings and other structures of sound design and construction that sur- 
vived the severe ground motions of this earthquake with slight or no 
structural damage. A detailed report, fully illustrated, of this earth- 
quake is available in Eef. 16. 

A careful study of comprehensive reports on the engineering aspects of 
the 1933 Long Beach earthquake by Binder [17] and of the earthquake 
lessons from the Pacific Northwest by Miller [18] and others will help to 
develop an appreciation of earthquake effects on all types of structures. 
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CHAPTER 17 


EARTHQUAKE PROVISIONS IN BUILDING CODES 


17 . 1 . Introduction. Building codes specify design and construction 
requirements which are intended to protect buildings from major struc- 
tural damage and the public from loss of life and injury from earthquakes, 
based to a large extent on past earthquake experience and judgment. 
Because of differences in the magnitude of earthquakes, geological forma- 
tions, types of construction, and other factors, the philosophy of aseismic 
design among different groups of engineers might naturally differ in 
several respects. The earthquake provisions in the Uniform Building 
Code (UBC), the national Japanese Building Code (JBC), and the Joint 
Committee Code (JCC) on Lateral Forces of Earthquake and Wind are 
presented and briefly discussed. 

17 . 2 . Uniform Building Code. The first edition of the Uniform Build- 
ing Code was published as the 1927 edition, which was prepared by the 
Pacific Coast Building Officials Conference after the Santa Barbara 
earthquake of June 29, 1925, that caused considerable damage to build- 
ings in swampy and filled ground. As experience and usage increased, 
provisions were modified, and revised editions have appeared as the 1937 
edition, 1949 edition, 1952 edition, and the current 1955 edition. The 
historical development of this code has been described by Andrus [1]. 

The 1927 edition of the code required that all buildings more than 20 ft 
in height, except exposed-steel-frame and wood-frame buildings, be 
designed for earthquake forces using 7.5 per cent of the specified vertical 
loads as the seismic coefficient when the allowable bearing capacity of 
the soil was 2 or more tons per square foot, and 10 per cent for soils of 
lesser bearing capacity. An increase of per cent in the allowable 
unit stresses was permitted for all materials, except for structural steel, 
which was allowed a 50 per cent increase. 

The 1937 edition adopted a new formula for the lateral force F: 

F^CW (17.1) 

where C == seismic coefficient 

W = total dead load plus half the live load 
In the case of warehouses, the full live load was to be used. A seismic- 
probability map of the 11 Western states was included and made a part 
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of the code, which designated different areas into zones 1, 2, and 3. 
Seismic coefficients were established for zone 1, the least active zone, and 
these were multiplied by 2 for zone 2 and by 4 for zone 3, the most seis- 
mically active zone. Aside from the building proper, seismic-coefficient 
values were established for walls, parapet walls, ornamentations, stacks, 
and tanks. The allowable increase in the unit stresses for materials 
was generally 3334 per cent, with a maximum of 20,000 psi for reinforcing 
steel. Under this code, for an area in zone 3, the coefficients were 8 per 
cent for buildings resting on soil with bearing capacity greater than 
1 ton/ft^ and 16 per cent for soil with lesser capacity. 

The 1949 edition replaced the seismic-probability map of the Western 
states with a map of the 48 states prepared by the Coast and Geodetic 
Survey, and an expression for determining the seismic coefficient, known 
as the Los Angeles formula, was adopted, where N is the number of stories 
above the story under consideration, as follows: 


0.15 

A + 4.5 


(17.2) 


for zone 1, twice this value for zone 2, and four times this value for zone 3, 
thus giving a maximum value of 13.3 per cent for a single-story building. 
The live load was disregarded in computing the weight of the building for 
seismic computations, except for warehouses and tanks, for which full 
live load was considered. The above expression for C has been retained 
in the later editions of this code. The effect of local soil conditions on 
earthquake intensity originally considered has been discarded in later 
editions, and seismicity alone is considered. 

The earthquake-resistant-design provisions of the Uniform Building 
Code, 1955 edition, in the Appendix on Lateral Bracing, Sec. 2312, and 
related provisions are extracted below. Figures and tables extracted 
are numbered as in the source material. 


Sec. 2303 (Method of Design). ... All allowable stresses and soil bearing 
values specified in this Code may be increased one-third due to wind or earthquake 
either acting alone or when combined with vertical loads. ISTo increase shall be 
allowed for vertical loads acting alone. 

Wind and earthquake loads need not be assumed to act simultaneously. . . . 

Sec. 2306 (Roof Loads). Roofs shall sustain, within the stress limitations 
of this Code, all “dead loads plus unit “live loads as set forth in Table No. 
23-B. . . . 

Snow load, full or unbalanced, or wind load shall be considered in place of loads 
as set forth in Table No. 23-B, where such loading will result in larger members or 
connections. 

Sec. 2306 (Reduction of Live Loads). , . . Reductions in unit live loads as set 
forth in Table No. 23-A for floors shall be permitted in the designing of columns, 
piers, walls, foundations, trusses, beams, and flat slabs. 
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Except for places of public assembly, and except for live loads greater than 
100 pounds per square foot, the design live load on any member supporting 
150 sq. ft. or more may be reduced at the rate of 0.08 per cent per square foot of 
area supported by the member. The reduction shall not exceed 60 per cent nor 
“22^' as determined by the following formula: 

B = 23.1 (l + 

where R = Reduction in per cent 

D = Dead load per square foot of area supported by the member 
L = Unit live load per square foot of area supported by the member 

For storage live loads exceeding 100 pounds per square foot, no reduction shall 
be made except that design live loads on columns may be reduced 20 per cent. . . . 

Sec. 2312 (Lateral Bracing). The following provisions are suggested for 
inclusion in the Code by cities located within an area subject to earthquake 
shocks : 

(a) General. . . . The [lateral] force shall be assumed to come from any 
horizontal direction. 

All bracing systems both horizontal and vertical shall transmit all forces to the 
resisting members and shall be of sufficient extent and detail to resist the hori- 
zontal forces . . . and shall be located symmetrically about the center of mass 
of the building or the building shall be designed for the resulting rotational forces 
about the vertical axis. 

(b) Horizontal Force Formula. In determining the horizontal force to be 
resisted, the following formula shall be used : 

F = CTT 

where equals the horizontal force in pounds, “IT” equals the total dead load, 
tributary to the point under consideration. 

Exceptions : 1. For warehouses, “ IT” shall equal the total dead load plus 50 per 
cent of the vertical design live load tributary to the point under consideration. 

2. For tanks, “IT” shall equal the total dead load plus the total live load. 

Machinery or other fixed concentrated loads shall be considered as part of the 
dead load. 

“U” equals a numerical constant as shown in Table No. 23-C [Table 17.1]. 

(c) Foundation Ties. ... In the design of buildings of Types I, II, and III, 
where the foundations rest on piles or on soil having a safe bearing value of less 
than 2000 pounds per square foot, the foundations shall be completely inter- 
connected in two directions approximately at right angles to each other. Each 
such interconnecting member shall be capable of transmitting by both tension 
and compression at least 10 per cent of total vertical load carried by the heavier 
only of the footings or foundations connected. The minimum gross size of each 
such member if of reinforced concrete shall be twelve inches by twelve inches . . . 
and shall be reinforced with not less than the minimum reinforcement specified 
in Section 2620. . . . 

Interconnecting slabs shall be reinforced with not less than .11 sq. in. of steel 
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Table 17.1. Horizontal Force Factors [UBC Table 23-C] 


Part or portion 

Value of , 

1 

! 

Direction of 
force 

Floors, roofs, columns, and bracing in any story, 
or the structure as a whole f 

.15 

JVt+4.5 

Any direction 
horizontally 

Exterior bearing and non-bearing walls, interior 
bearing walls and partitions, interior non-bear- 
ing walls and partitions over 10 ft in height, 
masonry fences over 6 ft in height 

.05 

with a minimum 
of 5 psf 

Normal to sur- 
face of wall 

Cantilever parapet and other cantilever walls, 
except retaining walls 

.25 

Normal to sur- 
face of wall 

Exterior and interior ornamentations and ap- 
pendages 

.25 

Any direction 
horizontally 

When connected to or a part of a building : towers, 
tanks, towers and tanks plus contents, chim- 
neys, smokestacks, and penthouses 

.05 

Any direction 
horizontally 

Tanks, elevated tanks, smokestacks, standpipes, 
and similar structures not supported by a build- 
ing 

.025 

Any direction 
horizontally 


* See inside back cover [of Appendix to UBC] for zones. [The C values given are 
minimum values which are applicable only for Zone 1 (infrequent earthquakes).] For 
locations in Zone 2, shall be doubled. For locations in Zone 3, shall be 
multiplied by 4. 

t Where wind load as set forth in Section 2307 would produce higher stresses, this 
load shall be used [instead of the seismic load]. 

t W is number of stories above the story under consideration, provided that for 
floors or horizontal bracing, N shall be only the number of stories contributing loads. 

[in both longitudinal and transverse directions]. The bottom of such slab shall 
be not more than twelve inches above the tops of at least 80 per cent of the piers 
or foundations. The footings and foundations shall be tied to the slab [so] as to 
be restrained in all horizontal directions. 

(d) Plans and Design Data. With each set of plans filed, a brief statement of 
the following items shall be included: 

1. A summation of the dead and live load of the building, floor by floor, which 
was used in figuring the shears for which the building is designed. 

2. A brief description of the bracing system used, the manner in which the 
designer expects such system to act, and a clear statement of any assumptions 
used. Assumption as to location of all points of counterflexure in members must 
be stated. 

3. Sample calculation of a typical bent or equivalent. 
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(e) Detailed Requirements. 1. Bonding and tying. Cornices and orna- 
mental details shall be bonded in the structure. . . . This applies to the interior 
as well as to the exterior of the building. 

2. Overturning moment. . . . Calculated overturning moment . . . due to 
[earthquake] forces [not to] exceed two-thirds of the moment of stability. . . . 
Moment of stability shall be calculated using the same loads as used in calculating 
the overturning moment. 

3. Additions. ... To resist and withstand the [earthquake] forces. . . . 

4. Alterations. . . . Resistance [not to be] less than that before such alteration. 

5. Building separations. All portions of buildings and structures shall be 
designed and constructed to act as an integral in resisting lateral forces unless 
structurally separated by a distance of at least one inch, plus one-half inch for 
each ten feet of height above twenty feet. . . . 

(f) Lime Mortars. Lime mortars shall not be used in any unit masonry con- 
struction forming a part of a building. 

(g) Intention or Interpretation of Lateral Force Provisions. . . . The provi- 
sions incorporated in this Section are general and, in specific cases, may be inter- 
preted or added to as to detail by rulings of the Building Official in order that the 
intent shall be fulfilled. 

17.3. Japanese Building Code. As a consequence of the 1923 Kanto 
earthquake experience, a national building code was adopted which 
established a seismic coefficient of 0.1 together with low allowable stresses 
(17,000 psi for steel and others correspondingly low) without any pro- 
vision for allowable increases in the stresses for combined stresses result- 
ing from vertical and horizontal loadings. In subsequent years, the 
allowable unit stresses were increased by moderate amounts for steel up 
to 20,000 psi and correspondingly for other materials because of improved 
quality and properties. 

A radical change was made in 1950 when the new Japanese Building 
Code was adopted. The basic seismic coefficient of 0.2 and allowable 
unit stresses approaching the yield or creep values of different materials 
were specified. The allowable steel stress was increased to 34,000 psi 
for combined stresses resulting from sustained and temporary loads. The 
bearing capacity of soils under seismic loading was doubled for all soil 
types, although there was some dissent among the members of the 
Structural Standards Committee of the Architectural Institute of Japan, 
which was entrusted with the task of preparing structural-design stand- 
ards for construction in timber, steel, reinforced concrete, masonry, and 
foundations in harmony with the basic requirements of the new code. 
The need of structural criteria for everyday design often compels setting 
up provisions which are difficult to reconcile with true situations. 

The structural provisions of the current code are compiled as a Japanese 
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Industrial Standard for Buildings, designated JIS 3001 and entitled 
Structural Calculations for Buildings. JIS 3001 specifies the design 
loads, allowable unit stresses, and other basic matters pertaining to 
structural design. The provisions are revised from time to time as 
results of research, investigations, and experience warrant such modifi- 
cations. A more detailed background in the development of earthquake 
provisions in Japanese codes is given in the paper by Otsuki [2]. 

Provisions relating to earthquake-resistant design in JIS 3001 have 
been extracted below: 


Chapter 1. General Provisions 

Art. 1. This standard establishes the method of structural calculations as well 
as the loads, the allowable unit stresses, and other basic matters pertaining to 
structural calculations. This standard need not be used for buildings designed 
on the results of special investigations, and for temporary and small buildings. 

Art. 2. Every portion of the structure shall be designed so that the unit stresses 
as determined in the prescribed manner of Art. 3 shall be less than the allowable 
unit stresses for the materials used, and the allowable bearing capacity of the soils. 

Art. 3. The design stresses for each portion of the structure shall, under ordi- 
nary conditions, be the stresses resulting from the loads prescribed in Chapter 2, 
and the most unfavorable stresses resulting from special loads in addition to those 
prescribed above shall also be considered. 

Table 17.2. Combination op Stresses [JBC Table 1] 


Loading 

General areas 

Heavy-snow 

districts 

Remarks 

Sustained 

Temporary . . 

Ordinary, C P 

Snow, C + P -f /S 

Storm, C -h P + TF 
Earthquake, C -f P + 

C +P + A 

C +P + A 

C -hP + A 4- F 
C + P + A + A 

When considering 
overturning of the 
building, pulling out 
of columns, etc., the 
live load may be 
somewhat reduced 


C ~ stresses resulting from dead loads, as prescribed in Chap. 2, Sec. 2 
p B stresses resulting from the live loads in Chap. 2, Sec. 3 
S “ stresses resulting from the snow loads in Chap. 2, Sec. 4 
W « stresses resulting from wind loads in Chap. 2, Sec. 5; in heavy snow districts, 
when snow is considered as a sustained load, the wind load values due to 
cyclones are to be taken 

K — stresses resulting from earthquake forces as prescribed in Chap. 2, Sec. 6 

Art. 4. Portions of structures shall be strengthened or sections enlarged, taking 
into consideration errors resulting from assumptions in the design, improper 
construction, defective materials, rotting, and wearing of the materials which 
may be incorporated in the building. 
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Chapter 2. Loads 
Section 1. General Provisions 

Art. 5. Loads on buildings, under ordinary conditions, shall be the following: 
Dead load, live load, snow load, wind pressure, earthquake force. Depending 
on the use of the building, special loads other than those provided for herein must 
be considered. 

Art. 6. For buildings of special importance, the loads established in this 
chapter must be increased appropriately. 

Section 2. Dead Loads 

Art. 7. Dead loads shall be established considering actual conditions. 

Art. 8. Weight of different materials shall, under ordinary conditions, be 
taken from Table 2. 

Table 2. Weight of Materials (omitted). Values for soils, stones, roof tiles, 
terra cotta, lightweight concrete, special concretes, ordinary concrete, metals, 
and woods listed. 

Art 9. Weight of different portions of a building shall be taken from Tables 3 
through 8, unless calculated. 

Table 3. Weight of Roof (omitted). Values for roofs of tile, asbestos slate, 
corrugated sheets, wooden purlins given. 

Table 4. Weight of Roof Trusses, on horizontal plane, in kg/sq m. Wooden 
construction . . . 10 + L. Steel construction . . . 10 + 0.8L. Note: L is 
span in meters. 

Table 5. Weight of Ceiling (omitted). 

Table 6. Weight of Floors (omitted). 

Table 7. Weight of Walls (omitted). 

Table 8. Weight of Windows and Doors (omitted). 

Section 3, Live Loads 

Art. 10. Live loads shall be determined based on the following provisions: 

1. Live load shall be determined on the basis of use of the floor and estimation 
of the loading conditions. When the weight of the materials on the floor is not 
actually computed, weights may be taken from Tables 9 and 10. For materials 
other than those listed, the live load is to be determined by referring to Section 2. 

2. In determining the live load, load concentration must be considered taking 
into account the size of the tributary area. 

3. Where vibration or impact action is involved, the live load should be 
increased appropriately. 

Table 9. Average Weight of Persons and Furniture (omitted). 

Table 10. Weight of Materials Other than Building Materials (omitted). 

Art. 11. The live loads for use in the structural design of various members or 
portions, unless actually computed, may be taken from Table 11 [Table 17.3]. 

In computing the axial load on columns and footings due to vertical loads, the 
values given in Table 11 [Table 17.3], Column 2, may be reduced depending on 
the number of floors supported by them, according to Table 12 [Table 17.4]. 
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Table 17.3. Design Live Loads [JBC Table 11] 
In pounds per square foot 


Type of occupancy 

(1) 

Floor 

construction 

(2) 

Girders, 
columns, 
and footings 

(3) 

Earthquake 

analysis 

(4) 

(3) - (1) 

a. Residences, hospital wards . 

36 

i 26 i 

12 

0.33 

b. Office space 

60 

36 

16 

0.27 

c. Stores, department stores. , 

60 

48 

26 

0.43 

d. Classrooms 

46 

42 

22 

0.48 

e. Auditoriums, theatres with 
fixed seats 

j 60 

54 

32 

0.53 

/. Same as e but with seats not 
fixed 

72 

66 

42 

0.58 

g. Garages 

no 

80 

40 

0.36 

h. Corridors, vestibules, and 

For types d, e. 

, and/, the loads prescribed for type / are 


stairways to be used; for other types, the loads for adjacent 

type of occupancy are to be used 

i. Roofs and balconies Loads for type a are to be used; where congestion of 

people is likely, use loads for type / 


Table 17.4. Vertical Axial Load for Columns and Footings 
[JBC Table 12] 



Number of floors supported 


1 

2 

3 

More than 4 

Percentage of the loads given in 
Table 11 [Table 17.3], Col. 2 

100 

95 

90 

5% reduction for each floor 
supported with 60% as the 
minimum 


Section 4. Snow Loads 

Art. 12. Snow loads shall be computed on the basis of the following provisions: 

1. Snow load is to be determined from maximum depth of snowfall and its unit 
weight. 

2. Maximum vertical depth of snow on roofs shall be taken as the snow depth 
on flat ground, multiplied by the factors indicated in Table 13 [Table 17.5]. 

Table 17.5. Roof Slope and Snow Load [JBC Table 13] 


Slope 

30° or less 

30 to 60° 1 

More than 60° 

Value to be used 

100% 

To be interpolated in direct 

0% 

i 

1 

1 


proportion 
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For roofs having snow stops or for roofs where it is difficult to remove snow, 
special consideration of these factors is necessary. 

3. Unit w^eight of snow in general is to be taken as 2 kg/sq m for 1 cm depth 
of snow, and more than 3 kg/sq m/cm in heavy snow areas, 

4. When snow load is considered as a sustained load or also in combination 
with strong winds, earthquakes, etc., the value of the snow load may be reduced 
appropriately. 

5. When the depth of snow deposit on each side of a pitched roof is considerably 
different, the effect of one-side loading is to be considered. 

6. When snow is removed periodically from the roof, the design snow load may 
be reduced in consideration thereof. 

7. At portions of the building where snow is likely to accumulate, the design 
snow load is to be increased in consideration thereof. 

Section 5. Wind Pressure 

Art. 13. Wind pressure for design is to be determined from the following 
equation when based on velocity pressure and wind pressure coefficients: 

P — cq 

P = wind pressure intensity in kg/sq m 

c — wind pressure coefficient 

q — velocity pressure in kg/sq m 

The velocity pressures are values obtained from the following equation (see 
Fig. 1) [Fig. 17.1]: 

g = 60 VH 

where H is height from ground level in meters. However, under ordinary condi- 
tions, the step loadings indicated in Table 14 [Table 17.6] may be used. 

Table 17.6. Velocity Pressukes and Height from the Ground Surface 

[JBC Table 14] 

Velocity pressure, 

Height from the ground surface, m hg/sq m 

0-8 (0-26.4 ft) 120 (24psf) 

8-15 (26 . 4-50 ft) 210 (42 psf ) 

15-30 (50-100 ft) 300 (60 psf) 

Art. 14. Velocity pressures due to typhoons may be reduced depending on 
the locality (see Fig. 2) [Fig. 17.1]. 

Art. 15. Velocity pressures due to cyclones may be reduced depending on 
the locality (see Fig. 3) [see Fig. 17.1]. Note: Cyclone is defined as strong winds 
blowing mainly from the northwest direction during winter and spring months. 

Art. 16. Velocity pressures referred to in Arts. 14 and 15 may be increased or 
reduced according to the following provisions: 

1. A reduction may be made in areas removed from the sea coast or where the 
wind velocity is known definitely to be small. 

2. A reduction may be made where wind impact is known definitely to be weak. 

3. At sites where there are near obstacles, the velocity pressure may be reduced 
for wind coming from that direction. 
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4. An increase must be made on mountain tops, cliffs, etc., and wind channels 
where the impact of the wind is strong. 

Art. 17. Wind pressure coefficients, under ordinary conditions, may be taken 
from Fig. 4 [Fig. 17.2]. 

30 


20 

1 

10 


0 

0 100 200 300 400 

<7 (kg/m^) 

ia) 




Fig. 17,1. Figures extracted Building Code, (a) Relation of velocity 

pressure and height from ,'lh' Fig. L] (h) Typhoon. Percentage of 

standard velocity pressure for design, [JBC Fig. 2.] (c) Cyclone. Percentage of 

standard velocity pressure for design. [JBC Fig. 3.] 

Art. 18. Caution must be exercised where large negative pressures may build 
up on portions of a building. 

Section 6. Earthquake Forces 

Art. 19. Earthquake forces must be determined by multiplying the horizontal 
seismic coefficient and the sum of the dead load and live load. In heavy snow 
districts, snow load must also be added to the above loads. 






^“ 30 “ €> = 10 “ d = \0^ ^ = 30 ® 

For intermediate roof slopes, use straight line interpolation. 




Sec. 17 . 3 ] earthquake provisions in building codes 


369 


Art. 20. Horizontal seismic coefficients shall be determined as follows: 

1. 0.2 or more on ordinary structures. In multistory buildings and structures 
projecting above the roof, the seismic coefficient must be increased. 

2. 0.3 or more for wooden buildings resting on filled ground, built-up ground 
and other weak soils. 

3. 0.3 or more for independent chimneys and chimneys extending above the 
roof level. However, with regard to overturning of the footings of chimneys 
the above values may be reduced by }i, 

4. The seismic coefficient values may be reduced where the earthquake force 
is known definitely to be small. 

Chapter 3. Allowable Unit Stresses 

Section 1. Wooden Construction 

Articles 21 to 26 omitted. 

Section 2. Steel Construction 

Art. 27. The allowable stresses for steel, under ordinary conditions, shall be 
as shown in Table 19 [Table 17.7]. 


Table 17.7. Allowable Unit Stresses for Steel [JBC Table 19] 
In pounds per square inch 



Under sustained loading 

Temporary 

Material 

Comp. Tens. 

BM 

Shear 

Bear. Contact loading 

Structural steel . . . 

22,700 22,700 

22,700 

11,350 

42,500 65,200 

Rivet steel 

22,700 


17,000 






1.5 times the val- 

Bolts : 




ues of the allowa- 

Unfinished 

11,360 



ble stresses for 

Finished 

Cast steel 

14,200 

22,700 22,700 

22,700 

17,000 

11,350 

42,500 65,200 

Cast iron 

14,200 



39,600 


Note: Allowable rivet strength is to be computed on the basis of the diameter of 
the rivet hole. Allowable bolt strength in tension is to be based on the cross section 
of the bolt. 


Art, 28. The allowable stresses of welded connections, based on throat thick- 
ness, shall be as shown in Table 20 [Table 17.8], 

Art. 29. The allowable buckling stress in compression members shall be deter- 
mined from the following equations, based on the effective slenderness ratio of 
the members: 

X < 30 

30<X<100 A=/»[l -0.4 (j|q)°] 

X > 100 /, = (yioo)2 
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where fx == allowable buckling stress 

fc = allowable compressive stress 
X = effective slenderness ratio 
Art. 30. Constants for structural steel shall be taken as indicated in Table 21 
[Table 17.9]. 

Table 17.8. Allowable Unit Steesses for Welded Connections 
[JBC Table 20] 

In pounds per square inch 


Welding 

Type 

of 

joint 

Sustained loading 



Temporary loading 

Comp. 

Tens. 

BM 

Shear 

Shop 

Butt 

19,700 

19,700 : 
11, 
17,000 1 
9, 

19,700 

380 

1 17,000 
850 

9,850 

1.5 times the values of the 


Fillet 

Field 

Butt 

17,000 

8,500 

allowable stresses for 
sustained loading 


Fillet 






Table 17.9. Constants for Structural Steel [JBC Table 21] 
In pounds per square inch 


Material 

Young^s modulus 

Shear modulus 

Poisson’s ratio 

Steel and cast steel 

30 X 10' 

11.5 X 10« 

0.3 



Section 3. Reinforced Concrete Construction 

Art. 31. Allowable stresses for reinforced concrete, under ordinary conditions, 
shall be as indicated in Table 22 [Table 17.10]. 


Table 17.10, Allowable Unit Stresses for Reinforced Concrete 
[JBC Table 22] 

In pounds per square inch 


Material 

Sustained loading 

Temporary loading 

I Comp. 

Tens. 

Shear 

Bond 

Steel 

22,700 

H Fc; less 
than 1,000 

22,700 

Fc] less 
than 100 



1.5 times the allowable 
values for sustained load- 
ing 

2 times the allowable val- 
^ ues for sustained loading 

Concrete 


100 




Note: Fc denotes ultimate compressive strength of concrete cylinders at 4 weeks. 


Art. 32. Constants for reinforced concrete, under ordinary conditions, shall 
be taken from Table 23 [Table 17.11], 
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Table 17.11. Constants fok Reinfokged Concrete [JBC Table 23] 



Young's modulus, psi 

Modular ratio 


Steel 

Concrete 

Frame analysis 

30 X 108 

3 X 10® 

10 

Member design 

30 X 108 

2 X 10= 

15 



Art. 33. When the minimum diameter of a rectangular compression member 
less than 115 of the clear length of the member, consideration for buckling is 
required. 


Section 4. Foundation Construction 

Art, 34. The allowable bearing capacity of soils, under ordinary conditions, 
may be taken from Table 24 [Table 17.12]. However, for soils not included in 
the table, the presumptive bearing capacity shall be determined by reference to 
Table 24 [Table 17.12]. 


Table 17.12. Allowable Bearing Capacity of Soils [JBC Table 24] 
In tons per square foot, approximately 


Description 

Sustained 

loading 

Temporary 

loading 

Hard rock 

40 


Soft rock 

25-10 

2 times the 
values for 
sustained 
loading 

Gravel, mixtures of sand and gravel, compact and loose 
Sand, compact and loose 

6-2 

4-1 

Mixtures of sand and clay, loam 

3-1.5 

Clays, hard, medium, and soft 

3-1 

snt 

0 


Special soils 

! To be determined according 
to actual conditions 



Art, 35. Values given in Table [17.12] need not be used when the bearing 
capacity is determined by soil loading tests. Note: Bearing plates for the load- 
ing test of 45 cm square is standard, and the load producing a total settlement 
of 2 cm shall be considered the allowable bearing capacity for temporary loads 
and H of this value as the bearing capacity under sustained loads. The total 
settlement is defined as the amount of settlement resulting from the applied 
load when the increment of the settlement in 24 hours becomes less than 0.1 mm. 

Art. 36. The allowable bearing capacity of a pile, under ordinary conditions, 
shall be determined from the equations given in Table 25 [Table 17.13]. How- 
ever, the stresses developed in the pile shall not exceed the allowable stresses 
of the pile material. 
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Table 17.13. Allowable Bearing Capacity of Piles [JBC Table 25] 

In metric tons 


Driving equipment 

Sustained loading 

Temporary loading 

Drop hammer 

^ 0.15WH W 


Single-acting steam hammer. 

^ S -\-k W +P 

OASWH W 

2 times the values 
for sustained load- 
ing 

Double-acting steam hammer 

^ S -hk W -h P 

0.2F W 
^ ^ + -hP 


R = allowable bearing capacity of pile, metric tons 
W = weight of hammer, metric tons 
H = height of drop of hammer, cm 

S — final penetration of pile under final blows of hammer, cm 
P = weight of pile, metric tons 
. F — energy of impact of steam hammer, metric ton-cm 
k = 5RL/2AE + 0.15 cm 
L = pile length, cm 

A = average cross-sectional area of pile, cm® 

E — Young’s modulus of pile material, metric tons/cm® 

Art. 37. Provisions of the previous article need not be applied when the sup- 
porting power of the pile is determined from loading tests. Note: When the 
total settlement is 1.5 cm, the load causing this settlement may be taken as the 
allowable supporting power under temporary loading and of this value may be 
taken as the supporting power under sustained loading. Total settlement is 
defined as the amount of settlement resulting when the settlement increment in 
24 hours becomes less than 0.1 mm. 

17.4. Proposed Modifications in the Japanese Seismic Factors. The 

Architectural Institute of Japan, as of August, 1955, has proposed certain 
modifications with reference to seismic factors by taking into considera- 
tion the height of buildings, the relation between the type of construction 
and soil conditions, and the frequency expectation of destructive earth- 
quakes in different regions in Japan, as follows: 

1. Basic seismic factors for buildings: 

Basic seismic 


Height above the ground^ ft factor Co 

Up to 52.5 (approx.) 0.20 

52.5-66 0.21 

66-79 0.22 

79-92 0.23 

92-102 (limiting height) 0.24 


2. Modification of Co for construction type and soil conditions (coef- 
ficient A): 
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Soil 

Wood 

Steel 

Reinforced concrete 

Masonry 

Tertiary (old and firm formations) 

0.6 

0.6 

0.8 

1.0 

Diluvium (thick gravel beds) 

Alluvium (soft and recent forma- 

0.8 

0.8 

0.9 

1.0 

tions) 

1.0 

1.0 

1.0 

1.0 

Exceedingly soft 

1.5 

1.0 

1.0 

1.0 


3. Modification of for different regions (coefficient B) : 

Regions 

Kanto, Chubu, Kinki, which include cities of Tokyo, 

Yokohama, Kyoto, Osaka, Nagoya 1.0 

Northeastern region, central region, island of Shi- 

koku, and southern Hokkaido 0.9 

Kyushu, northern Hokkaido 0.8 

The design seismic factor C is to be determined from ^ 

C == Co(coefficient A) (coefficient B) 

When the product of the coefficients A and B is less than 0.5, it should be 
taken as 0.5. 

17 . 6 , Joint Committee Code for Lateral Forces. The Lateral Force 
Code prepared by the Joint Committee of San Francisco, California Sec- 
tion, ASCE, and Structural Engineers Association of Northern Cali- 
fornia and published in the ASCE Proceedings, vol. 77, separate no. 66, 
April, 1951, represents a work of outstanding significance and value in 
pointing toward a rational approach to the dynamic problem of earth- 
quake-resistant design. For the first time, the determination of the 
seismic coefficient C takes into consideration the dynamic behavior of 
buildings. The qualitative variation of the dynamic shear acting on 
buildings is based on the characteristic properties of earthquakes as repre- 
sented by the acceleration spectra determined by Biot and Robison based 
on past earthquakes for undamped one-mass systems with varying funda- 
mental periods T as shown in Fig. 17.3. The distribution of the base shear 
V to different floor levels assumes an inverted triangular loading with 
twice the average load at the top and zero load at the base on the assump- 
tion that buildings deflect half in bending and half in shear. 

A maximum seismic coefficient of 6 per cent for buildings with low 
periods of vibration in the fundamental mode up to 0.25 sec and a 
minimum seismic coefficient of 2 per cent for buildings with periods of 
vibration greater than 0.75 sec have been designated, based on past 
earthquake experience on the West Coast as shown in Fig. 17.4. The 
permissible unit stresses may be increased by one-third for combined 
stresses due to sustained and temporary loads of earthquake or wind. 
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As pointed out by the Joint Committee [3], this code specifies design 
and construction provisions which will guard against major structural 
damage and loss of life and does not attempt more than this. J. E. 
Rinne, chairman of the Joint Committee, discusses the various considera- 
tions leading to the Lateral Force Code development in another paper 


# 



Pig. 17.3. Response of simplified structures to earthquakes. 



Fig. 17.4. Lateral-force coefficients for buildings. 

[4] which indicates the numerous difficulties and complications inherent 
in the problem of practical aseismic design. 

San Francisco had adopted a building code based on the Joint Com- 
mittee Code with slight modifications, on the side of safety, as follows: 
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for the building as a whole, and C is to be not less than 0.035 or more than 
0.075. 


0.035 

T 


(17.4) 


for all structures other than buildings, and C is to be not less than 0.04 
or more than 0.10. 

The Joint Committee Code for lateral forces is reproduced below. 

Sect. 01. — General Requirements 

Every building and other structure, in all its parts and details, shall be designed 
and constructed to resist and withstand lateral forces herein described from any 
direction due to wind forces or earthquake forces, whichever are greater. The 
forces considered shall be not less than those described in Sections 02, 03, and 04. 
In general, every building or structure shall be so designed that all its elements 
calculated to resist lateral forces are tied and bonded together. 


Sect. 02. — ^Wind Pressure 

(а) For purposes of design the wind pressure shall be taken on gross area of the 
vertical projection of buildings and structures at not less than 15 lb per sq ft for 
those areas of the building or structure less than 60 ft above ground and at not 
less than 20 lb per sq ft for areas more than 60 ft above ground. Roofs and their 
anchorages shall be designed for an upUft force of 10 lb per sq ft. 

(б) The wind pressure on roof tanks, roof signs, or other exposed roof struc- 
tures and their supports, shall be taken as not less than 30 lb per sq ft of the 
gross area of the plane surface, acting in any direction. 

(c) In calculating the wind pressure on circular tanks, towers, or stacks, these 
pressures shall be assumed to act on six-tenths of the projected area. 

(d) On open-framed structures the area used in computing wind pressure shall 
be one and one-half times the net area of the framing members in the side exposed 
to the wind using a base pressure of 30 lb per sq ft. 


Sect. 03. — Minimum Earthquake Forces for Buildings 

(a) Total Lateral Force . — ^Every building shall be designed and constructed to 
withstand minimum total lateral forces, determined independently in the direc- 
tions of the principal axis of the building, as given by the formula, 

V ^ OW 


in which V is the total lateral force or shear at the base; C is the numerical coeffi- 
cient as given hereafter; and W is the total weight of the building above the base, 
including dead load plus a percentage of the live load hereinafter specified. 

(6) Coefficient C . — 

1. In the building as a whole the coefficient C shall be 

^ 0.015 


T 
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in which T is the fundamental period of vibration of the building in seconds in 
the direction considered. The required value of C shall not be less than 0.02 nor 
more than 0.06. 

2. Qualified persons may submit technical data to substantiate the period T 
obtaining for a contemplated building. In the absence of such data, it may be 
assumed that 

T = 0.05 

Vb 

in which H is the height of the main portion of the building, in feet, measured 
above the base which shall be the level at which the structure is positively con- 
nected to the ground; and b is the width, in feet, of the main portion of the building 
in the direction considered. 

(c) The Weight W , — The weight W of buildings shall include all dead load plus 
50 % of the design live load for storage and warehouse floors, 25 % of the design 
live load for all other floors, and no live load for roofs. 

(d) Applied Lateral Forces , — 

1. The total lateral force V shall be distributed over the height of the building 
in accordance with the following formula: 

W = '^xhx 

'Liwh) 

in which F^ is the lateral force applied to any level x] Wx is the weight at level x] 
hx is the height of level x above the base; and '2>{wh) is the summation of the 
products wh for the building. 

2. At each level x, the force Fx shall be applied over the area of the building, in 
accordance with the mass distribution on that level. 

(e) Lateral Forces on Parts of the Building . — 

1. Parts of buildings and their anchorage shall be designed for lateral forces 
determined from the formula, 

Fp = CpWp 

in which Fp is the lateral force on the part and in the direction under considera- 


Table 17.14. Coefficients Cp for Use in Sect. 03(e) 1 


Part 

Cp 

Comment 

Direction 

Exterior walls and other nonresisting ele- 

0.20 

With a minimum 

Normal to sur- 

ments not otherwise classified 


of 15 lb per sq ft 

face of waU 

Interior walls and partitions 

0.10 

With a minimum 
of 5 lb per sq ft 


Parapet waOs, exterior and interior orna- 
mentations 

0.50 


Any direction 
horizontally 

Towers and tanks, including contents, 
chimneys, smokestacks, and penthouses 
when connected to or part of a building 

0.20 


Any direction 

I horizontally 
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tion; PTp is the weight of the part; and Cp is a coefficient selected from [Table 
17.14]. 

2. The distribution of these forces shall be according to the gravity loads per- 
taining thereto. 

Sect. 04. — Minimum Earthquake Forces for Other Structures 

(а) All structures other than buildings, except tower-supported structures, shall 
be designed and constructed to withstand minimum total lateral forces deter- 
mined as for buildings (Sect. 03) except that C shall be determined by 

^ _ 0.025 
^ T 

in which the required value of C shall not be less than 0.03 nor more than 0.10. 
Qualified persons may submit technical data to substantiate the period T obtain- 
ing for a contemplated structure; otherwise T shall be calculated by recognized 
methods assuming fixed base conditions. 

(б) In all tower-supported structures, such as elevated tanks, C shall not be 
less than 0.10. 

(c) The total lateral force shall be distributed over the height of the structure 
in the same manner as for buildings, Sect. 03(d), 

(d) The weight W shall include all dead load plus normal operating live load. 

(e) The provisions of Sect. 03(e) shall apply also to parts of structures other 
than buildings. , . , 

Sect. 05. — Distribution of Horizontal Shear 

The total horizontal shear at any horizontal plane shall be distributed to the 
various resisting elements in proportion to rigidities. 

Sect. 06. — Horizontal ToRvSional Moments 

Proper provision shall be made for horizontal torsional moments unless the 
center of rigidity of the resisting structural units is coincident with the center of 
gravity of the vertical loads in the building or other structure. 

Sect. 07. — Provisions against Overturning 

(а) The dead load moment of stability of every building or other structure 
shall not be less than one and one-half times the overturning moment caused by 
wind pressure. 

(б) Provision for overturning moment shall be made for the specified earth- 
quake forces in the top ten stories of buildings or the top 120 ft of other structures, 
and the moments shall be assumed to remain constant from these levels into the 
foundations. 


Sect. 08. — Buildings Having Setbacks 

(a) Buildings with setbacks shall be designed by the methods previously 
specified in Sect. 03 except that, for purposes of determining the period T, the 
coefficient C, and the base shear F, the height H shall be the average derived 
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by dividing the area of the elevation of the building, as projected on a plane 
parallel to the direction considered, by the base width h. 

(h) Towers having a plan area less than 25 % of the plan area of the lower part 
of the building may be designed as separate structures for their own height, width, 
and weight. In this case the resulting total shear from the tower is to be applied 
at the top of the lower part of the building which shall be otherwise considered 
separately for its own height, width, and weight. 


Sect. 09. — Design Requirements 


{a) Structural Frames . — The lateral force-resisting capacity of any moment- 
resisting structural frame may be deducted from the total required lateral force to 
determine the required resistance of other lateral force-resisting elements, pro- 
vided that such a frame has a resistance of at least 25 % of the total lateral forces 
hereinbefore required, and provided that the building or structure as a whole 
shall be designed to resist a lateral force resulting from a coefficient C equal to 
not less than 0,02. 

(5) High Buildings . — In buildings higher than 135 ft a moment-resisting fvame 
shall be provided, designed to resist a lateral force resulting from a coefficient 0 
equal to 0.01, or the wind force specified in Sect. 02, whichever is the greater. 

(c) Increase of Unit Stresses for Horizontal Forces . — 

1. For combined stresses due to lateral loads caused by earthquakes or wind, 
and for the vertical design dead and live loads as defined elsewhere, the permissible 
unit stresses may be increased one third, provided the section thus required is not 
less than that required for dead and live loads alone. For members carrying 
stresses due only to lateral forces caused by earthquakes or wind the permissible 
unit stresses may be increased one third. 

2. In foundations due consideration shall be given to the capacity of the soil 
under combined vertical and short time lateral loading, but any increase shall 
not exceed 100% of the normal bearing value. 

(d) Combined Axial and Bending Stresses in Columns . — 

1. Maximum allowable extreme fiber stress in columns at the intersection of a 
column with floor beams or girders, for combined axial and bending stresses, shall 
be the allowable bending stress for the material used. Within the center one-half 
of the unsupported length of the column, the combined axial and bending stresses 
shall be such that 


fa 

fsa 


+ {^<1 

Jsh 


in which fa is the axial stress; is the allowable axial stress; /& is the bending 
stress; and/«& is the allowable bending stress. 

2. When stresses are due to a combination of vertical and lateral loads, the 
allowable unit stresses may be increased as provided in Sect. 09(c). 
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CHAPTER 18 


EARTHQUAKE-RESISTANT-DESIGN METHODS 
AND PRACTICE 


18.1. Introduction. Day-to-day design of buildings for earthquake 
forces usually employs equivalent static loads that are determined in 
accordance with provisions in the applicable building code. The deter- 
mination of earthquake forces by the Uniform Building Code and the 
modified Japanese Building Code is based on the constant-acceleration 
concept, while the Joint Committee Code is based on consideration of the 
earthquake spectra of past Pacific Coast earthquakes. The constant- 
acceleration concept is generally justifiable for rigid, shear-type build- 
ings with short periods of vibration. The velocity-spectrum technique of 
Housner and Hudson may be applied expediently to moderately flexible 
structures such as high stacks and elevated water-tank towers. For 
tall buildings with long periods of vibration, perhaps another design 
criterion such as constant displacement may be indicated. 

Dynamic methods of analysis applicable to earthquake-resistant design 
and some examples of such application are briefly referred to without 
attempting to explain the methods fully. Statical methods of design 
which are used in ordinary design offices are more fully described with 
examples, and a comparative study of aseismic designs by three different 
building codes is included. 

18.2. Dynamic Methods of Analysis. The theory of structural 
dynamics (Chaps. 3 to 6) may be applied to actual buildings by repre- 
senting the prototypes by idealized systems and obtaining solutions by 
simplified analysis (Chap. 7). The application of the theory to cases 
other than one-mass or several-mass systems involves a great deal of 
calculations and for actual situations becomes inpractical as a normal 
design procedure. Cheney shows an application of the normal-mode 
method of analysis for a two-story building for earthquake loading which 
involves the determination of participation factor, dynamic-load factor, 
and characteristic values, as developed in Chap. 4 of this book [1]. 
Housner shows an application of the response-spectrum method of 
analysis for earthquake-resistant design of tall stacks [2], and others 
have employed methods combining the normal-mode and earthquake- 
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spectra technique in the studies of the behavior of elevated water-tank 
towers and refinery vessels [3]. 

Three different dynamic methods of analysis applicable to the earth- 
quake problem were presented by Housner, Jacobsen, and Newmark at 
the Symposium on Earthquake and Blast Effects on Structures held at 
UCLA in June, 1952 [4-6]. Newmark presented another paper com- 
plementary to the above at the Conference on Building in the Atomic Age, 
Massachusetts Institute of Technology, June, 1952 [7]. At the World 
Conference on Earthquake Engineering, University of California, 
Berkeley, June, 1956, Hudson and Housner [8, 9] further elaborated on 
their response-spectra technique and Ayre [10] discussed the dynamic 
response of shear-type buildings, using, in part, the phase-plane-delta 
method. 

a. Earthquake-spectrum Technique. The technique developed at 
California Institute of Technology employs a direct electric analog com- 
puter for the determination of earthquake-response spectra. A series 
electrical circuit consisting of an inductance, a capacitance, and a resist- 
ance forms a direct analogy to the mechanical single-degree-of-freedom 
system. The ground-acceleration record is reproduced, and the response 
characteristics are measured as voltages at various points in the circuit. 
By this technique, response spectra have been determined for strong- 
motion earthquakes on the Pacific Coast, and characteristics of these 
earthquakes have been studied. Practical applications of this technique 
to determine the dynamic response of structures subjected to ground 
disturbances by Hudson and Housner demonstrate the significance of 
this new development [8, 9]. 

b. Phase-plane-delta Method. The method described by Jacobsen is an 
expedient graphical method for obtaining the dynamic response of struc- 
tures subjected to blast or earthquake loadings and involving deforma- 
tions from the elastic into the plastic range. The ground-acceleration- 
time function is approximated by rectangular block doublets, and a first- 
order differential equation of motion is obtained with displacement and 
velocity as the variables which are plotted in the phase plane. Several 
examples in the paper illustrate the use of the method in one-mass 
systems. 

c. Numerical-integration Methods. The method presented by New- 
mark is completely general in determining the response of structures 
under any type of dynamic loading. The structure is represented by an 
idealized lumped-mass system in the usual manner, and the relationship 
between force and displacement is assumed at the beginning. Numerical 
step-by-step integration is carried out on the basis of assumed displace- 
ments which are checked and modified until compatibility is satisfied. 
This procedure is applicable in all ranges of deformation. The use of 
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rapid electronic computing equipment facilitates obtaining solutions for 
complicated structures such as multistory buildings. 

A numerical method for use in the design office has been proposed by 
Whitney, Anderson, and Salvadori {J. ACI^ September, 1951) for the 
analysis of shear buildings under sinusoidal pulses which considers struc- 
tural stiffness and rocking of buildings about the foundation. 

18.3. Statical Methods of Design. The highly indeterminate multi- 
story building frames subjected to horizontal static loads require involved 
calculations by the so-called exact methods such as the slope-deflec- 
tion method. Consequently, convenient approximate methods have 
been developed ranging from crude approximations to more rational 
approximations . 

a. Approximate Methods. The cantilever and portal methods are the 
better-known approximate methods widely used in the past. Certain 
modifications in the above methods have been proposed from time to time 
such as the modified portal method by Naito. Another method based 
on the study of numerous bents by the slope-deflection method is the one 
suggested by Bowman [12]. The factor method, developed by Wilbur, 
which considers the stiffness of the members of building frames [13], 
and the AIJ (Architectural Institute of Japan) method, based on investi- 
gations of Muto, which also considers the member stiffnesses [14], are 
representative of the more rational approximate methods. The factor 
method, the AIJ method, and the Bowman method can be expected to 
give generally good results for regular building frames. The assumptions 
and procedures to be followed in these methods are outlined briefly. 

In the cantilever method^ the following assumptions are made in order 
to render the building frames statically determinate: 

1. Points of inflection are located at the mid-span of girders. 

2. Points of inflection are located at the mid-height of columns. 

3. Unit direct stresses in the columns vary as the distances of the 
columns from the center of gravity of the bent. (It is usually assumed 
that all columns in a story are of equal area. In this case, the total axial 
forces in the columns will vary as the distances from the center of gravity 
of the bent.) 

In the portal method, the following assumptions are made: 

1. Same as in the cantilever method. 

2. Same as in the cantilever method. 

3. The shear in the exterior columns is the same and is equal to one- 
half the shear in the interior columns, which is the same for all interior 
columns in a given story. 

In the modified portal method, the following modifying assumptions 
are made: 
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1. Same as in the portal method except in the lower stories, which are 
determined by the requirements of statical equilibrium. 

2. Same as in the portal method except in the top story, where the 
points of inflection are located 0,4 of the story height measured from the 
bottom, and in the bottom story, where they are located 0.6 of the story 
height from the bottom. 

3. Same as in the portal method, except for the bottom story, where the 
shear in the exterior column is 0.8 of the shear in the interior column. 

In the Bowman method^ the following assumptions are made: 

1. Points of contraflexure in exterior girders are located at 0.55 of their 
length from their outer ends and in other girders at their mid-points 
except (a) in the center bay, where the total number of bays is odd, and 
(6) in the two bays nearest the center, where the total number of bays is 
even. In these excepted cases the points of contraflexure in girders will 
be located as required by conditions of symmetry and equilibrium. 

2. In bents of one or more stories, the points of contraflexure in bottom- 
story columns are at 0.60 height from the base; in bents of two or more 
stories, the points of contraflexure in top-story columns are at 0.65 
height from the top; in bents of three or more stories, the points of con- 
traflexure in the columns of the story next to the top are at 0.60 height 
from the upper end; in bents of four or more stories, the points of contra- 
flexure in the columns of the second story from the top are located at 0.55 
height from the upper end; and in bents of five or more stories the points 
of contraflexure in the columns of stories not provided for above are at 
0.50 height, 

3. There is divided equally* among the columns of the bottom story 
an amount of shear equal to (number of bays — 3^^)/ (number of columns) 
times the total shear in the story; the remaining shear in the bottom 
story is divided among the bays inversely as their widths;! and the 
shear in a bay is divided equally between the two columns adjacent to 
the bay. There is divided equally* among the columns of other stories 
an amount of shear equal to (number of bays — 2)/(number of columns) 
times the total shear in the story; the remaining shear in the story is 
divided among the bays inversely as their widths;! and the shear in a 
bay is divided equally between the two columns adjacent to the bay. 

5. The Factor Method. This method may be considered as an approxi- 
mate slope-deflection method using correct relative-stiffness values of 

* Where the column moments of inertia of a story are not equal, as when investi- 
gating an existing building, this part of the shear is to be divided among the columns 
in proportion to their moments of inertia. 

t "W^ere the moments of inertia of the girders above any story are not equal, this 
part of the shear should be divided among the bays directly as the stiffnesses of the 
girders above the bays. 
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the members of the frame. The following six steps are involved in this 
method : 

1. For each joint, compute the girder factor g by the following: 
g = 'LKc/'^K, where S/C denotes the sum of the K values for the columns 
meeting at that joint, and 'ZK denotes the sum of the K values for all 
members of that joint. Write each value of g thus obtained at the near 
end of each girder meeting at the joint where it is computed. 

2. For each joint, compute the column factor c by the following: 
c = 1 ~ gr, where g is the girder factor for that joint as computed in 
step 1. Write each value of c thus obtained at the near end of each 
column meeting at the joint where it is computed. For the fixed column 
bases of the first story, take c = 1. 

3. From steps 1 and 2, there is a number at each end of each member of 
the bent. To each of these numbers, add half of the number at the other 
end of the member. 

4. Multiply each sum obtained from step 3 by the K value for the mem- 
ber in which the sum occurs. For columns, call this product the column 
moment factor (7; for girders, call this product the girder moment factor G, 

5. The column moment factors C from step 4 are actually the approxi- 
mate relative values for column end moments for the story in which they 
occur. The sum of the column end moments in a given story may be 
shown by statics to equal the total horizontal shear on that story multi- 
plied by the story height. Hence, the column moment factors C may be 
converted into column end moments, by direct proportion, for each story. 

6. The girder moment factors G from step 4 are actually approximate 
relative values for girder end moments at each joint. The sum of the 
girder end moments at each joint equals, by statics, the sum of the 
column end moments at that joint, which can be obtained from step 5. 
Hence, the girder moment factors G may be converted to girder end 
moments, by direct proportion, for each joint. 

c. AIJ {Architectural Institute of Japan) Method, The provisions of 
this method are as follows: 

1. The analysis of rectangular frames acted on by horizontal loads is 
based on the following assumptions: 

(а) The horizontal loads are considered to act in the longitudinal and 
transverse directions, separately. 

(б) The deflection of any given story of a building consisting of various 
bents is considered to be the same, except in special cases. 

2. If an exact method of analysis is not used, an approximate method 
embodying the provisions of items 3 and 4 below and one which takes 
into consideration the relative stiffness of the members of the frame is to 
be used. 

3. For frames in which the lower ends of the bottom-story columns may 
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be considered as fixed and the horizontal forces acting at each floor level 
are approximately of the same magnitude, the shears, bending moments, 
and direct axial loads are to be computed in the order indicated below. 

(а) Shear distribution in columns. The shear is divided among the 
columns of any story in proportion to the value of D, to be determined 
from the relation 

D = akc 

where a = A/(2 + fc), for all stories except lowest 
a = (1 + fc)/(2 + £), for lowest story 
kc == column-stiffness ratio 

k = J>^(sum of girder stiffnesses at top and bottom) /(column 
stiffness), for columns of all stories except lowest 
k = (sum of girder stiffnesses at top of column) /(column stiffness), 
for columns in lowest story 

(б) Location of points of inflection in columns. The point of inflection 
of each column is to be determined from the following relation, where y 
is measured from the base of a column: 

2/ = (2/0 + 2/1 "b 2/2 + 2/3)^ 

where = standard point of inflection (AIJ-1 to AIJ-12) 

2/1 = correction for differences in stiffness of girders framing into 
column at top and bottom; need not be considered for lowest 
story (AIJ-13) 

2/2 = correction for difference in story height above column under 
consideration; need not be considered for top story (AIJ-14) 
yz == correction for differences in story height below column under 
consideration; need not be considered for lowest story 
(AIJ-14) 

h = story height 

(c) Column and girder bending moments. The column bending 
moments to be computed from the calculated column shears and points of 
inflection of columns. Girder bending moments to be obtained from 
column moments at the joint in question in proportion to the stiffness of 
the girders. 

(d) Girder shears and column direct loads. The girder shears to be 
determined from the bending moments acting at the ends of the girder 
under consideration, and the column direct loads by algebraic summation 
of girder shears, starting from the top story. 

d. Exact Methods. The slope-deflection method and moment-dis- 
tribution method represent practically usable methods for the solution of 
multistory-building frames. The adequacy of any approximate method is 
judged by the degree of agreement obtained in the results by the approxi- 
mate and exact methods. 
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Fig. 18.3. Chart AIJ-3. 2/0 for three-story frame, n denotes location of story. 



Fig. 18.4. Chart AIJ-4. j/o for four-story frame, n denotes location of story. 
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Fig. 18.7. Chart AIJ-7. yo for seven-story frame. Fig. 18.8. Chart AIJ-8. yo for eight-story frame, 

n denotes location of story. n denotes location of story. 
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Fig. 18.9. Chart AIJ-9. t/o for nine-story frame. Fig. 18.10. Chart AIJ-10. 2/0 for 10-story frame. 

n denotes location of story. n denotes location of story. 
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Fig, 18.11, Chart AIJ~11. yo for 11-story frame. Fig. 18,12. Chart AIJ-12. T/ofor 12-story or more frame, 

n denotes location of story. n denotes location of story. 
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Note: Need not be considered for the lowest story. 

rZ of girders above 

(X ~ 

SiC of girders below 

When the stiffness of the girders below the column is less than that of the girders at 
the top, take 

'ZK of girders at bottom 

Q/ ss: — 

ZK of girders at top 

and use the negative sign of the value thus obtained. 

Fig, 18.13. Chart AIJ-13. Correction value yx due to variation in girder stiffness. 
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h (above) - . 

^ « --i .. - - i — 1 in reading 

h 

h (below) . . 

=- i — 1 in reading yz 

h 

2/2 need not be considered for the top story, ys need not be considered for the bottom 
story. 

Fig. 18.14. Chart AIJ- 14. Correction values and t/a due to variation in story heights. 
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18.4. Design of Actual Buildings. A reinforced-concrete eight-story 
building, seven stories aboveground with one basement story, will be 
used to illustrate the application of different methods of solution and to 
make certain comparisons. This building was designed in the office of 
Dr. T. Naito during the author^s association in this office between 1933 
and 1937. The north elevation of this department store is shown in Fig. 
18.15. A typical section through columns A^-Ez is shown in Fig. 18.16. 
Beam plans and foundation plan and sections are shown in Fig. 18.17, 
and it will be noted that footings are interconnected with strong tie 
beams and a foundation slab is provided under the entire building. The 
design loads for the slabs, beams (girders), and columns and for seismic 
loading are assembled in Table 18.1. When this building was designed, 
the seismic coefficient then used was 0.1, and 50 per cent of the floor 
live load was taken for seismic computations with the allowable unit 
stress for steel of 17,000 psi without any permissible increase in this value 
for combined stress resulting from sustained and temporary-earthquake 
loadings. Based on the study of architectural drawings, the seismic- 
distribution coefficients D* were evaluated for each bay for all stories 
in two principal directions, which are indicated in Fig. 18.18 for each 
story. The value of D = 1 is assigned to a normal open bay, and a 
maximum value of D = 8 or 9 has been assigned to a walled bay without 
openings, and intermediate values for other bays, depending on the rela- 
tive rigidities of the bays. The evaluation of these D values is based 
mostly on experience and judgment. 

The modified portal method was used in the original design. The 
weight of the building for seismic design is computed from the top to 
the basement for each story separately and is shown in the column under 
heading W in Table 18.2. The total weight above the plane considered 
is shown in the column under heading STT, and the total earthquake shear 
in the column under the heading HiS = O.lSTF. Computations of the 
column and girder moments, the girder shears, and the column direct 
stresses for frame Az-Ez are summarized in Table 18.3. 

The frame under consideration through columns Az-Ez is shown in 
plan in Fig. 18.17. The amount of horizontal shear acting on this frame 
at each floor level is obtained from the relation: sum of the D values 
for the frame divided by the total D values for the entire building for 
each story in the direction considered. The force of 6.5 metric tons 
acting at the roof level is obtained as follows: the D value for the top 
story is 4, which is multiplied with a unit shear value in the vertical direc- 
tion for this story of 1.62 (Table 18.3), giving 6.5 tons, approximately. 
The horizontal forces at other floor levels are obtained similarly. It is to 
be noted that at the first-floor level, a force of 7.6 tons must be applied 

* Note that D as used here is similar to, but not specifically the same as, D used in 
the AIJ method described in the previbus section. 
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in a direction opposite to the forces above in order to satisfy the shear value 
for the basement story, a situation frequently occurring when there are 
more seismic walls or other resisting elements than in the stories above. 
The moments at the ends of columns for the frame are indicated in Fig. 
18.19a, and those for girders in Fig. 18.19&. The dashed lines indicate 
moment variations by the slope-deflection solution. The discrepancies in 
the moment values in the lower stories are considerable. 

The solution of the same frame by Bowman^s method is shown in 
Fig. 18.20a and h. 

The solution by the AIJ method or the factor method requires that the 
relative stiffness of the members in the frame be known. The dimensions 
of the frame, stiffness of members, and the forces acting at different floor 
levels are shown in Fig. 18.21a. Following the procedure outlined for 
the AIJ method, the moment values at the ends of columns and girders 
are obtained as illustrated in Fig. 18.21& and c, respectively. The 
solution of the same frame under a different loading condition by the 
factor method is indicated in the following article. 

As is evident from the moment values obtained by different methods, 
it is necessary to exercise sound judgment to ensure that the stresses be 
routed from the foundation to the roof, and vice versa, smoothly, in 
designing the separate members comprising each frame of the building. 
Attention to structural details is equally important. 


Table 18.1. Assumed Design Loads 
In tons per square meter 



Load 

Slab 

Beam 

Column 

Earthquake 

Penthouse 

Roof 

Live load 
Dead load 

Total 

0.20 

0.40 

0,16 

0.492 

0.14 

0.56 

0.10 

0.56 

0.60 

0.652 

0.70 

0.66 

8th 

Live load 
Dead load 

Total 

0.75 

0.36 

1.11 

0,60 

0,45 

1.05 

0,527 

0.51 

1,037 

0.375 

0.51 

0.885 

7th roof 

Live load 
Dead load 

Total 

0.55 

0.55 

1.10 

0,44 

0.67 

1.11 

0.387 

0.713 

1.1 

0.275 

0.713 

0.988 

i 

General floors (2d to 7th) 

Live load 
Dead load 

Total 

0.55 

0.55 

1.10 

0.44 

0.67 

1.11 

0.387 

0.863 

1.25 

0.275 

0.86 

1.135 

1st floor 

Live load 
Dead load 

Total 

0.55 

0.60 

0,44 

0.71 

0.387 

0.863 

0.275 

0.86 

1.15 

1.15 

1.25 

1.135 
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QZ 5, 6 stories 

64 2, 3, 4 stories 

t 41 2nd'-6th fl. 

J 2 3 4 5 6 



Basement 


stories) 



Fig. 18.18, Seismic-distribution coefRcients. 


Table 18.2. Weight Computations for Seismic Shears 
In metric tons 
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Table 18.3. Analysis of Frame Az~Bz by Naito’s Modified 
Portal Method 
In metric tons 


2 ^ Interior- Exterior- 

' ~ column column 

moment, moment, 
ton-meters ton-meters 


Girder Girder* 
moment, shear, 

ton-meters tons 


Roof tons 




82.6 51 61 1.62 1.35 


3.6 2.93 1.76 1.47 1.75 1.47 0.64 0.54 


2.35 1.96 1.18 0.96 4.63 3.19 1.7 1.17 


156 41 63 3.8 2.46 6.9 4.45 3.46 2,23 


I 8.6 5.68 3.16 2.04 


233 41 63 5.7 3.7 10.3 6.7 5.15^ 3.35 


12.0 7.76 4.4 2.84 


311 41 64 7.6 4.85 13.7 8.8 6.85 4.4 


15,46 9.8 5,65 3.6 


390 41 64 9.5 6.1 17.2 10.8 8.6 5.4 


19.1 12.05 7.0 4.4 


470 41 64 11.5 7.36 21.0 13.3 10.5 6.65 


24.4 16.15 8.9 5.9 


653 46 66 12.2 8.4 27,8 19 13.9 9.5 


21.3 14.06 7.8 6.16 i 


14.8 9.1 11.8 7.3 I 


644 63 104 8.98t 6.52t 


122. 1 113.6 117.7 110.8 111. 051 6.8 14.0712.5 


* Span 5.46 m. 

t • “ si X rs = f X 1 X 5-6 = li X 0.89 = 5.62 tonB 

Shear of exterior columns assumed 80 per cent of that of interior columns. 
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( 2 . 11 ) 

1.75 



( 3 . 76 ) / ( 6 . 46 ) ( 6 . 0 )/ ( 11 ) ( 5 . 6 )/ ( 10 . 64 ) ( 5 . 9 )/ ( 11 ) 

146 WT i:46 V 

( 2.2 /’ 2.25 

( 5 . 5 )^ ( 7 . 5 ) ( 8 . 9 )/^ ( 15 . 35 ) ( 8 . 77 )/ ( 15 . 25 ) ( 9 . 0 )/ ( 15 . 5 ) 

L 




ra"' ^2)^ 

17.7 


L 5.45” . 1 , 

5.45 . 1 

5.45 

5.45"' . 1 

'T' ^ 


Fig. IS.lOo. Moment values by Naito’s modified portal method. Column moments 
in ton-meters. Moment values by slope-deflection method shown by dashed lines 
and numbers in parentheses. Moment values by Naito's modified portal method 
shown by solid lines. 
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Fig, 18.196. Moment values by Naito's modified portal method. Girder moments 
in ton-meters. Moment values by slope-deflection method shown by dashed lines 
and numbers in parentheses. Moment values by Naito's modified portal method 
shown by solid lines. 
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S.5^ 


0.551 


,0.451, 


RC. heated by 


conditions of equitibrium 

m 


.0.451 


0.551 


( 10 ) 


< 

I 

©■ 

< 

r 

©■ 

( 

K 

®- 

© 


8.7 5' 


2.36 
5 = 1.0 
t .26 


3.5 

S = 1.49 
1.87 


^ = 1.75 >*/= 1.59 

0.61 


4<«l.94 4/=2.36 

5 * = 0.79 


7.6 


5.1 

S = 2.36 
3.4 


M- 7.6 
4 - 5 * = 3.5 
4 #* 5.1 


/ 1 /= 4.27 
5 = 1.65 


>K= 5.2 /l/= 6.36 

5 = 2.11 


25 


7.0 
5 = 3,52 
5.7 


4 / = 10. 46 
5 = 5.23 
4 /= 8.5 


yl/= 7.78 ^=a 96 
5 = 2.7 


> 1 /= 8.6 ^= 10.4 

5=3.4 


y 1 /= 8.5 
5 = 4.7 
8.5 


/1/ = 12.6 
5 = 7.0 
yjf = 12,6 


/♦f = 10.55 /♦/= 9.4 
5 = 3.65 


i/= 11.7 iK= 14.2 

5 = 4.75 


25 


8.0 




M = W.G 
5 = 5.9 
Af^W.e 


bf=‘^5.7 
S = 8.7 
i1/ = 15.7 


ii/= 14.15 / 1 /= 12.7 
5 = 4.9 


y 1 <= 15.6 Af= 19.1 

5 = 6,4 




2.8 


I 


;K = 12.9 
5 = 7.1 
/ 1 /= 12.9 


>i/ = 19.2 
5 = 10.6 
^ = 19.2 


i*/ = 17.45 A/ = 15.6 
5 = 6.0 


^= 19.3 ^= 23.5 

5 = 7.8 


{ 


25^ 


> 1 /=t 5.3 
5 = 7.6 
/ 1 /= 18.8 


M^ll.7 
S = 11.2 
/l/= 28.0 


/♦/= 20.95 y»/= 18.7 
5 = 7.2 


/ 1 /= 23.2 /»/= 28.2 

5 = 9.4 


>1/ = 12,0 
5 = 7,3 
yi/= 17.9 


/K = 14.7 
4-5 = 8.9 
/K = 21.8 


^= 21.35 4 /= 17.7 
5 = 7.2 


A/= 25.0 4 /= 3 a 8 

5 = 10.2 


|/ 1 /= 10.9 /lf= 7.2 |A/= 14.6 / 1 /= 17.9 

Tyfey — 


5.45” 


5.45 


5 = 3.4 

5.45 


5 = 6.0 

5.45"* 






© 


© 


© 


© 


Note: 


1. Points of contraflexure in girders and columns as shown. 

2. Distribution of shear. 

a. Bottom story: divide [(no. of bays — 0.5) /(no. of columns)] X total story shear 
equally among columns, and remaining shear to bays inversely as their width. 

b. Other stories: divide [(no. of bays - 2) /(no. of columns)] X total story shear 
equally among columns, and remaining shear to bays inversely as their width. 

Fig. 18.20a. Solution by Bowman’s method. 
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Tig. 18.21&. Moment values by the Architectural Institute of J apan method. Column 
moments in ton-meters. Figures in parentheses are nearly correct values obtained 
by the slope-deflection method. 
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0 @ © @ 0 


Fig. 18.2k, Moment values by the Architectural Institute of Japan method. Girder 
moments in ton-meters. Figures in parentheses are nearly correct values obtained 
by the slope-deflection method. 
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18.6. A Comparison of Aseismic Designs by Different Codes. The 
earthquake provisions of the Uniform Building Code (UBC), the Joint 
Committee Code (JCC), and the Japanese Building Code (JBC) have 
been applied to the study of the frame described in the previous article. 
The loads used in the original design, tabulated in Table 18.1, for earth- 
quake computations are used in making rough comparisons in this study. 
At the time this building was designed, a reduction in the floor live load 
up to 20 per cent for girders, 30 per cent for columns, and 50 per cent for 
earthquake design was permitted. In addition to the 50 per cent live 
load, the total dead weight of the building must be considered. The 
weight of the building computed on this basis is shown in Table 18.2. 
As previously mentioned, the seismic coefficient was 0.1, and the allowable 
steel stress was 17,000 psi at the time this building was designed, without 
any increase in the stress being permitted for earthquake consideration. 
Under the present code, the basic seismic coefficient is 0.2, the allowable 
unit stress for steel is 34,000 psi, and the live loads have been revised to 
give a more economical design. Consequently, the weight of the building 
used in the present study is somewhat greater than would be the case 
under the current JBC provisions, but no increase in the seismic coef- 
ficients for increasing height has been made which is compensating. 

Applying the provisions of the three building codes mentioned above, 
the earthquake forces acting at each floor level of the subject are sum- 
marized in Table 18.4. The total earthquake shear at each story is 
shown as a percentage of the JBC value taken as 100 per cent. It is 
obviously necessary to take into consideration the allowable unit stresses 
permitted by the three codes and compute the required section modulus 
at the ends of members for seismic stresses to make a comparison. 

The factor method has been selected as the method of obtaining seismic 
moments for the loadings required by the three codes. The effect of the 
heavy foundation girders has been considered in computing the column- 
and girder-moment factors. The column- and girder-moment factors are 
indicated in Fig. 18.22 obtained by slide-rule computation. The bending 
moments and the required section moduli at the ends of columns are 
shown in Table 18.5a and for girders in Table 18.5&. 

Although this study is approximate and crude, it does show glaring dis- 
crepancies in the results obtained by the three building codes and 
reflects the philosophy of aseismic design among different groups of 
engineers. These discrepancies may be due to different earthquake 
intensities resulting from dissimilar geological conditions at different 
locations and different dynamic characteristics of buildings resulting from 
construction practices which differ in important respects. More study 
of frames such as the eight-story subject frame is indicated which cannot 
be considered as a rigid shear-type structure or a flexible bending-type 
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Table 18.4. Summary of Earthquake Forces 
In metric tons 



Uniform Building Code 

Joint Committee Code 

Japanese Building Code 

Floor 

Story 

Total 

Story 

Total 

Story 

Total 


force 

shear 

force 

shear 

force 

shear 

R 

8.6 


2.9 


13.0 



> 


— ^ 


> 


7 


8.6 


2.9 


13 



(66%) 


(22%) 


(100%) 


8.0 


3.5 


17.4 



— » 


— > 


> 


6 


16.6 


6.4 


30.4 



(55%) 


(21%) 


(100%) 


4.4 


2.6 


15.0 



— > 


> 


y 


5 


21.0 


9.0 


45.4 



(46%) 


(20%) 


(100%) 


3.3 


2.1 


15.4 



— > 


) 


— > 


4 i 


24.3 


11.1 


60,8 



(40%) 


to 

00 


(100%) 


2.5 


1.0 


15.2 



^ 


> 


> 


3 


26.8 


13.0 


76.0 


1 

(35%) 


(17%) 


(100%) 


2.2 


1.4 


15.5 



> 


> 


> 


2 


29.0 


14.4 


91.6 



(32%) 


(16%) 


(100%) 


0.9 


0.4 


7.1 



< 


— 


— > 


1 


28.1 


14 


98.6 



(28.5%) 


(14%) 


(100%) 


6.7 


3.6 


16.6 



4 


i — 


4 




21.4 


10.4 


82,0 

B 


(26%) 


(13%) 


(100%) 
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Fio. 18.22. Solution by factor method. For stiffness of members, see Fig. 18.21o. 
Numbers are column- and girder-moment factors. 


structure. JBC is perhaps too severe, and the discrepancies noted should 
not be construed as indicating lack of safety in buildings designed accord- 
ing to American practice, which is based on past earthquake experience 
and rational reasoning. 
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Table 18.5a. Bending Moments at Ends op Members 
Column moments in ton-meters and required section moduli in cubic centimeters 



CoL A 

Cols. B, C, D 

Col. E 

Story 

End 

Code* 

Moment 

Sec. mod. 

Moment 

Sec. mod. 

Moment 

See. mod. 



1 

3.80 

202 

3.40 

181 

2.60 

139 


Top 

2 

1.30 

69 

1.14 

61 

0.88 

46 

7 

3 

5.80 

241 

5.10 

212 

3.90 

162 


1 

3.30 

176 

3.10 

165 

2.20 

117 


Bottom 

2 

1.10 

59 

1.03 

55 

0.75 

40 



3 

5.00 

208 

4.50 

187 

3.40 

142 



1 

5.10 

272 

7.10 

378 

4.70 

250 


Top 

2 

2.00 

109 

2.73 

146 

1.84 

98 

6 

3 

9.60 

400 

12.80 

533 

8.50 

355 


1 

4.90 

261 

6.60 

351 

4.20 

224 


Bottom 

2 

2.04 

108 

2.65 

136 

1.67 

89 



3 

9.60 

400 

12.00 

500 

7.80 

325 



1 

5.60 

298 

9.50 

507 

6.80 

309 


Top 

2 

2.40 

129 

4.10 

218 

2,60 

136 


3 

12.00 

500 

20.50 

855 

12,80 

530 



1 

5.40 

288 

8.50 

453 

5.10 

272 


Bottom 

2 

2.33 

124 

3.65 

194 

2.24 

120 



3 

11.60 

483 

18.20 

758 

11.40 

475 



1 

5.50 

293 

11.30 

607 

6.70 

357 


Top 

2 

2.55 

136 

5.27 

281 

3.08 

164 


3 

13.70 

570 

28.40 

1,180 

17,00 

710 



1 

4.80 

256 

10.30 

553 

6.10 

325 


Bottom 

2 

2.26 

120 

4.78 

255 

2.75 

146 



3 

12.00 

500 

25.70 

1,070 

15.00 

625 



1 

7.10 

378 

12,10 

650 

6.80 

362 


Top 

1 2 

3.60 

193 

5.85 

312 

3.28 

175 

q 

3 

20.90 

870 

34.00 

1,420 

19.00 

790 

o 


1 

6.70 

357 

11.20 

602 

6.20 

330 


Bottom 

2 

3.26 

174 

5.43 

290 

3.01 

160 



3 

19.70 

820 

32.0 

1,330 

17.40 

720 



1 

7.00 

373 

13.20 

709 

7.20 

384 


Top 

2 

3.53 

168 

6.65 

354 

3.63 

194 

2 

3 

22.30 

930 

42,50 

1,770 

22.30 

930 



1 

6.80 

' 362 

12.20 

655 

6.40 

341 


Bottom 

2 

3.46 

185 

6.15 

328 

3.33 

177 



3 

21.00 

874 

39.10 

1,630 

20.70 

860 



1 

7.20 

384 

14.20 

762 

8.00 

427 


Top 

2 

3.36 

180 

6.90 

370 

3.85 

205 

1 

3 

23.40 

970 

48.00 

2,000 

26.80 

1,110 


1 

9.40 

501 

18.00 

966 

10.40 

558 


Bottom 

2 

4.48 

239 

8.76 

467 

4.96 

265 



3 

31.40 

1,300 

61.00 

2,540 

34.60 

1,440 



1 

5.20 

277 

8.90 

474 

6.10 

325 


Top 

2 

2.54 

136 

4.38 

234 

2.96 

158 


3 

19.80 

826 

34.20 

1,420 

23.10 

960 

Tl 








JD 











1 

6.90 

368 

11.60 

617 

8.40 

448 


Bottom 

2 

3.40 

182 

5.62 

300 

4,14 

220 



3 

26.30 

1,090 

44.00 

1,830 

32.30 

1,350 


♦ Code 1 refers to the Uniform Building Code (UBC). Code 2 refers to the Joint Committee Code 
(JCC). Code 3 refers to the Japanese Building Code (JBC). 


Sec. 18.5] 


EAETHQUAKE-BESISTANT-DESIGN METHODS 


413 


Table 18 . 56 . Bending Moments at Ends of Members 
Girder moments in ton-meters and required section moduli in cubic centimeters 



Girder AB 

Girder BC 

Girder CD 

Girder DB 


Code 

Left 

Right 

Left 

Right 

Left 

Right 

Left 

Right 

R 

1. Moment 
Sec. mod. 

2. Moment 
Sec. mod. 

3. Moment 
Sec. mod. 

3.8 
202 
1.3 

69 

5.8 
242 

2.0 

107 

0.68 

37 

3.0 

125 

1.4 

75 

0.47 

15 

2.1 

87 

1.7 

91 

0.57 

31 

2.55 

106 

1.7 

91 

0.57 

31 

2.55 

106 

1.5 

80 

0.52 

28 

2,3 

96 

1.9 

101 

0.62 

33 

2.8 

116 

2.6 

139 

0.88 

47 

3.9 

162 


1. Moment 

8.4 

5.5 

4.6 

5.2 

5.2 

4.9 

5.5 

6.9 


Sec. mod. 

448 

394 

246 

278 

278 

262 

394 

368 

7 

2. Moment 

3.15 

2.1 

1.7 

1.9 

1.9 

1.8 

2.0 

2.5 


Sec. mod. 

168 

112 

91 

102 

102 

96 

107 

134 


3. Moment 

14.6 

9.3 

8.0 

8.65 

8.65 

8.3 

9.0 

11.9 


Sec. mod. 

608 

387 

333 

360 

360 

345 

375 

495 


1. Moment 

10.5 

8.5 

7.7 

8.1 

8.1 

7.5 

8.5 

10.0 


Sec, mod. 

560 

453 

412 

432 

432 

400 

453 

534 

6 

2. Moment 

4.4 

3.5 

3.1 

3,3 

3.3 

3.2 

3.4 

4,2 


Sec. mod. 

235 

186 

166 

176 

176 

170 

182 

224 


3. Moment 

21.6 

17.1 

15.4 

16.25 

16.25 

15.5 

17.0 

20.6 


Sec. mod. 

900 

712 

640 

675 

675 

645 

710 

855 


1, Moment 

10.9 

10.1 

9.7 

9.9 

9.9 

9.6 

10.2 

11.8 


Sec. mod. 

582 

540 

518 

528 

528 

512 

544 

630 

5 

2. Moment 

4.9 

4.6 

4.4 

4.5 

4.5 

4.3 

4.6 

5.3 


Sec. mod. 

262 

246 

235 

240 

240 

230 

246 

283 


3. Moment 

25.3 

23,6 

23.0 

23.3 

23.3 

23.0 

23.6 

28.4 


Sec. mod. 

1,050 

980 

960 

970 

970 

960 

980 

1,180 


1. Moment 

11.9 

11,0 

11.4 

11.2 

11.2 

11,0 

11.4 

12.9 


Sec. mod. 

635 

588 

608 

598 

598 

588 

608 

688 

4 

2. Moment 

5.9 

5.4 

5.2 

5,3 

5.3 

5.2 

5.4 

6.0 


Sec. mod. 

315 

288 

277 

283 

283 

277 

288 

320 


3. Moment 

32.9 

30,4 

29.3 

29.85 

29.85 

29.0 

30.7 

34.0 


Sec. mod. 

1,370 

1,260 

1,220 

1,240 

1,240 

1 1,210 

1,180 

1,420 


1. Moment 

13.7 

12.4 

12.0 

12.2 

12.2 

* 12,0 

12.4 

13.4 


Sec. mod. 

732 

662 

641 

651 

651 

641 

662 

716 


2. Moment 

6.8 

6.15 

5.9 

6.0 

6.0 

i 5.9 

6.2 

6.6 

3 

Sec. mod. 

362 

328 

315 

320 

320 

315 

330 

352 


3. Moment 

42.0 

i 37.7 

36.8 

37.25 

37.25 

: 36.6 

37.9 

39.7 


Sec. mod. 

1,750 

1 1,570 

1,535 

1,550 

1,550 

1 1,520 

1,680 

1,650 


1. Moment 

14.0 

13.3 

13,1 

13.2 

13.2 

1 13.0 

13.4 

14.4 


Sec. mod. 

748 

710 

700 

705 

705 

694 

716 

769 

2 

2. Moment 

6.82 

6.6 

6.45 

6.53 

6.53 

6,45 

6.6 

7.18 


Sec. mod. 

364 

352 

345 

350 

350 

344 

352 

383 


3. Moment 

44.4 

44.0 

43.1 

43.55 

43.55 

43.0 

44.1 

47.5 


Sec. mod. 

1,840 

1,830 

1,800 

1,810 

1,810 

1,790 

1,830 

1,980 


1. Moment 

16.6 

13.6 

13.3 

13.4 

13.5 

13.1 

13.8 

16.5 


Sec. mod. 

886 

726 

710 

716 

721 

700 

737 

882 


2. Moment 

7.02 

6.7 

6.44 

6.57 

6.57 

6.4 

6.74 

7.92 

1 

Sec. mod. 

375 

357 

344 

350 

350 

341 

360 

423 


3. Moment 

51.0 

48.3 

46,9' 

47.6 

47.6 

46.1 

49.1 

57.7 


Sec. mod. 

2,120 

2,010 

1,800 

1,980 

1,980 

1,920 

2,050 

2,400 


1. Moment 

6.9 

6.0 

5,5 

5.7 

5.8 

5.3 

6.2 

8.4 


Sec. mod. 

368 

320 

294 

304 

309 

283 

331 

448 


2. Moment 

3.4 

2.92 

2.7 

2.81 

2.81 

2.6 

3.02 

4.14 

B 

Sec. mod. 

182 

166 

144 

150 

150 

138 

161 

220 


3. Moment 

26.3 

23.0 

21.0 

22.0 

22.0 

20,0 

24.0 

32,3 


Sec. mod. 

1,090 

960 

870 

915 

915 

830 

1,000 

1,340 
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18.6. Miscellaneous Considerations. In practical design of buildings 
in seismic regions, effort should be made so far as practicable to obtain 
coincidence of the centers of mass and rigidity about the vertical axis of 
the building. This coincidence is disturbed by nonuniform location of 
seismic walls and other resisting elements in plan. Torsional effects if 
present should be taken into consideration, though extremely fastidious 
attention would be uncalled for in many instances. Rational procedures 
for distributing the lateral forces to columns, walls, and other structural 
elements should be followed, such as the rigidity-center method of Lin [15] 
or the Japanese method described by Muto [14]. 

Connection of members in structural framing should be made strong 
and rigid to reduce excessive deformation. It is customary in Japan to 
provide rib plates welded to the top connecting angle or plate in girder- 
column connections in order to maintain the initial shape under high 
seismic stresses. 

The importance of adequate foundations and interconnection of foot- 
ings by strong moment-resisting tie beams cannot be overemphasized. 
It becomes an item of additional cost, but in many instances provides 
insurance against serious damage in severe earthquakes, particularly 
when soil conditions are unfavorable. 

Separation of buildings in congested areas to prevent the danger of 
mutual pounding by providing sufficient space around each structure may 
require attention. A minimum of 3 in. for several-story buildings and 
8 or more inches for tall buildings may be required, depending on the 
dynamic properties of the building and the site soil [16]. 
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CHAPTER 19 


VIBRATION OF GIRDERS UNDER MOVING 
TRAFFIC LOADS 


19 . 1 . Introduction. This chapter is concerned almost entirely with 
certain aspects of the problem of highway-bridge response to moving 
traffic loads. It is included in the present volume, first, because the sub- 
ject is of wide interest to civil engineers; second, because the methods used 
in attacking this problem may be applicable to other problems in the 
broad field of structural analysis and design for dynamic loading. 

19 . 2 . Background to the Problem. It is obvious that both deflections 
and stresses in a bridge subjected to a moving load will differ from the 
deflections and stresses which would be caused by the same load applied 
statically. It is apparent that there is a twofold dynamic character to 
the loading. First, the load is brought on, and then removed from, the 
structure in a relatively short time. Second, the load itself is time-vary- 
ing because it is caused by a complex spring-and-mass system (that is, 
the vehicle with its masses, springs, shock absorbers, etc.). 

For years highway-bridge designers have acknowledged the fact of 
dynamic stresses by adding to the dead and (static) live-load stresses an 
“impact'^ fraction of the latter. Thus we have the expression 


f impaot ““ f live 


50 


L + 125 


(19.1) 


where L = length of span subjected to live load. In a review of the his- 
tory of impact provisions, Goodman [1] points out that early bridge 
engineers were more concerned with the fatigue aspects of live loading 
than with the dynamic amplifications of stress. Impact fractions of the 
type given by Eq. (19.1) were developed for the purpose of limiting the 
range of repeated stress. Thus for large values of L (long span), the dead- 
load stress is a substantial fraction of the total permissible working stress; 
therefore the range of repeated (live) stress is relatively small. Since 
this condition is favorable from the standpoint of fatigue a smaller 
^^mpact'^ allowance was deemed necessary. 
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Whatever the original basis for Eq. (19.1) engineers have for many 
years recognized that dynamic increases in live-load stresses do in fact 
occur and have utilized the impact fraction as a means of accounting for 
them. Although actual ratios of dynamic-stress increment to static- 
live-load stress cannot possibly be expressed in any such simple fashion as 
indicated by Eq. (19.1), the insignificant number of highway-bridge 
failures over the past several decades indicates that the over-all design 
process, including the use of Eq. (19.1), has been conservative. No 
doubt the impact fraction has been much in error on the high side in some 
cases and on the low side in others. The fact that failures have not taken 
place in those bridges for which the impact fraction was underestimated 
may be due in large measure to the fact that the basic live loading was 
much overestimated. 

Engineers have long recognized that, apart from the safety of bridges, 
which may be handled in terms of stresses, it is desirable to avoid excessive 
dynamic deflections because of the discomfort and apprehension which 
these may cause the public, particularly the pedestrian public. In the 
past they have attempted to prevent excessive deflection effects by means 
of limitations on depth/span ratios and deflection/span ratios. These 
criteria are crude at best, for while the relations between characteristics of 
the motion and human discomfort are obscure, it is known that accelera- 
tion and probably changes in acceleration are important factors. It is 
apparent that specification of limiting deflection/span ratios and depth/ 
span ratios cannot guarantee satisfactory control of these characteristics. 

While railway-bridge vibration was the subject of intensive studies as 
much as half a century ago, major effort has been directed to highway- 
bridge vibration only within the very recent past. This is not surprising 
since the railways represented a well-developed transportation system at a 
time when automotive transportation was in its infancy. Railway- 
bridge engineers had to design for very heavy locomotive loadings, 
aggravated by the hammer-blow effect peculiar to steam locomotives, 
long before the advent of massive truck-and-trailer combinations which 
are now so common on the nation^s highways. In contrast, the highway 
system has been steadily increasing in size, and the number of highway 
bridges, for replacement as well as on new routes, continues to increase 
at a rapid rate. It is worthy of note that a large percentage of these 
new bridges involve grade separations. They are mainly of short span 
(say, <200 ft), and many of them are of relatively shallow proportions. 
This may be traced in part to the need to minimize the cost of approaches 
and in part to aesthetic considerations. Whichever the reason, plate 
girders are being used on sites which formerly would have seen trusses, 
and rolled beams are used at spans which formerly would have called for 
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plate girders. Another factor in the trend toward smaller depth/span 
ratios has been the rapid adoption of prestressed concrete, which has 
been used at longer spans and larger span/depth ratios than appeared to 
be feasible with ordinary reinforced concrete. Some of these slender 
spans have evidenced considerable motion due to the passage of heavy 
vehicles. Although this motion is mainly evident to pedestrians, and to 
passengers in cars which are stationary or slowly moving in adjacent 
lanes, it has been a cause for some concern. First, there is the natural 
desire on the part of highway-department personnel to avoid the unfavor- 
able public reaction. Second, the existence of motion sufficient to be 
uncomfortable raises questions as to whether actual stresses may not 
be greater than the designer supposed. 

The present considerable interest in highway-bridge vibration is thus 
concerned with two needs: namely, a means to predict vibration for a 
•given design, so as to avoid designs which would vibrate excessively, and a 
means to predict dynamic-live-load stresses, so that materials of con- 
struction can be used safely but with economy. Much of the discussion 
in this chapter is concerned with the problem of bridge deflections, 
which has been the subject of a continuing program of research at MIT 
since 1953, This research is part of a Joint Highway Research Project 
undertaken by the Department of Civil and Sanitary Engineering, MIT, 
and the Commonwealth of Massachusetts Department of Public Works. 
As will be evident from the partial list of references at the end of this 
chapter, however, both aspects of the problem (deflections and stresses) 
are receiving attention by a number of different research organizations 
here and abroad. Aided by modern methods for measuring and recording 
strain, and by recently developed computers which facilitate analytical 
attack on the problem, these several groups may be expected to make 
significant progress within the next few years. 

19.3. Physical Concepts. If the weight of the vehicle were very 
gradually applied, the bridge deflection would likewise gradually increase, 
the deflection at any instant of time being simply the static value cor- 
responding to the load at the same instant. The slow passage of a vehicle 
across a bridge involves the steady movement of a force to successive 
positions with which are associated successively larger (static) deflections 
of the structure, and after passing mid-span, to successive positions caus- 
ing smaller deflections. Thus the slow passage of a constant force across 
the span is equivalent to applying to an elastic system a force which 
increases to a maximum value and then decreases to zero. Since the 
actual passage is not, in fact, gradual, the load may be expected to cause 
vibration, and this vibration continues even after the vehicle has left 
the span. 
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Although real bridges may experience the effects of several vehicles 
concurrently, it is necessary, at the present time, to limit consideration 
to a single vehicle. This is not an unrealistic restriction because maxi- 
mum vibrations usually are due to very heavy trucks, of which not more 
than one is apt to be on a single (simple) span at any one time. When 
the investigations are extended to continuous structures, the probability 
of more than one heavy truck being on the structure at the same time will, 
of course, increase. However, if a good understanding is achieved for 
the effect of a single vehicle, it should be possible to extend our knowledge 
to the multivehicle case. 

A modern truck on its mechanical springs and tires, and with its shock 
absorbers, is a very complex elastic system. Joints, bumps, cracks, and 
other forms of pavement roughness may cause it to vibrate in any one of 
a number of vibration modes, or simultaneously in several modes. 
Fortunately, field measurements correlated with theory indicate that 
practical results are obtained when the vehicle is idealized to a single- 
degree mass-and-spring system. It will be apparent, however, that 
the force which this idealized vehicle exerts on the bridge depends not 
only on the vertical motion of the vehicle mass but likewise on the motion 
of the bridge itself. Thus the vehicle and bridge comprise a complex 
elastic system. 

Field measurements reported in Ref. 2 indicate that the vertical oscilla- 
tion of the vehicle on its springs is a major cause of bridge vibration. 
This was confirmed by subsequent tests in which records were made not 
only of the bridge motion but also of the varying force transmitted by 
the main axle of the test vehicle. 

19.4. Theoretical Expressions, a. Simply Supported Beam; Constant 
Force Moving at Constant Velocity; Including Damping. In 1847 Willis 
derived the differential equation for the deflection under the point of 
loading for a beam of negligible mass and damping subjected to a 
moving mass loading. At a later date Stokes obtained an exact 
solution to Willises equation by means of power series. While this 
equation was of value in the analysis of railway bridges, the assumption 
of negligible beam mass rendered it inapplicable to the highway-bridge 
problem. 

In 1905 Krylov obtained a solution in which the mass of the load was 
assumed negligible in comparison with the mass of the bridge, that is, the 
case of a constant force moving with uniform velocity. This case was 
likewise treated, at later dates, by Sir Charles Inglis and by S. Timo- 
shenko, The state of oscillation of a simply supported beam, subjected 
to a constant force P, moving at a uniform velocity, may be expressed as 
follows: 
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where y — deflection of beam at point x from end of span 
w == weight per unit length of beam 
L = span 
t == time, sec 
T V 

a — — y 

PiL 

V == velocity of force along span 
S = damping coefficient 

ttV 

w = forcing circular frequency = -y- 


Pi = natural circular frequency == 


El = flexural rigidity of beam 
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The first term in Eq. (19.2) represents the forced vibration, and for 
practical velocities it reduces to an expression giving essentially the static 
deflection of the beam, that is, the deflection which would result from a 
very slow passage. Accordingly, the net dynamic effect is given by the 
second term of Eq. (19.2), which represents the free vibrations of the 
beam. Note that the damping term causes suppression of the free vibra- 
tions with time. 

When the moving force passes off the beam, a new solution must be 
used for the free vibration of the unloaded beam. This solution is 
given by 

t = QO 

2/ = 2 Cie-^p<%smVr'^^Pit- yi) (19.3) 

1 


where Ci and yi = constants which must be chosen to satisfy conditions 
of motion at the instant when the force leaves the span. 
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An illustrative solution of the constant-force case given by Eq. (19.2) 
is shown in Fig. 19.1, where the mid-span deflection has been plotted vs. 
position of the force. Damping has been neglected, and the values of 
the other parameters were assumed as indicated. 

b. Simply Supported Beam; Sinusoidal Alternating Force at Constant 
Velocity; Neglecting Damping. In 1928 Sir C. E. Inglis represented the 
“hammer blows’^ due to unbalanced weights on the driving wheels of a 
locomotive by a sinusoidal alternating force moving at a constant velocity 



Fig. 19.1. Mid-span deflection produced by constant moving load. 


across a beam. Expressing the alternating force by P sin ni, and con- 
sidering only the first mode of beam response, he presented the following 
expression: 


y = 


PU 
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(19.4) 


Equation (19.4) indicates that the most severe beam oscillations occur 
when the force frequency n is equal to the beam frequency p. Equation 
(19.4) does not include the effect of the constant portion of the force. A 
complete solution for the combined effect of a constant force plus an 
alternating force would be obtained by adding Eq. (19.2) to Eq. (19.4). 

A particular solution of Eq. (19.4) is illustrated in Fig. 19.2, which is a 
plot of mid-span deflection vs. position of force. Note that the beam 
vibrates at the frequency of the alternating force. For this particular 
example the maximum amplitude is about 1.9 times the static deflection 
which would be caused by the same force positioned at mid-span. If it 
had been assumed that p = maximum deflection would have occurred 
as the force leaves the span and would have equaled l/a times the static 
deflection. 

In 1937, Schallenkamp presented a rigorous solution for a smoothly 
running load which took account of the masses of both beam and load, 
but his solution is not in a form convenient for computations. Further- 
more, in view of the predominant effect of alternating-force components 
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the application of a complex solution for the relatively less important 
contribution of the nonalternating force seems not to be necessary. 

c. Simplified Deflection Analysis, Using the basic equations developed 
by Inglis, Hillerborg, and others, Biggs, Suer, and Louw have developed 


Position of load 



Fig, 19.2. Mid-span deflection produced by sinusoidal moving load. 



Fig. 19.3. Idealized dynamic system. 



Fig. 19.4. Idealized vehicle. 


P 

i 
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Fig. 19.5. Idealized bridge. 


an approximate solution which is particularly suitable for computational 
techniques. Major assumptions are as follows: 

1. The bridge is represented by a simple beam, of which only the first- 
mode behavior is considered. Thus, a single-degree-of-freedom system is 
assumed for the bridge. 

2. The vehicle is treated as a single-degree-of-freedom system. 

3. Viscous damping is assumed in both bridge and vehicle. 

Figure 19.3 shows the idealized dynamic system, and Figs. 19.4 and 
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19.5 show the idealized vehicle and bridge, respectively. Notation is as 
follows : 

V = velocity of vehicle 
L = span of bridge 
yc = mid“Span deflection at any time 
X = distance of vehicle from end of span 
0 ? = crossing frequency = tV/L 
Mb^ ~ actual total mass of bridge 
Mb = effective mass in bridge equivalent system 
ks ~ stiffness of bridge equivalent system 
cb = damping in bridge equivalent system 
Pb = bridge natural frequency (first mode only) 

A = distortion of vehicle spring 

z = absolute deflection of sprung mass, from neutral position 
— sprung mass of vehicle 
= unsprung mass of vehicle 
= total mass of vehicle 
kv = stiffness of vehicle springs 
Co, = damping of vehicle springs 


The stiffness and mass, ks and Mb, for the bridge equivalent system are 
given by 


, ir^EI 
2L5 

Mb = }4,Mb'^ + Mvu sin^ 


(19.5) 

(19.6) 


The differential equations of motion for the sprung mass and for the 
bridge are given by 

—kvA — c^A = M^sZ (19.7) 

{M^g + hA) sin o)t - kByc - CbVc = MbHc (19.8) 

Also, A and z are related as follows: 

A = 25 — 2 /c sin o)t (19.9) 


Equations (19.7) to (19,9) may readily be reduced to a pair of simul- 
taneous differential equations in terms of yc, z, and their derivatives. 
This pair of equations may be solved by numerical integration, utilizing 
a digital computer, or by means of an analog computer. In the investiga- 
tion conducted by Biggs et ah, the equations were solved by digital 
computer. 

It may be noted that assumed initial vibrations of the sprung mass of 
the vehicle itself are taken into account by initial values Ao, Aq, zq at time 
t - 0. 
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19.5. Verification of Simplified Deflection Analysis by Model Study 
and by Field Measurements, a. Verification by Model Study. As 
described in Ref. 9, a simple-beam model bridge was built to represent a 
typical two-lane 90-ft-span girder bridge. Natural frequency and static 
deflection of the model are the same as for the prototype: The model 
vehicle, which simulated a 20-ton two-axle truck, had a spring-mounted 
and damped mass which could be excited at the start of each passage. 
Vehicle velocity and the natural frequency, damping, and initial oscilla- 
tion of the mass were varied in a series of tests. 




Fig. 19.6. Comparison of mid-span deflections: theoretical and experimental (model 
run 37). 


During each test run mid-span deflection of the beam and force in the 
vehicle spring were simultaneously measured and recorded. The dashed- 
line curves in Figs. 19.6 and 19,7 are typical results obtained in the model 
tests. The corresponding solid-line curves were obtained by theoretical 
analysis as outlined above. In each case the upper curves show the varia- 
tion in vehicle spring force and the lower curves show variation in the 
ratio of dynamic to static deflection. In both cases the beam natural 
frequency (first mode) was 4.05 cps and the vehicle velocity corresponded 
to a prototype vehicle velocity of 30 mph. For the run shown in Fig. 
19.6 the vehicle natural frequency was 3.87 cps, and for the run shown in 
Fig, 19.7 the vehicle natural frequency was 3.07 cps. 

6. Verification by Field Meamrements. Figures 19.8 and 19.9 show 
cross sections of the two bridges selected for field tests. The structures at 
Main Street and at South Street in Townsend, Mass., are a stringer 
bridge and a through girder bridge, respectively [10]. 
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The test vehicle, a 1952 two-axle (six-wheel) Sterling White 10-ton 
dump truck, has a wheel base of 13 ft. The suspension system is com- 
prised of leaf springs plus auxiliary springs on the rear axle which are 
engaged only under heavy load. The truck was loaded to a total weight 



Position of resultant vehicie load - VT/L 


Fig, 19.7. Comparison of mid-span deflections: theoretical and experimental (model 
run 43). 



Fig. 19.8. Townsend Main Street Bridge. Span, 88 ft 8 in.; weight, 7,830 Ib/ft; 
design El, 7.44 X 10'* lb-in.*; composite El, 9.12 X I0‘* lb-in.* 


of 41,600 lb, of which 33,900 lb was on the rear axle. By running the 
truck over an obstruction and recording the resulting free vibration the 
natural frequency of rear-axle-load variation was found to be about 2.3 
cps and the average viscous damping was found to be about 0.07 Ib-sec/in. 
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Fig. 19.10. Comparison of mid-span deflections: theoretical and experimental. 
Townsend Main Street Bridge, run 3. Static deflection, 0.162 in. ; velocity, 37.0 ft/sec; 
span, 88.67 ft. 


Natural frequencies of the test bridges, from observed vibrations after 
the truck had passed off the span, were 3.77 cps for the Main Street Bridge 
and 4.17 cps for the South Street Bridge. 

Instrumentation provided simultaneous measurement of mid-span 
bridge deflections, force applied by truck rear axle, and vertical accelera- 
tion of truck rear axle. 

Figures 19.10 and 19.11 show dashed-line plots of results obtained 





427 


Sec. 19.5] variation of girders under moving loads 

experimentally for the Main Street Bridge. The experimental load- 
variation plots are based on the rear-axle force data and rear-axle accelera- 
tion data. The theoretical plots of load variation and bridge deflection 
are the result of an analog-computer solution of the basic equations. 
In this solution the initial values of Ao and Ao were arbitrarily chosen to 
provide a good matching of the experimental and theoretical load-varia- 
tion curves. It is apparent that the resulting theoretical plots of bridge 
deflection are in quite good agreement with the experimental results. 

Figures 19.12 and 19.13 present similar information with respect to the 
South Street Bridge. In each of these figures there are plots of measured 




Fig. 19.11. Comparison of mid-span deflections : theoretical and experimental. Town- 
send Main Street Bridge, run 14. Static deflection, 0.162 in.; velocity, 33.9 ft/sec; 
span, 88.67 ft. 


bridge deflection for each of two adjacent stringers which straddle the 
bridge axis. The phase shift between these two records is caused by skew 
of the bridge axis. While the agreement between theory and experiment 
is satisfactory for the South Street Bridge, it is not quite so good as agree- 
ment obtained for the Main Street Bridge. 

Figure 19.14 (Main Street) and Fig. 19.15 (South Street) are for the 
same test runs as were presented in Figs. 19.10 and 19.12, respectively, 
but with the theoretical deflections computed directly from the experi- 
mentally determined load-variation data. As would be expected, this 
procedure gives better agreement between theoretical and experimental 
deflections. It should be noted that much of the discrepancy between 
theoretical- and experimental-deflection plots is due to phase shifts, 
probably caused by skew of the bridge axis. These phase shifts are of no 
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Fig. 19.13. Comparison of mid-span deflections: theoretical and experimental. 
Townsend South Street Bridge, run 11. Static deflection, 0.125 in.; velocity, 28.0 
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significance from the standpoint of the practical usefulness of the theo- 
retical prediction. 

It was concluded that the simplified method of analysis permitted 
prediction of bridge deflections with an accuracy quite sufficient for 
practical design purposes. Eefinements, to take account of additional 
factors such as surface roughness, seem not to be warranted. 

19,6. Theoretical Effects of Varying the Major Parameters. The 
bridge natural frequency Pb and the vehicle natural frequency are 
given by 


Ms MsSst 


and 



(19.10) 


where 5*^ is the mid-span static deflection caused by the vehicle and g is 
the gravity acceleration. Substituting Eq. (19.10) into Eqs. (19.7) to 
(19.9) and eliminating the damping terms, we obtain 

I - P.’ (™ «< - I;) + K (s ’ C 

A = sin coA (19.12) 

Ost \0at Ost / 

The magnitude of dynamic deflection is seen to depend upon the magni- 
tude of parameters w, MJMb) Pv, VbIVv, and the initial conditions Zq, 
^ 0 , VcQi Vco- The initial bridge conditions are yco = Vcq = 0, and the initial 
vehicle conditions are given by 


Zo = Zm sin <j> 

^0 == ZmPv cos (j) 


where Zm = amplitude of initial vehicle oscillation 
= a phase angle 

For convenience Zm is replaced by 


\PB/ Mb ^8t 


(19.13) 

(19.14) 


(19.15) 


The several parameters were varied over the following ranges: 


0.1 < /? < 0.6 

0.05 < -^ < 0.5 
“ Ms “ 


0.67 < ^ < 8.0 

~ Pv ~ 


(19.16) 


For each combination of the above parameters critical values of co (in the 
range 0.04^^ to OAOps) and <j{> (0 to 2 t) were estimated by analog-com- 
puter studies. In studying the effects of varying p, Pb/Pp, and MJMb, 
the critical combinations of w and 0 were assumed to apply in all cases. 
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а. Influence of 13, It was found that ym/^st increases essentially linearly 
with /3. This is not surprising in view of the fact that jS is a direct measure 
of the amplitude of initial vehicle oscillation. 

б. Influence of It was found that is maximum when 

Vb/Vv is equal to unity. It should be noted, however, that a unity fre- 
quency ratio does not signify deflections increasing without limit, as 
would be the case if an external force were resonant with the bridge fre- 
quency. The vibration energy in the bridge is limited by the initial 
energy in the oscillating vehicle. It was noted also that the influence of 
frequency ratio Vb/Vv diminishes with increasing mass ratio. 

c. Influence of Mv/Mb- Tor high-frequency ratios Pb/Vv it was found 
that variations in M-o/Mb had practically no effect on At smaller- 

frequency ratios, and particularly at unity-frequency ratio, the mass 
ratio was found to have a pronounced effect, increases in mass ratio 
causing decreases in 

It may be noted that is itself directly proportionate to Thus 
for a given bridge the absolute deflection increases with M^/Mb^ even 
though the ratio y^/ decreases. 

19.7. Practical Application of Theory. From studies of the influence 
of variations of parameters it was possible to produce curves useful for 
design applications. These are presented in Fig. 19.16. Figure 19.16a 
gives the relationship between ym/^at and Pb/Vv for constant values of 
iS (= 0.30) and M^IMb (= 0.20). Figure 19.166 gives correction factors 
(CF)^, for values of ^ other than 0.30. Figure 19.16c gives correction 
factors (CF)m for values of M^IMb other than 0.2. 

For an actual bridge the mid-span deflection which may be anticipated 
to occur, because of the passage of a single heavy vehicle, can be estimated 
by the following steps. 

1. Compute the static deflection caused by a single vehicle at mid- 
span on the roadway centerline. Moment of inertia to be used is the 
composite value, including all elements which could conceivably con- 
tribute to stiffness. 

2. Compute the bridge natural frequency using 




1.2 t l EI 
2L^ yj w ^ 


(19.17) 


where 1.2 == a factor based on field measurements 
El — flexural stiffness for composite section 
w = weight of bridge per foot of span 

3. Assume a value of It appears, from the limited field-test data, 
that an assumption ^ — 0.5 would not be unduly conservative. 

4. Assuming a vehicle natural frequency within the range 1 to 2.5 cps, 
compute the range of possible frequency ratios ps/pv (= fs/ff)- 
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Fig. 19.16. Design curves for maximum dynamic deflection. 

5. Compute the mass ratio keeping in mind that Mb is only 

one-half the total bridge mass. 

6. Enter Fig. 19.16a to find a value of for = 0.30, and a fre- 

quency ratio within the range computed in step 4. 

7. Enter Fig. 19.166 and c to obtain values of (CF)^ and (CF)m. 

8. Compute the deflection according to 

2/m = 5 .,|^(CFMCF)m (19.18) 
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The deflection ratio for a single vehicle not on the bridge centerline, 
or for more than one vehicle, would he somewhat less than the ratio 
Vm/^st obtained above. 
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CHAPTER 20 


DYNAMIC EFFECTS OF WIND LOAD 


20.1, Introduction. All wind forces are dynamic in the sense that they 
are effects of a moving fluid. However, under certain ideal circumstances 
a body immersed in a wind stream of constant velocity (magnitude and 
direction) experiences forces which do not vary with time, and these 
might logically be termed static wind forces. These ideal conditions are 
rarely developed. Fluctuations in the general wind, as well as in its local 
characteristics, and influences of the shape (and sometimes the motion) of 
the body are factors which cause time variations of actual wind forces. 

The common design assumption that wind forces are static can be 
justified as a useful simplification in the majority of cases of wind loading 
encountered by structural engineers. There are certain cases, however, 
where the dynamic character of wind forces is of great importance, and in 
some of these cases the response to wind loading cannot possibly be 
explained otherwise than on the basis of time variations of wind force. 

In some instances possible dynamic effects of wind load can be antici- 
pated at the design stage. More often, these effects cannot be predicted 
with sufficient certainty to warrant accounting for them in the design, 
and the engineer’s problem is to devise corrective measures after the 
dynamic effects have appeared in an existing structure. 

It is the purpose of this chapter to outline the main types of time- 
varying wind forces, to indicate kinds of structures in which the dynamic 
effects of such forces may be important, and to note preventive and cor- 
rective measures which have been employed or proposed. 

20.2. Factors Justifying the Common Design Assumption That Wind 
Forces Are Static. Since natural winds rarely can cause truly static 
forces it is desirable to point out factors which tend to justify the common 
design assumption that wind loads may be treated as static forces. 

a. Nonperiodic Character of Common Wind Loadings, For many 
structural elements subject to wind forces these forces, although time- 
varying, do not involve sustained periodic components. Moreover, 
where periodic variations do occur, they may be limited to local pressures 
rather than to over-all forces. Thus one member of a truss may experi- 
ence periodic wind pressures, but the pidmary wind stresses in this and 
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other members may depend upon the total wind loading on the entire 
structure. 

6. Insensitivity of Wind-load Stresses to Local-force Variations. As 
indicated in the above section, primary wind stresses often depend more 
upon over-all wind loads than upon local pressures. Thus the bending 
stresses in a bridge chord due to wind forces on the chord itself may not 
be as important as direct stresses in the chord due to wind forces upon the 
entire structure. If a sudden increase in wind load on the chord causes 
dynamic magnification of the bending stresses, they still may be of 
secondary magnitude. 

c. General Insensitivity to Rapid Changes of Wind Force. Undoubtedly 
many structures or structural elements subjected to rapid changes of 
wind load possess natural frequencies and degrees of damping such that 
they experience very little dynamic magnification of the applied forces. 

d. Concurrent Existence of Nonwind Forces of Significant Magnitude. 
For many structures there are other important sources of loading in 
addition to the wind. For example, gravity forces, associated with the 
mass of the structure and with superimposed masses, frequently cause 
stresses as large as, or larger than, the stresses due to wind. Thus any 
underestimation of wind stresses due to treatment of wind loads as static 
forces may imply a much smaller underestimation of the combined 
stresses due to all causes. 

e. Existence of Sources of Potentially Greater Error Than Is Due to 
Neglect of Dynamic Effects. There are several factors which affect the 
maximum wind forces experienced by a structure within its service life. 
These include direction and magnitude of the most severe winds, shape 
and orientation of structure and its members, surrounding topography, 
exposure, and dynamic characteristics of the structure. 

Since basic wind forces vary in proportion to velocity squared, a 20 per 
cent error in estimated maximum velocity would cause a 40 per cent error 
in wind forces. The maximum wind velocity which will occur within a 
service life of several years cannot be predicted (with any degree of cer- 
tainty) within 20 per cent. 

In most cases the shape of structure, surrounding topography, exposure, 
etc., do not correspond to any of the idealized forms for which wind- 
tunnel tests have established the relations between force and velocity. 
Therefore these factors may introduce additional error of 25 per cent, 
50 per cent, or more. 

Neglect of the dynamic effects of rapidly changing wind forces would 
not, in theory, introduce an error in excess of 100 per cent, and in most 
practical cases the error probably would not exceed about 25 per cent. 
(Exceptions will be noted later.) 

From the foregoing it is apparent that the potential error in predicted 
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wind forces due to other factors might easily exceed the error associated 
with neglect of dynamic effects. If the loss of a structure due to wind 
forces in excess of predicted values would result in great loss of life or 
property, or interruption of a critical function, then a careful study of all 
factors may be justified. Such a study should include not only estimates 
of the dynamic effects of rapidly changing wind forces, but in addition 
wind-tunnel tests, statistical evaluations of meteorological data, etc. 
On the other hand, if the project does not warrant the time and expense 
that would be involved in a study of all the factors that influence wind 
forces, there may be no justification for intensive study of a single aspect 
of the problem, namely, the dynamic response of the structure. From 
this point of view the use of static wind forces, of a magnitude reflecting 
previous successful performance of similar structures in comparable 
geographic zones, appears to be entirely logical. 

20.3. Conditions Requiring Consideration of Dynamic Effects of Wind 
Load. a. Structures Sensitive to Gusts. In Sec. 20.2 a number of factors 
were mentioned justifying the almost universal practice of neglecting the 
dynamic effects of wind gusts. There are certain special cases, however, 
for which these effects may be sufficiently important to warrant their 
inclusion in the design computations. If wind forces represent the major 
loading, if dimensions are such that gust effects can occur concurrently 
over major portions of the structure, if the structure has a fundamental 
period which is not small in comparison with typical gust-acceleration 
times, and if the structure has small damping, the dynamic magnification 
of applied wind forces may be very large. 

As an illustration of structures for which the dynamic effect of gusts 
may be significant, one may cite the examples of radio and television 
towers, particularly those which are of the free-standing (that is, non- 
guyed) type. In such towers the gravity-load effects are very small 
and stresses are due virtually entirely to the effects of wind load. Because 
even very tall towers are relatively narrow (particularly in the critical 
zone near the top) all members may experience a wind-velocity change 
almost simultaneously; thus the resultant wind loading may be expected 
to change rapidly during gusts. It will be found that the fundamental 
period of free-standing towers, particularly very tall towers, is rather long. 
Most structures of this kind are assembled by field-bolted joints, and the 
connections of this kind provide a degree of damping. However, the 
total damping, including friction damping due to slipping in the joints, 
may not be sufficient to modify the response to gusts to any important 
degree. 

In Sec. 20.5a numerical examples are presented indicating the range of 
fundamental periods which might be expected in tall, slender, nonguyed 
radio towers and showing the dynamic magnification corresponding to 
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assumed gust conditions. It should be noted at this time that the result 
of neglecting dynamic response is an overestimation of the wind velocity 
which would cause failure. This has no great design significance because 
all tower manufacturers follow the same practice. It is customary to 
specify tower design loadings in pounds per square foot of exposed area 
(as a 20-lb, 30-lb, or 40-lb tower) without too much concern regarding 
definition of equivalent wind velocity. Should experience motivate a cus- 
tomer to desire a tower resistant to higher velocities (perhaps as a result 
of loss of a previous tower), he can achieve this end by specifying a higher 
design loading. Thus a specific provision for the dynamic effects of 
gusts is not essential from the standpoint of the design process. Perhaps 
the greatest value of an understanding of the gust effect is in rationalizing 
the occasional failure of this kind of structure with the wind velocities at 
time of failure. If a survey of such failures were to reveal maximum 



velocities consistently lower than anticipated, this might result in a gen- 
eral increase in design loading values. 

5. Structures Subject to the Periodic Forces Associated with Karinan 
Vortices, Fluid flow past a cylindrical body generally results in the for- 
mation of vortices of the pattern shown in Fig. 20.1. While the body 
shown has a circular cross section, the vortex formation occurs in the flow 
past any blunt section. This phenomenon, known as the Karman vortex 
trail, has been studied experimentally, and the following relationship 
between velocity V, transverse dimension d, and frequency of shedding / 
has been established: 

•f = s (20.1) 

where S is termed the Strouhal number. 

Over a wide range of Reynolds number (i2 = Vd/p, velocity times 
diameter, divided by kinematic viscosity), it was found that S is constant 
for a given shape. Until recently it was believed that the range of con- 
stant extended to a critical Reynolds number (« 200,000) and that for 
larger values of Reynolds number the periodic vortex shedding would not 
occur. Field observations of vibrating stacks indicate that the phe- 
nomenon must exist at very much larger values of Reynolds number, 
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and there is evidence that above R = 200;000 the Strouhal number 
increases. If /, d, and V are expressed in cycles per second, feet, and feet 
per second, the Strouhal number for R < 200,000 is approximately 0.2 
for circular cylindrical bodies. Relatively few tests have been made at 
higher Reynolds number, but Delaney and Sorensen [4] found S = 0.43 
at = 1,500,000. 

Corresponding to the periodic Karman vortices the body experiences 
a periodic transverse force, which may be expressed as 

Fk = CKiHpVU) sin 27r ft (20.2) 

where Fk = periodic transverse force 
Ck = coefficient (dimensionless) 
p == air density (mass/unit volume) 

V = air velocity 

A = area of body projected on air stream 
/ = frequency of vortex shedding, cps 
t = time 

There is uncertainty regarding the value of the coefficient Ck, but it 
appears to be approximately Ck = TO. It will immediately be apparent 
that the periodic force associated with this phenomenon is relatively 
large (compare with the drag coefficient for cylinders, Cd = 1.2 in range 
R < 200,000 and Cd ^ 0.4 in range R > 200,000). 

It should be noted that Eq. (20.1) implies a vortex-shedding frequency 
which depends upon the dimension D and velocity V only. In reality 
there is evidence suggesting that the periodic effect may not be inde- 
pendent of the stiffness and natural frequency of the body, when finite 
oscillations are permitted [6]. Under some circumstances it seems that 
the body will oscillate at its natural frequency even though this is quite 
different from the frequency called for by the Strouhal number and 
that the frequency of vortex shedding may likewise be altered to the 
natural frequency of the body [6]. 

Additional research is necessary to establish definitely influences of 
Reynolds number and dynamic properties of the body on the frequency of 
vortex shedding and on the coefficient Ck m Eq. (20.2). However, even 
in the present state of knowledge it is possible to identify a number of 
practical cases in which the phenomenon is a predominant factor, as 
well as others for which it is at least a contributing factor. Vibration of 
transmission lines, industrial stacks, tubular members of a space truss, 
and the original Tacoma Narrows suspension bridge are among the cases 
in which serious vibrations have been attributed to Karman vortices. 
Some of these cases are discussed briefly in Sec. 20.5. In addition, one 
might mention singing blades of ship propellers and hydraulic turbines 
as well as vibrations of submarine periscopes. There are also cases in 
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which the effects of Karman vortices are believed to initiate a vibration 
after which the behavior is associated with different phenomena, such as 
are described in Sec. 20.3c or 20.3(i. 

If one takes the point of view that the frequency of trailing vortices 
(and thus also the frequency of periodic force, Fk) is independent of the 
dynamic characteristics of the body, the effect can be treated like any 
other case of a periodic external exciting force. The possible preventive 
or corrective measures are (1) to prevent the development of periodic 
vortices by streamlining, shrouding, or spoilers, (2) to change the natural 
frequency of the body so that resonance or near resonance is avoided, (3) 
to supply sufficient damping to assure that resonant vibrations will not 
involve excessive amplitudes. 

If it appears that the periodic forces are a function of the body^s motion, 
the analysis of behavior and the design of corrective measures may be 
more difficult. However, the measures suggested in the above paragraph, 
particularly item 1 or 3, still are indicated. 

c. Structures Having Negative Slope of Curves of Lift or Moment vs. 
Angle of Attack. By wind-tunnel tests it is possible to establish curves of 
the forces which the wind exerts on a cylindrical body of given cross sec- 
tion in terms of the stagnation pressure a transverse dimension, 

and the angle of attack a. Thus for lift (force normal to the wind) and 
drag (force in the direction of wind) we can write 

L == C^HpVU) (20.3) 

D = CUVzpV^A) (20.4) 

The dimensionless coefficients Cl and Cd as well as a corresponding coef- 
ficient Cm (for moment) depend upon Reynolds number but are essen- 
tially constant for wide ranges of velocity. The coefficients Cjl, Cd, and 
Cm vary with the shape of section and with the angle of attack a. 

Figure 20.3 illustrates the lift and drag forces and defines the angle of 
attack ou. Figure 20.4 shows (in a qualitative form only) typical curves 
of Cl and Cd which might be obtained for an airfoil section. Notice that 
the lift coefficient Ci in Fig. 20.4 has a positive slope over a wide range 
of a. This stable condition is in contrast to the unstable condition repre- 
sented by the negative slope for the curves Cl and in Fig. 20.2 in the 
vicinity of a = 0. 

Now consider what may happen to a section having a negative slope 
Cl when it is subjected to a horizontal wind velocity V. If the section 
moves downward, as in Fig. 20.5, the angle of attack for the relative wind 
velocity increases. If the section curve of Cl versus a has a negative 
slope, as in Fig. 20.2, the effect of downward motion will be to increase 
the downward lift component of force. Similarly, if the body has an 
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Cl Cm 



Pig. 20.2. Static-lift and static-moment curves, showing regions of negative slope. 

i^L^CL'.\pV^A) 

= Co'^\pV'^A) 


Fia. 20.3. Lift, drag, and angle of attack. 



Fig. 20.4. Typical curves of Ql and Cd versus a. 



Fig. 20.5. Effect of downward velocity of body on angle of attack. 
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upward velocity and the section has a negative sloping curve of C7 l, the 
effect will be to increase the upward lift component. 

Noting in Fig. 20.3 that L and D are taken parallel and perpendicular 
to the direction of relative wind, and denoting by Li the force component 
in the direction of body motion, we write 

I/i = L cos a + jD sin o: (20.5) 

and for small values of a, 

S - i + 

+ ( 20 . 7 ) 

From Eq. (20.7) we see that the criterion for stability is really not the 
slope of the Cl curve, but the slope of Cl plus the value of Cp. When 
this sum is negative, an unstable condition results and oscillation must 
result. 

For an unstable value of {dCL/da + Cn) it is apparent that energy is 
pumped into the moving body in every cycle of oscillation. Thus the 
amplitude of motion increases until the energy change per cycle is zero. 
This point may be reached in part through a change to positive slope of 
Cl (as at the larger angles a of Fig. 20.2a) so that in part of each cycle 
energy is being pumped in and in the rest of the cycle energy is being 
dissipated. The maximum amplitude reached will likewise be limited by 
the amount of damping (internal or otherwise) which exists apart from the 
aerodynamic phenomenon. 

What has been described above with respect to body motion normal to 
the wind stream may also occur with respect to angular oscillation. 
Imagine a section prevented from moving transversely but free to rotate. 
The moment of aerodynamic forces, with respect to the axis of rotation, 
can be expressed as 

M = Cm(KpVU2) (20.8) 

where Cm^ a dimensionless coefficient, is a function of a. For an unfavor- 
able slope of Cm torsional oscillations of the body may build up in a man- 
ner analogous to that described above for transverse oscillations. 

To determine whether a given section is stable or unstable with respect 
to negative slope effects, it usually is necessary to make tests. In general, 
long elongated sections are stable when the long axis is parallel to the 
wind and unstable when the long axis is across the wind. The negative 
slope effect is particularly strong in a semicircular section held with flat 
side toward the wind and almost nonexistent when the curved side is 
toward the wind. 
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d. Structures Subject to Flutter. Flutter is an unstable oscillation which 
occurs as the result of coupled transverse and angular motions of an object 
in a wind stream. It differs from the phenomenon described in Sec. 20. 3c 
in that flutter vibration can occur with a section having positive slopes 
for both the curves Cl and Cm versus a. A qualitative explanation may- 
be given with the aid of Fig. 20.6, according to Den Hartog [1]. 

The section is capable of both transverse (vertical) motion and angular 
motion, against elastic restraint. A flutter mode involves angular and 
vertical motion occurring at a common frequency, and in such phase that 
the lift and moment components of force pump work into the system dur- 
ing every cycle. For example, suppose that during a portion of the cycle 
the section has a downward component of velocity and a clockwise angu- 
lar velocity. Both of these velocity components would cause increasing 
angle of attack. If at the given instant both M and L are positive, the 



Fig. 20.6, Lift and moment diagrams at small angle of attack. 


moment M will put energy in the system (because it acts in the direction 
of angular velocity) and L will take energy out of the system (because it 
opposes the downward motion). The mathematics of flutter phenomena 
[11] is complex and beyond the scope of this presentation. Given the 
aerodynamic and dynamic characteristics of a particular section, however, 
analysis to determine the critical wind velocity at which flutter will 
occur is feasible. 

It is of interest to note that flutter vibration occurs not at either 
natural frequency of the system, but at a flutter frequency which depends 
not only upon mass and stiffness but upon the aerodynamic characteristics 
of the system as well. 

It is also important to note that true flutter generally results in very 
rapid amplitude increases to catastrophic proportions. It is a major 
problem in the field of aircraft structures, but is not often encountered 
in the field of civil-engineering structures. Apparently this phenomenon 
can be important in the vibration of certain types of suspension bridges 
(Sec. 20.5c). 
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20.4. Sources of Positive Damping. It is apparent that the serious- 
ness of the kinds of dynamic behavior described in Sec. 20.3 depends in 
some instances upon the amount of positive damping which is available to 
dissipate energy. Excluding special damping devices (viscous or fric- 
tion) which may be added to the system deliberately, there is some 
inherent damping in every vibrating system. 

When it is feasible to do so the amount of damping in an elastic system 
is easily measured by displacing the system from eciuilibrium and observ- 
ing the resulting free vibration upon release. If in the course of this 
diminishing free vibration we observe the magnitudes x«+i and Xn of 
successive peak displacements, we can write 


Xn ^n+1 g ^TTC 

Xn 


(20.9) 


where c = damping coefficient 

Cc — critical damping = 2 \/mfc 
m = mass term 
k — stiffness term 
5 — logarithmic decrement 

The logarithmic decrement frequently is used as a means of specifying the 
degree of damping. If the damping is truly viscous (damping force 
equals constant times velocity), the logarithmic decrement will have a 
value independent of amplitude of motion; that is, the ratio of successive 
peaks in the free-vibration curve will be constant. 

Damping sometimes may be determined by application of an external 
force tuned to be in resonance with a natural mode of vibration of the 
system. For this condition the damping factor c can be computed from 
the relationship 



0)Xo 


where co = resonant frequency 
Xo = amplitude of motion 
P = amplitude of external force 

Internal damping originates in the imperfect elasticity of the structural 
materials, in plastic yielding and friction due to small movements in 
riveted or bolted joints, in friction bearings, and in other kinds of articu- 
lations. For steel beams at stresses of 2 and 10 ksi, corresponding 
logarithmic decrements of 0.003 and 0.007 have been reported [8]. 
Obviously, these values are small, as is the value of 6 for structural metals 
in general, at moderate stresses. Where friction, in joints and bearings, 
is a factor, it may well contribute 10, 20, or 50 times as much damping as 
is obtained through imperfect elasticity. It often has been noted that 
welded structures possess significantly smaller damping than do their 
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riveted counterparts, particularly at higher stress levels. For concrete 
the hysteresis effect presumably is more pronounced, and a logarithmic 
decrement of 0.100 has been reported at stresses of 200 psi. 

From the foregoing it is apparent that internal damping is not insig- 
nificant, but in many practical cases involving resonance internal damp- 
ing alone will be unable to limit amplitudes to acceptable values. 

20.6, Examples of Dynamic Response to Wind. In this, the conclud- 
ing article, several interesting examples of dynamic response to wind 
loading will be mentioned. In virtually every case the problem has been 
extensively discussed in the literature. Consequently, the present dis- 
cussion will be limited to a few brief comments. 

a. Nonguy ed Towers Subject to Gusts. Consider a nonguyed radio 
tower of height L (feet), having three legs of area A (square feet) each, 
with leg spacing S (feet) on each face. Further assume (although this is 
not generally so) that A and S are constant throughout the entire height. 
Denoting the flexure stiffness by El and assuming the mass per foot of 
height is four times the mass of a single leg, 

m = iA = 61^ (20.11) 

El = (3)(10)^(144) = (216)(10)MS^ (20.12) 

The expression for fundamental period of a uniform cantilever beam is 

"" LTS 'n/iT (20.13) 

Substituting Eqs. (20.11) and (20.12) into Eq. (20.13), we obtain 

= 0.0003 

Based on values of L/S = 10, 20, 30 and values of L = 100, 200, 300 ft, 
the corresponding periods are as follows: 


L 

jTn, sec 

L/S - 10 

L/S « 20 

L/S - 30 

100 

0.3 

0.6 

0.9 

200 

0.6 

1,2 

1.8 

300 

0.9 

1,8 

2.7 


From data in Ref. 2 it appears that wind-velocity increases from, say, 
0.5F to 7 in 1 sec are entirely possible. This would correspond to wind- 
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force increases from 0.25F to F in 1 sec. For practical purposes this may 
be approximated by a linear increase from zero to F in 1 sec. Assume 
Tr = 1.0 and Tn = 1.8 sec. Then Tr/Tn = 0.56. From Fig. 7.13 we 
find a dynamic factor of 1.57; that is, the stresses in the tower would cor- 
respond to static forces 1.57 times larger than those associated with 
velocity V. 

It seems quite possible that the maximum value of dynamic-load factor 
(DLF = 2.0) might be approached in actual towers. There is the further 
possibility, difficult to predict, that a gust might strike in phase with 
residual motion from previous gusts, in which case the factor 2.0 might be 
exceeded. 

6. Singing Transmission Lines. Under sustained steady winds it has 
long been known that transmission lines develop high-frequency vibra- 
tion. Resonance takes place at a high harmonic of the fundamental. 
According to Den Hartog [1], this is solely a case of trailing Karman 
vortices, with close correspondence between observed frequencies and 
frequencies computed on the basis of constant Strouhal number. It may 
be noted that singing of transmission lines occurs at Reynolds numbers 
generally <50,000. 

This kind of vibration, though small in amplitude, may involve numer- 
ous cycles of stress, and it appears to have been the cause of fatigue failure 
in several cases. A device known as the Stockbridge damper has been 
found to be quite effective in stopping or greatly reducing motion. 
Motion of the line excites mcftion of the damper, and energy is dissipated 
via friction within the damper. It has been found that these dampers 
should be located to avoid coincidence with nodal points of the motion, 

c. Industrial Stacks. A fairly large number of industrial smoke- 
stacks have exhibited vibration attributed to the effects of Karman 
vortices. In some instances the motion (in cantilever-bending mode) 
has been so violent as to cause an actual rupture of the stack. While 
most reported cases have involved the cantilever mode, there have 
been instances of an ovaling mode in which a stack cross section becomes 
oval first in one direction and then at 90° thereto. It is of interest to 
note that for a given vortex-shedding frequency /, the exciting frequency 
for ovaling mode is 2/. This is because each vortex acts in the same sense 
on the ovaling mode, whereas successive vortices act in opposite senses 
on the cantilever mode. 

It has been observed that riveted stacks fare better than welded stacks. 
This is believed to be due to the greater internal damping of riveted con- 
structions. Stacks which contain concrete or brick lining (as well as 
concrete and brick stacks) appear far less susceptible to this kind of 
vibration. 

Model tests by Price [6] indicate that stack vibration could be pre- 
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vented by shrouding the stack with a separate perforated shell. It 
seems very doubtful that this solution would prove to be economical, 
either for a new installation or as a preventive measure. Dockstader 
et al. [5] conclude that stacks designed to be nonresonant with the vortex- 
shedding frequency (based on 8 = 0.2) for all wind velocities below 70 
mph should be satisfactory. If a stack is to be lined with concrete, it 
appears wise to provide temporary stays for the period when the steel 
shell is without lining. On the basis of installations reported in Refs. 

1 and 5 it appears feasible to elimi- 
nate severe vibration by adding 
damping, in the form of either fric- 
tion devices or hydraulic shock ab- 
sorbers. Since mechanical devices 
of this kind present a maintenance 
problem, they do not represent an 
ideal solution. 

d. Girder-stiffened Suspension 
Bridges, The disastrous failure of 
the first Tacoma Narrows suspension 
bridge stimulated a considerable vol- 
ume of experimental and theoretical 
research. In particular, the analyti- 
cal contributions of Bleich [8, 9] and 
the extensive tests at the University 
of Washington [10, 12, 13] have 
thrown much light on this complex 
subject. 

The first Tacoma Bridge consisted 
of two shallow (8-ft) stiffening plate 
girders spaced 39 ft apart and sup- 
porting a solid deck near girder mid- 
depth. For the main span length 
(2,800^ ft) the foregoing depth and 
width figures imply extraordinarily 
slender proportions. It should be noted that the form, comprised of 
girders and deck, possesses little inherent torsional stiffness. About a 
year after the bridge went into service it developed catastrophic motion 
and was thereby destroyed. 

As the result of years of experimental and analytical studies it appears 
to have been established that the predominant factor in the failure at 
Tacoma Narrows was the formation of Karman vortices shedding from 
the top and bottom edges of the windward stiffening girder. This is 
illustrated in Fig. 20.7a. Under the periodic forces associated with vortex 




/ 


(e) 


Pig, 20.7. Girder-stiffened suspension 
bridge, (a) Formation of Karman vor- 
tices; (6) vertical modes; (c) torsional 
inodes. 
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shedding the bridge may vibrate in a vertical or torsional mode (Fig. 
20.75 and c). The failure at Tacoma Narrows resulted from resonance 
between vortex action and a torsional mode of vibration. 

It is by no means established that girder-stiffened suspension bridges 
cannot be designed to perform satisfactorily under all conditions. By 
providing slot openings in the otherwise solid deck structure, by locating 
the deck nearer to the top flange of the girder and adding a bottom lateral 
truss (for increased torsional rigidity), the girder-stiffened type may be 
found to be satisfactory. On the basis of tests to date, however, the truss- 
stiffened type seems to have important advantages. 

e. Truss-stiffened Suspension Bridges. In the truss-stiffened suspen- 
sion bridge, the plate girders (Fig. 20.7a) are replaced by open trusses 
having top and bottom chords which are, relatively, much shallower than 
the stiffening girders which they replace. It is convenient to make the 
trusses much deeper than the plate girders, thereby achieving a large gain 
in stiffness. 

Elimination of the large blunt girders reduces the vortex phenomenon to 
a secondary, though not insignificant, role. It was discovered in tests 
and verified in an analytical development by Bleich [9] that the truss- 
stiffened bridge may experience the flutter phenomenon. Apparently 
the shallow deck approximates the flat-plate flutter behavior, with some 
modification to include the effect of small (vortex-induced) periodic 
forces at the leading edge. 

By adding a bottom-chord lateral-truss system to the deep-truss- 
stiffened type of suspension system, a very great gain in torsional stiffness 
is achieved. It appears that this arrangement (deep-truss-stiffened, 
with bottom lateral truss) can provide complete safety from dangerous 
vibrations due to wind load. 
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dynamic pressure, 247^ 248, 255 
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reflected, 247, 252 
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scaling, 247, 248 
shock-front formation, 241 
shock-front velocity, 242, 246 
vortex formation, 250, 251 
Analog computers, 214-219 
Atomic bomb, 233 
air blast, 234, 239 
detonation of, 234 
fire hazard from, 236 
nuclear radiation, 235-285 
thermal radiation, 234, 279-281 


Beam-bridge vibration, due to con- 
stant force moving at constant 
velocity, 419-421 
due to sinusoidal force moving at 
constant velocity, 421-422 
effect of major parameters on, 430- 
431 


Beam-bridge vibration, field test veri- 
fication of, 424-430 
model study verification of, 424 
simplified deflection analysis of, 
422-423 

Beams, determination of normal modes 
of vibration of, 113-114 
characteristic loading for, 118 
characteristic shapes for, 114-119 
important properties of, 117- 
119 

normalizing condition for, 118 
orthogonahty condition for, 118 
simple end-supported beam, 
114-116 

two-span continuous beam, 
116-117 

participation factor, 120 
reduced equation of motion, 121- 
122 

use of characteristic shape func- 
tions to represent deflection 
and load functions, 119-120 
steel {Bee Bending strength of beams) 
transformation factors for, 160-162 
Behavior of reinforced concrete 
columns, 37-40 
concentric rapid loading, 40 
concentric static loading, 37 
eccentric rapid loading, 40 
eccentric static loading, 38 
Bending strength of beams, steel, 8-9, 
13 

effect on, of direct stress, 15-16 
of shear, 9 

Blast damage, 287-293 
at Hiroshima, 287-289 
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Blast damage, from large-yield 
weapons, 292-293 
at Nagasaki, 289-290 
in Nevada tests, 290-292 
Blast-resistant construction, 295 
arch and dome, 296 
buried, 295 

column design, 313, 316-318 
connection details, 319 
foundations, 303-305, 319-322 
personnel shelters, 300 
program of, criteria for, 294 
rigid frame, 296 
roof girder, 313-316 
roof purlin, 311-312 
roof slab, 308-310 
semiburied, 295 
wall slab, 307-308 
Bolts, strength of, 17 
Bond between reinforcing bars and 
concrete, 44 

Buckling, beam-columns, 16 
columns, 13-14 
lateral (beams), 10-13 
local, 9-10, 13 

Building codes (see Earthquake pro- 
visions in building codes) 


Characteristic loading, defined, 86 
use of, to represent dynamic load- 
ings, 95-101 

to represent static loadings, 92-95 
Characteristic shape of mode defined, 
82, 104 

(See also Beams) 

Circular frequency defined, 56 
Columns, steel, 13-16 
axially loaded, 13-15 
beam-, 15-16 

Compressive strength of concrete, 21 
for rapid loading, 23 
for repeated loading, 23 
for static loading, 21 
Concentrated-mass systems defined, 73 
Connections, steel, 17 
fatigue of, 18 


Damped forced vibration, defined, 54 
of one-degree system, 59 
Damped free vibration defined, 54 
Damped vibration, steady-state, 63 
transient-state, 63 

Damping, effect on structural response, 
126 

sources of, 443 
viscous, 59 

Deflection equations for concentrated- 
mass systems, 81, 105 
Deflection method, 143-146 
Deflection ratio, 143 
Degree of freedom, 53 
Detonation of atomic bomb, 234 
Difference equations, 202-206 
Differential equation of motion for 
beams, 111-113 

Diffraction loading, air blast, 239, 250 
Digital computers, 219-229 
Drag coefficients, 265 
for arches, 271-274 
for domes, 278 
Drag loading, 239, 267-268 
Ductility ratio, 301-302 
test data, 302 

Dynamic air-blast pressure, 247, 248, 
255 

Dynamic coupling, 74 
Dynamic-load factor, 58, 145 
for gradually applied load, 67 
for rectangular pulse load, 67 
for suddenly applied load, 66 
for triangular pulse load, 68 
Dynamic reactions, 149, 153 


Earthquake effects on structures, on 
Daiwa department store, 347- 
356 

general, 345-346 

Earthquake provisions in building 
codes, 358-362 

Japanese Building Code, 362-372 
Joint Committee Code for Lateral 
Forces, 373-378 

Uniform Building Code, 358-362 
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Earthquake-resistant design methods, 
380-385 

comparison of aseismic design by 
different codes, 409-413 
dynamic, 380-382 
earthquake-spectrum technique, 
381 

numerical-integration method, 

■ 381 

phase-plane-delta method, 381 
example of design of actual build- 
ing, 394-408 

miscellaneous design considerations, 
414 

statical, 382-385 
Architectural Institute of Japan 
(AIJ) method, 384-385 
cantilever method, 382 
factor method, 383-384 
modified portal method, 382-383 
portal method, 382 
Earthquakes, description of, 337 
geographical distribution of, 338 
intensity of, 340 
intensity scales, Japanese, 341 
modified Mercelli, 341 
magnitude, 340 

spectrum and spectrum intensity, 
342 

waves, 338 
Endurance limit, 18 
Energy, absorbed, 141 
kinetic, 137 
strain, 141 

Energy method, 135-143 
Equations of motion for concentrated- 
mass systems, 84, 105 
External work done, 136 


Fatigue, 17-18 
Flat slabs, 164, 167 
Flexibility coefficients defined, 81 
Flexural behavior of reinforced con- 
crete, 27 

bending strength, rapid loading, 33 
static loading, 31 


Flutter, structures subject to, 442 
Forced part of response solution, 57 
Foundations, 303-305, 319-322 
Frames, 164 

Free part of response solution, 57 
Frequency defined, 56 
Frequency equation, 77, 82 


Idealized systems, 132-135, 146-153, 
158-167 

accuracy of, 156-158 
Impact, dynamic response caused by, 
127-130 
elastic, 127 

energy-absorbed ratio, 129 
plastic, 128 

Impact factor (or fraction), 416-418 


Karman vortex trail, 437 
effect on structures, 437-439 
Kinetic energy, 137 


I^imit design of steel structures, xviii 
Limitations of response theory, 51-52 
Load, dynamic, various types, im- 
pactive, 54 
impulsive, 54 
nonperiodic, 54 
periodic, 54 
pure impulsive, 136 
Load factor, 148-150 
Loading, from air blast, 249 
on arches, 269 
on back wall, 257-258 
diffraction, 239, 250 
on domes, 276-278 
drag, 239, 267-268 
on front wall, 257 
on open structures, 266 
on roof, 260 
on side walls, 265 
as compared to load, 85n. 

(See also Characteristic loading) 
Loading machines, 331-333 
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Mach numbers, 274 

Mach stem, 244, 245, 249 

Mass factor, 148, 151 

Modulus of elasticity of concrete, 22 

Multidegree systems, 177-179 


Natural period, 176-177 
Normal mode of vibration, definition 
of, 75 

determination of, for beams (see 
Beams) 

Normalized amplitudes, 79 
Normalized characteristic loads de- 
fined, 87, 105 

Normalizing condition, 87, 105 
Nuclear radiation, 235, 282-285 
fallout, 285 
gamma rays, 282 
attenuation of, 284 
neutrons, 283 
protection required, 285 
Numerical integration, 185-212 
acceleration methods, 185-195 
acceleration-pulse, 195 
constant-acceleration, 187 ® 

constant-velocity, 190 
linear-acceleration, 188 
Newmark 193 
checking procedures, 209-210 
errors, 207-209 

other methods of, for second-order 
differential equations, 196- 
207 

Adams-Stormer, 206 
Euler, 202 

finite differences, 206 
Gill, 200 
Heun, 200 
Kutta, 199 
Milne, 198 
Runge, 199 
Taylor series, 197 
selection, of method, 211-212 
of time intervals, 210-211 
starting procedure, 207 


Orthogonality condition, 79, 86, 105 

Participation factor defined, 93, 105 
Period, defined, 56 
of vibration of buildings, 343 
Personnel shelters, 300 
Plastic modulus, 9 
Plastic theory of reinforced-concrete 
design, xvii 

Radioactive fallout, 285 
Reduced equation of motion, 101 
Resistance factor, 148, 152 
Response, computed by step-by-step 
procedures, 70-72 
defined, 54 

produced by support vibration, 
108-110 

Response solution, forced part of, 57 
free part of, 57 

Response theory, limitations of, 51-52 
recapitulation for concentrated-mass 
systems, 103-108 
Reynolds-number ratio, 275 
Rivets, strength of, 17 


Shear behavior of reinforced concrete, 
34 

shear strength, 35 
web reinforcement, 35 
Shear strength, of beams, steel, 9 
of concrete, 25 

Shear walls and deep beams, 40 
Shear yield stress of steel, 5, 7 
Shock tubes, 328, 329 
Smokestacks, vibration of, 445 
Spring constant, 148, 152 
effective, 163 
Static coupling, 74 
Static-mode loadings defined, 95, 105 
Stiffness coefficients defined, 84 
StodoWs procedure, 87-92 
Strain, ultimate, of concrete, 22 
Strain energy, 141 
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Strength, of bolts, 17 
of reinforcing steel, 25 
for rapid loading, 27 
for repeated loading, 26 
for static loading, 25 
of rivets, 17 

ultimate, structural design for, xvii 
of welds, 17 

Stress-strain curve for steel, dynamic 
loading, 6 
static loading, 4 
Stroudal number, 437 
Structural design defined, xvi 
Suspension bridges, girder stiffened, 
vibration of, 446 
truss stiffened, vibration of, 447 


Tensile strength of concrete, 24 
for rapid loading, 25 
for repeated loading, 25 
for static loading, 24 
Thermal radiation, 234, 279-281 
effect on materials, 280-281 
levels of, 280 

Time factor associated with response 
caused by initial motion, 98 
Towers (nonguyed) subject to wind 
gusts, 444-445 

Transformation factors, 146-153, 158- 
167 

for beams, 160-162 
for flat slabs, 164 
for frames, 164 
for two-way slabs, 164-166 


Transmission lines, singing of, 445 
Two-way slabs, 164-166 

Ultimate strain of concrete, 22 
Ultimate strength, structural design 
for, xvii 

Undamped forced vibration, defined, 
54 

of one-degree system, 56 
Undamped free vibration, defined, 54 
of one-degree system, 55-56 
of two-degree system, 74-79 
Undamped one-degree system, 

response due to support vibra- 
tions of, 69 

Vibration defined, 54 
Viscous damping, 59 

Welds, strength of, 17 
Wind forces, characteristics of, 
dynamic, 436-442 
static, 434-436 

Wind gusts, nonguyed towers subject 
to, 444-445 

structures sensitive to, 436-437 
Work, absolute maximum, 138 
Work-done ratio, 138 


Yield stress of steel, 4-5 
effect of rate of strain on, 6-7 







